IRREDUCIBLE REPRESENTATIONS OF THE ALTERNATING
GROUP IN ODD CHARACTERISTIC

BEN FORD

ABSTRACT. We usetherecently-praedconjectureof Mullineux to de-
terminewhichmodularirreduciblerepresentationsf thesymmetriogroup
>, split on restrictionto A,, andwhich remainirreducible (everything
taking placeover a splitting field for A, of characteristiqp > 2). An
indexing of the absolutelyirreduciblerepresentationsf A, is thusob-
tained. A modularanalogueof the Frobeniussymbolfor a partitionis
introducedwhich makesthe Mullineux mapsomeavhatmoreintuitive.

1. INTRODUCTION AND NOTATION

Parameterizationsf the irreduciblerepresentationsf a classof groups
by somecombinatorialobjectsprovide someof the mostappealingesults
andusefultoolsin grouptheory— labeledDynkin diagramggroupsof Lie
type), partitionsandtableauxsymmetricgroups).etc. It is Alfred Young’s
parameterizatioof theordinaryrepresentationsf the symmetricgroup,
by partitionsof n (se€9] for anoverview) thatbegantheline of researchve
continuehere.In particular Youngs constructionsvereextendedoy James
([6]) to representationsf X, over an arbitraryfield K of characteristiq,
andwe investigatehesemodularrepresentationahich Jamesonstructed.

As soonasone hasa resultaboutthe symmetricgroup, it is naturalto
askwhattheresultimpliesfor thealternatinggroupA,. Young’s construc-
tionscanbeusedto give aniceparameterizatioof theordinaryirreducible
representationsf the alternatinggroupA, by describingthoseirreducible
representationsf Z, which split uponrestrictionto A, (see[7, §2.5]). But
James’parameterizatiof the modularirreduciblerepresentationsf
hasprovedmuchmoredifficult to useto obtaininformationaboutA,,. Ben-
sonin [3] useda reductionmodulotwo of the spin representationt de-
terminewhich 2-modularirreduciblerepresentationsf %, areirreducible
uponrestrictionto A,,, andwhich split asthe sumof two (non-isomorphic)
irreduciblemodules(that eachZ,-modulemustdo one of thesethingsis
clearasA, is normalof index 2 in Z,).
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With the Mullineux conjecture([8]) in the representatioheory of the
symmetricgroupnow proved ([5]), a reasonablynice parameterizatioof
theabsolutelyirreduciblerepresentationsf the alternatinggroupA,, overa
field of odd characteristigs now available. Sowe will assumehatK is a
splitting field for A, (n > 1), of characteristigp > 2.

The standardapproachn descendindgrom Z,, to A, is to useClifford’s
theory (seeCurtis and Reiner[4, §49]), of which we needonly an easy
applicationsinceX, /A, hasorder2.

Firstsomenotation:Let A bea partitionof n (written A F n); thatis,

A=(1>12>-->1n>0), Sli=n
We usuallycollectlik e partstogetherandwrite
A= ()\i‘l,...,)\ﬁk),

with Aj > Ajp1 > 0fori=1,...,k—1; g # 0; andy aA; = n. Thatthe

numberof partitionsof n is equalto thenumberof possiblecycle structures
for anelementof Z,,, andthusto the numberof conjugag classesn 2, is

clear But thenumberof conjugay classesn X, is the sameasthe number
of ordinary irreduciblerepresentations.Young shaved how to construct
(over Q) anirreduciblemoduleS* for eachpartitionA, suchthatif pandA

aredistinctpartitions,thenS' andS* arenotisomorphic.

We usethe symbol[A] to representhe partition’s Youngdiagram, which
consistsof n nodese placedin decreasingows, asillustratedby the fol-
lowing example. Let A = (52,3,1) (so n = 14); thenthe Youngdiagram
is:

[ ] e o
[ ] o o

A=

By therim of [A\] we shallmeanthe collectionof nodeswhich areeitherat
thebottomof a column,attheright endof arow, or both.

