
IRREDUCIBLE REPRESENTATIONS OF THE ALTERNATING
GROUP IN ODD CHARACTERISTIC

BEN FORD

ABSTRACT. We usetherecently-provedconjectureof Mullineux to de-
terminewhichmodularirreduciblerepresentationsof thesymmetricgroup
Σn split on restrictionto An, andwhich remainirreducible(everything
taking placeover a splitting field for An of characteristicp � 2). An
indexing of the absolutelyirreduciblerepresentationsof An is thusob-
tained. A modularanalogueof the Frobeniussymbolfor a partition is
introduced,whichmakestheMullineux mapsomewhatmoreintuitive.

1. INTRODUCTION AND NOTATION

Parameterizationsof the irreduciblerepresentationsof a classof groups
by somecombinatorialobjectsprovide someof themostappealingresults
andusefultoolsin grouptheory— labeledDynkin diagrams(groupsof Lie
type),partitionsandtableaux(symmetricgroups),etc. It is Alfred Young’s
parameterizationof theordinaryrepresentationsof thesymmetricgroupΣn
by partitionsof n (see[9] for anoverview) thatbeganthelineof researchwe
continuehere.In particular, Young’sconstructionswereextendedby James
([6]) to representationsof Σn over an arbitraryfield K of characteristicp,
andwe investigatethesemodularrepresentationswhichJamesconstructed.

As soonasonehasa resultaboutthe symmetricgroup, it is naturalto
askwhattheresultimpliesfor thealternatinggroupAn. Young’s construc-
tionscanbeusedto giveaniceparameterizationof theordinaryirreducible
representationsof thealternatinggroupAn by describingthoseirreducible
representationsof Σn which split uponrestrictionto An (see[7,

�
2.5]). But

James’parameterizationof the modularirreduciblerepresentationsof Σn
hasprovedmuchmoredifficult to useto obtaininformationaboutAn. Ben-
sonin [3] useda reductionmodulotwo of the spin representationsto de-
terminewhich 2-modularirreduciblerepresentationsof Σn areirreducible
uponrestrictionto An, andwhich split asthesumof two (non-isomorphic)
irreduciblemodules(that eachΣn-modulemustdo oneof thesethings is
clearasAn is normalof index 2 in Σn).
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With the Mullineux conjecture([8]) in the representationtheoryof the
symmetricgroupnow proved ([5]), a reasonablynice parameterizationof
theabsolutelyirreduciblerepresentationsof thealternatinggroupAn overa
field of oddcharacteristicis now available. Sowe will assumethatK is a
splittingfield for An (n � 1), of characteristicp � 2.

Thestandardapproachin descendingfrom Σn to An is to useClifford’s
theory (seeCurtis and Reiner[4,

�
49]), of which we needonly an easy

applicationsinceΣn � An hasorder2.
First somenotation:Let λ bea partitionof n (writtenλ � n); thatis,

λ ��� l1 � l2 �
	�	�	�� lm � 0
�� ∑ l i � n �
Weusuallycollectlikepartstogetherandwrite

λ ��� λa1
1 ��������� λak

k 
��
with λi � λi � 1 � 0 for i � 1 ��������� k � 1; ai �� 0; and∑aiλi � n. That the
numberof partitionsof n is equalto thenumberof possiblecyclestructures
for anelementof Σn, andthusto thenumberof conjugacy classesin Σn, is
clear. But thenumberof conjugacy classesin Σn is thesameasthenumber
of ordinary irreduciblerepresentations.Young showed how to construct
(overQ) anirreduciblemoduleSλ for eachpartitionλ, suchthatif µ andλ
aredistinctpartitions,thenSλ andSµ arenot isomorphic.

We usethesymbol � λ � to representthepartition’sYoungdiagram, which
consistsof n nodes� placedin decreasingrows, asillustratedby the fol-
lowing example. Let λ ��� 52 � 3 � 1
 (so n � 14); thenthe Youngdiagram
is: � λ ��� � � � � �� � � � �� � ��
By therim of � λ � we shallmeanthecollectionof nodeswhich areeitherat
thebottomof a column,at theright endof a row, or both.

Givenapartitionλ, oneobtainsanotherpartitionλ � , calledtheconjugate
partitionto λ, by transposingtheYoungdiagram� λ � aboutits maindiagonal.
Soif λ ��� 52 � 3 � 1
 asabove,thentheYoungdiagramfor λ � is

� λ � ��� � � � �� � �� � �� �� �
andλ � ��� 4 � 32 � 22 
 .
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Finally, If H is asubgroupof agroupG, andM is anFG-modulefor some
field F, by M � H we shallmeanM restrictedto H, that is, M consideredas
a moduleover FH � FG. If N is an FH-module,thenN  G will be the
inducedmoduleFG ! FH N (see[4,

�
38] for more).