GivenapartitionA, oneobtainsanotherpartition)’, calledthe conjugate
partitionto A, by transposinghe Youngdiagram/A] aboutits maindiagonal.
Soif A = (52,3, 1) asabove, thenthe Youngdiagramfor A’ is

=

and\' = (4,3?,22).
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Finally, If H isasubgroupf agroupG, andM is anF G-modulefor some
field F, by M |y we shallmeanM restrictedto H, thatis, M considereds
amoduleover FH C FG. If N is an FH-module,thenN TG will bethe
inducedmoduleFG®gnH N (se€[4, §38] for more).

2. MULLINEUX: A MODULAR A’

Of coursejf A is apartitionof n, thensois A/, andsoA and\’ correspond
to (perhapdifferent,if A # A\') irreducibleQ-representationsf Z,. The
crucialfactin descendingo A, is thatS* @ sgn, = S", wherefor ¢ € 3,
sgn,(0) = 1if o isanevenpermutationandsgr,(o) = —1if oisodd. Thus
S |a,= 3 |a, (asthetwo representationdiffer only on odd elementsf
>,). Clifford’s theorythenallows us to tell fairly easilywhenS' la, is
irreducible (this happensf A # \), andwhen S' 1a, is the sumof two
inequivalentirreducibleA,-moduleg(if A = \’).

If we now considerrepresentationsver K insteadof over Q, things
don't work as nicely. AssumeA) is a p-regular partition, and let D* be
the irreducibleK=,-modulecorrespondingdo A. It is still true that (D* ®
sgn,) 4a,= D? |a,, butit isnolongertruethatD? @ sgn, = D'. Mullineux’s
algorithm helps out here and gives a modularanalogueof A’. That s,
Mullineux in [8] defineda bijection m on the setof p-regular partitions
of n, andhis conjectureghatD* @ sgn, = D™ hasnow beenverified([5]).
With thisin hand,we candescribeheirreducibleK-representationsf A,.

Clearly D* |o,= D™ |, , asin the characteristiczero case. Also,
D? 1a, is completelyreducible(sinceA, is anormalsubgroupof Z,). Con-
sideranirreduciblesummand of D* |4, (= D™ |4 ). If we consider
theactionof anoddelemenibf X, say(12), on D, thepossibilitiesarethat
D(12) = D (theinertiagroupof D is X), or D(12) # D (theinertiagroup
of Dis Ap).

In thefirst casewe have thatD = D* |, is irreducible,sinceD? is an
irreducibleZ,-moduleand D is an invariantsubmodule. Thenit is easy
to seethat D* andD* ® sgn, = D™ are not isomorphicas Z,-modules:
Assumethat o is an Z-isomorphism.Thenao is alsoan Ay-isomorphism;
but D is anirreducible A,-moduleandK is a splitting field for A,. Thus
0 mustbe a scalarmultiple of the identity map; but this contradictsthe
assumptiorhatit is anisomorphismbetweerD* andD* ® sgn,.

If, ontheotherhand,D(12) # D, thenClifford’s theoremsays

D* A, =D&D(12 =D™ | ,

andthisimplies(by Mackey’s subgrougheorem;seefor example[4, §44])
thatD* = D 2= D),
Summarizingwe have:
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Theorem2.1. 1. If A # m()), thenD |, isirreducible
2. If A=m(A), thenD? | o, is thesumoftwoirr educible non-equivalent,
representationsf A,, sayD} andD?.
Finally,
{D* Jan| A # m(A)}U{D}, D | A =m(A)}
is a completesystenof inequivalenirr educibleK A,-modules.

3. FIXED POINTS AND A MODULAR FROBENIUS SYMBOL

Sotheissueis identifying the fixed points of the Mullineux map. An-
drews andOlssonin [2] countedthe fixed pointsof m anddescribedhem
to someextent. Unfortunately the fixed pointsare not easyto “see” from
the diagramor the usualpresentatiorof the partitions,asthey arein the
ordinarycase.We shalldescribgbriefly) the Mullineux mapanddescribe
its fixed points. We will usean alternatve methodof recordingthe data
involved,which makesthe mapabit moreappealing.