2. MULLINEUX : A MODULAR λ �
Of course,if λ is apartitionof n, thensois λ � , andsoλ andλ � correspond

to (perhapsdifferent, if λ �� λ � ) irreducibleQ-representationsof Σn. The
crucial fact in descendingto An is thatSλ ! sgnn � Sλ " , wherefor σ # Σn,
sgnn � σ 
$� 1 if σ is anevenpermutation,andsgnn � σ 
%�
� 1 if σ is odd.Thus
Sλ � An � Sλ " � An (asthetwo representationsdiffer only on oddelementsof
Σn). Clif ford’s theory then allows us to tell fairly easilywhen Sλ � An is
irreducible(this happensif λ �� λ � ), and when Sλ � An is the sum of two
inequivalentirreducibleAn-modules(if λ � λ � ).

If we now considerrepresentationsover K insteadof over Q, things
don’t work as nicely. Assumeλ is a p-regular partition, and let Dλ be
the irreducibleKΣn-modulecorrespondingto λ. It is still true that � Dλ !
sgnn 
&� An � Dλ � An, but it isnolongertruethatDλ ! sgnn � Dλ " . Mullineux’s
algorithm helpsout hereand gives a modularanalogueof λ � . That is,
Mullineux in [8] defineda bijection m on the set of p-regular partitions
of n, andhisconjecturethatDλ ! sgnn � Dm' λ ( hasnow beenverified([5]).
With this in hand,wecandescribetheirreducibleK-representationsof An.

Clearly Dλ � An � Dm' λ ( � An, as in the characteristiczero case. Also,
Dλ � An is completelyreducible(sinceAn is anormalsubgroupof Σn). Con-
sideran irreduciblesummandD of Dλ � An ( � Dm' λ ( � An). If we consider
theactionof anoddelementof Σn, say � 12
 , onD, thepossibilitiesarethat
D � 12
)� D (the inertiagroupof D is Σn), or D � 12
 �� D (theinertiagroup
of D is An).

In thefirst case,we have thatD � Dλ � An is irreducible,sinceDλ is an
irreducibleΣn-moduleand D is an invariantsubmodule.Then it is easy
to seethat Dλ andDλ ! sgnn � Dm' λ ( arenot isomorphicasΣn-modules:
Assumethat σ is anΣn-isomorphism.Thenσ is alsoanAn-isomorphism;
but D is an irreducibleAn-moduleandK is a splitting field for An. Thus
σ must be a scalarmultiple of the identity map; but this contradictsthe
assumptionthatit is anisomorphismbetweenDλ andDλ ! sgnn.

If, on theotherhand,D � 12
 �� D, thenClifford’s theoremsays

Dλ � An � D * D � 12
+� Dm' λ ( � An �
andthis implies(by Mackey’ssubgrouptheorem;seefor example[4,

�
44])

thatDλ ,� D  Σn ,� Dm' λ ( .
Summarizing,wehave:
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Theorem 2.1. 1. If λ �� m� λ 
 , thenDλ � An is irreducible.
2. If λ � m� λ 
 , thenDλ � An is thesumof twoirreducible, non-equivalent,

representationsof An, sayDλ� andDλ- .
Finally, .

Dλ � An / λ �� m� λ 
1032 . Dλ� � Dλ- / λ � m� λ 
10
is a completesystemof inequivalentirreducibleKAn-modules.

3. FIXED POINTS AND A MODULAR FROBENIUS SYMBOL

So the issueis identifying the fixed pointsof the Mullineux map. An-
drews andOlssonin [2] countedthefixedpointsof m anddescribedthem
to someextent. Unfortunately, thefixedpointsarenot easyto “see” from
the diagramor the usualpresentationof the partitions,as they are in the
ordinarycase.We shalldescribe(briefly) theMullineux mapanddescribe
its fixed points. We will usean alternative methodof recordingthe data
involved,whichmakesthemapabit moreappealing.