First let us recall the Frobeniussymbolof a partition (seefor example
[1]), a methodof representing partition to make the conjugationaction
obvious. Given a partition A, we draw its Young diagram[A], and then

construcia 2 x k array
o al a2 e ak
Fr(A) = <b1 by - bk) ,

wherek is the numberof nodeson the maindiagonalof the diagram,g; is
the numberof nodesto theright of the ith nodeon the diagonal,andb; is
the numberof nodesbelav the ith nodeon the diagonal.For example,the

Frobeniussymbolfor A = (52,3,1) is Fr(A) = (4 30

31 O),asweseefrom
thediagrambelow.

Noticethatn is the sumof all the entriesin the array plus the numberof
columns.Also noticethatanothemway to obtainthesymbolis to set

a1 = (thelengthof therim of [A]) — (thenumberof rowsin [A])
by = (thenumberof rowsin [A]) —1;

thenremove therim andrepeato obtainay, by, etc.
The advantageof the notationis that Fr(\’) is obtainedfrom Fr(\) by
simply interchangingthe two rows. In particular the fixed points of the
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conjugationmapbecomeohvious. We shall seethatwith anappropriately
definedmodularanaloguef Fr()A), thesames true of the Mullineux map.

GivenapartitionA, we definethe p-rim of theassociate®foungdiagram
[A] asfollows (se€[5] for a morerigorousdefinition): Beginningat the top
right-handcornerof [A], thefirst p nodesof therim arein the p-rim. Then
skip to the next row, andtake the next p nodesof therim. Continueuntil
we reachthe end of the rim; the last of these" p-segments”’may contain
fewer than p nodes.For example,the 3-rim andthe 5-rim of the diagram
for A = (52,3, 1) areshavn asopencircles:

® O
o O

o e e
o e e
o e e
e o o
O O e

o e

O O

p=3: p=>5:

o o e e

@)

Now let h; bethe numberof nodesin the p-rim of A, andlet r; bethe
numberof rows in A. Deletethe p-rim and repeatto obtain sequences
hy,hp, ... andry,ro,.... Letkbesuchthathy, 1 = r.1 =0, buthg # 0# ry.
Thestandardvay of keepingtrackof this datais via the Mullineuxsymbol

M(}\): hl h2 hk .
ri ro --- rg !

but we wantto give a differentformulationwhich encodeshe sameinfor-
mationbut makesthe desiredmapmoreintuitive.
The p-modularFrobeniussymbolffor A, Frp(A), will bea3 x k array

al a2 “ e ak
Frp()\) = bl b2 cee bk ,
€1 & - &
constructedsfollows:

. _ [oif pin
| 2if pin
a=hi—r
bi =ri — &

Noticethatn is thesumof all theentriesin Frp(A).

The fact that the Mullineux symboluniquely determines\ (proved by
Mullineux in [8]) meansthatthe modularFrobeniussymboluniquelyde-
terminesh (asit is possibleto reconstrucM (A) from Frp(A)).

Finally, if A hasmodularFrobeniusymbol

al a2 “ e ak
Fl’p()\)z by by -+ bx],

81 82 cee sk
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thenthe Mullineux mapmi s definedby

by by --- by
Fro(mA))= a1 ax --- @&
€ & - &

Soto performthe p-analogueof conjugationwe just interchangehe top
two rows of themodularFrobeniusymbolfor the partition— justasin the
ordinarycasewe switchthetwo rows of Fr(A).

Now it is easyto seethe fixed pointsof m: A = m(A) if andonly if the
top two rows of Frp(A) arethe same For example,if A = (52,3, 1), then

3110 2 20
FrsA\)=[3 1 10 FrsA\)= (3 3 2
1111 101

Thusif chaK = 3, D = D™Y andthusD? |, splits asa sum of two
irreduciblemodules;while if chalK =5, D* 2 D™, andso D* |4, is
irreducible.
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