First let us recall the Frobeniussymbolof a partition (seefor example
[1]), a methodof representinga partition to make the conjugationaction
obvious. Given a partition λ, we draw its Young diagram � λ � , and then
constructa2 4 k array

Fr � λ 
+� 5
a1 a2 	�	�	 ak
b1 b2 	�	�	 bk 6 �

wherek is thenumberof nodeson themaindiagonalof thediagram,ai is
thenumberof nodesto the right of the ith nodeon thediagonal,andbi is
thenumberof nodesbelow the ith nodeon thediagonal.For example,the

Frobeniussymbolfor λ �7� 52 � 3 � 1
 is Fr � λ 
8� 5
4 3 0
3 1 06 , aswe seefrom

thediagrambelow. 9 9 9 9 9:; <=9 9 9 9 9:; < =9 9 99:;
<
= >

Notice that n is the sumof all the entriesin the array, plus the numberof
columns.Also noticethatanotherway to obtainthesymbolis to set

a1 �?� thelengthof therim of � λ �@
%�A� thenumberof rows in � λ �@

b1 �?� thenumberof rows in � λ �@
%� 1;

thenremovetherim andrepeatto obtaina2 � b2, etc.
The advantageof the notationis that Fr � λ �B
 is obtainedfrom Fr � λ 
 by

simply interchangingthe two rows. In particular, the fixed pointsof the
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conjugationmapbecomeobvious. We shallseethatwith anappropriately
definedmodularanalogueof Fr � λ 
 , thesameis trueof theMullineux map.

Givenapartitionλ, wedefinethep-rim of theassociatedYoungdiagram� λ � asfollows (see[5] for a morerigorousdefinition): Beginningat thetop
right-handcornerof � λ � , thefirst p nodesof therim arein the p-rim. Then
skip to thenext row, andtake thenext p nodesof the rim. Continueuntil
we reachthe endof the rim; the last of these“ p-segments”may contain
fewer than p nodes.For example,the3-rim andthe 5-rim of the diagram
for λ ��� 52 � 3 � 1
 areshown asopencircles:

p � 3 :

� � � � C� � � C CC C CC p � 5 :

� � � � C� � C C C� � CC
Now let h1 be the numberof nodesin the p-rim of λ, andlet r1 be the

numberof rows in λ. Deletethe p-rim and repeatto obtain sequences
h1 � h2 ������� andr1 � r2 ������� . Let k besuchthathk� 1 � rk � 1 � 0, but hk �� 0 �� rk.
Thestandardwayof keepingtrackof thisdatais via theMullineuxsymbol

M � λ 
+� 5
h1 h2 	�	�	 hk
r1 r2 	�	�	 rk 6 ;

but we wantto give a differentformulationwhich encodesthesameinfor-
mationbut makesthedesiredmapmoreintuitive.

The p-modularFrobeniussymbolfor λ, Frp � λ 
 , will bea3 4 k array

Frp � λ 
8�EDF a1 a2 	�	�	 ak
b1 b2 	�	�	 bk
ε1 ε2 	�	�	 εk

GH �
constructedasfollows:

εi �JI 0 if p /hi

1 if p � /hi

ai � hi � r i

bi � r i � εi

Noticethatn is thesumof all theentriesin Frp � λ 
 .
The fact that the Mullineux symboluniquelydeterminesλ (proved by

Mullineux in [8]) meansthat the modularFrobeniussymboluniquelyde-
terminesλ (asit is possibleto reconstructM � λ 
 from Frp � λ 
 ).

Finally, if λ hasmodularFrobeniussymbol

Frp � λ 
8�EDF a1 a2 	�	�	 ak
b1 b2 	�	�	 bk
ε1 ε2 	�	�	 εk

GH �
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thentheMullineux mapm is definedby

Frp � m� λ 
�
K�LDF b1 b2 	�	�	 bk
a1 a2 	�	�	 ak
ε1 ε2 	�	�	 εk

GH �
So to performthe p-analogueof conjugation,we just interchangethe top
two rowsof themodularFrobeniussymbolfor thepartition— justasin the
ordinarycase,weswitchthetwo rowsof Fr � λ 
 .

Now it is easyto seethe fixedpointsof m: λ � m� λ 
 if andonly if the
top two rowsof Frp � λ 
 arethesame.For example,if λ ��� 52 � 3 � 1
 , then

Fr3 � λ 
+�EDF 3 1 1 0
3 1 1 0
1 1 1 1

GH
Fr5 � λ 
+�LDF 2 2 0

3 3 2
1 0 1

GH �
Thus if charK � 3, Dλ ,� Dm' λ ( and thus Dλ � An splits as a sum of two
irreduciblemodules;while if charK � 5, Dλ �,� Dm' λ ( , and so Dλ � An is
irreducible.
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