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INTRODUCTION

A partitionA of a positive integern is asequencéiy > A > -+ > A\ > 0) of
integerssuchthaty A; = n. Forapositiveintegerp, apartitionA = Ay >Ap > .- >
Am) (or its Youngdiagram)is called p-regularif it doesnot have p or moreequal
parts,i.e.if theredoesnotexistt < m— (p—1) with At = At11 = -++ = Ajp-1.

Let F beafield of characteristiqp > 0. It is well knowvn thatirreduciblerep-
resentation®f the symmetricgroup S, over F are naturally parametrizedy p-
regular partitionsof n (cf. for example[9, 12]). If A is sucha partitionwe denote
thecorrespondingrreduciblemoduleby D?.

Let sgn, betheone-dimensionaignrepresentatioof S, overF; i.e.,sgn, = F
asavectorspaceandg- f =sgng)f forary g€ S,, f € F. Heresgn(g) is justthe
signof the permutatiory.

It is clearthatfor ary irreducibleD?, the tensorproductD?* ® sgn, is alsoir-
reducible. The problem,usually called the problemof Mullineux, is to find the
p-regularpartitionu suchthatD* ® sgn, = D. Put

D* @ sgn, = D),

In this way a bijection b, on the setP, of p-regular partitionsof n is definedfor
eachpositive integern, andtheproblemis:

Problem 1. Find by.

The analogougjuestionin characteristizerois easily answered. The corre-
spondingpijectionon the setof all partitionsof n is givenby A — A’, whereX’ is
theconjugatepartitionto A (the partitionwhoseYoungdiagramis thetransposef
the Youngdiagramof A). Sothehopeis to find somesortof “conjugationmodulo

The problemis importantin the representatiotheory of the alternatinggroup
A, (see[7]). In addition,the moduleD? ® sgn, appearsn a naturalway in mary
situations For example,if A" is p-regularthen:
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(1) the socleof the SpechtmoduleS' is DY ® Sgn,;

(2) the YoungmoduleY? is the projective cover of DY ® sgn, (cf. [11]);

(3) theimageof the Schurfunctor appliedto theirreduciblepolynomialrepre-
sentatiorF, of GL,(F) is DY ® sgn, (cf. [8, Sectiong]).

We referthereadetto [4, 5, 25] for othercasef the occurrencef by,.

In 1979,Mullineux ([21]) proposednalgorithmwhich definesa bijectionm, :
P, — P, (seeSectionl below for adetaileddescriptionjandconjecturedhat

Conjecture 2 (Mullineux). by = m,.

In asubsequemaper([22]), Mullineux provedthatfor ary (p-regular)A, bn(A)
andm,(A) have the samep-core. Thatresultis usedbelow.

Of themorerecentresultson the problemwe would lik e to mentionthe follow-
ing: Martin ([18, 19]) provedthatb, = my, if n < 3p. AndrevsandOlsson[1] have
shawvn that the numbersof fixed pointsof m, andb, coincide! Finally, Bessen-
rodtandOlsson([2]) have provedthatthe Conjectureof Mullineux agreeswith the
(sinceproved) conjectureof JantzerandSeitz(cf. [13, 14, 6, 15)).

Branchingrulesobtainedby the secondauthormadepossiblethe approachwe
usehereto prave Conjecture2. In [16], the notionof a goodnodeof a p-regular
Youngdiagramis introducedseeSection8 belown) andit is provedthat

soqD I, ,) = @){D™ | Ais good)

whereAa means\ \ {A} andsoqM) standor the socleof themoduleM.
Fromanevidentisomorphism

sod(D* ®sgny) Is, ) =sodD" |5, ,) @sgn, 1

we immediatelygetthatfor ary goodnodeA of A thereexists a goodnodeB of
bn(A) suchthat

br_1(Aa) = bn(A)g.

Soif Conjecture? is true, thenthis equationmusthold for min placeof b. Thus
Conjecture2 impliesthefollowing.

Conjecture 3. For any p-regular partition A of anyinteger n > 1 ther existagood
nodeA of A anda goodnodeB of my(A) sud thatmy_1(Aa) = mMy(A)g.

Thefollowing resultis provedin [17] andis of crucialimportance.
Theorem4. Conjectues2 and3 are equivalent.

Thus,representatiotheoryis completelyeliminatedandwe have to considera
purelycombinatoriaguestioraboutm,.

We would like to mentionthat [17] actually containsa solutionof Problem1
differentfrom that proposecby Mullineux. However, the Mullineux Conjecture
seemsto be importantnot only from a representatiotheoreticbut also from a
combinatorialpoint of view. Also, the Mullineux algorithmis moreconvenientto
computeby hand. The two algorithmsmay prove to be usefulin differentsitua-
tions. For example,thealgorithmfrom [17] is convenientin inductve aguments,
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while the Mullineux constructionallows oneto easily determinethe numberof
partsof thepartitionb,(A).

Many questionsaboutthe combinatorialnatureof both algorithmsremainun-
clear andwe believe they will draw attentionin thefuture.

Themainresultof the paperis:

Main Theorem. Conjectue 2 holds.
Actually, we prove Conjecture3 andapply Theorend.

Remark.The classicalMullineux Conjectureproved herehasa g-analogsome-
times called the quantumMullineux Conjecture(cf. [20, Section7.6]). We are
gratefulto GordonJamedor pointingout the following:

Let q bearoot of unity in afield F, with g # 1 if the characteristigp of F is
zero.Let e betheleastpositve integersuchthat1+q+q? +- -+ = 0, andlet
Hq betheHecle algebraof type A over F with parameteq. If {Ty |we S} isthe
usualbasisof #; thenthereexistsanouterautomorphisnf of #, dueto Goldman,
givenby T# = (q— 1) Ty — Ty, wherev is ary basictranspositiorin S,. It is shavn
in [3] thatirreducibleH-modulesareparametrizedy the e-regularpartitionsof n.
If A is sucha patrtition,let Dé be the correspondingrreduciblemodule. Onemay
define(DQ)# asthe H;-modulewith the twistedactionhov = #(h)v, for h € #
andv € D). Then(D})* is alsoirreducible,so (D})* =2 D} for somee-regular
A*. Theg-analogof the Mullineux ConjectureclaimsthatA* = m,(A) wherem,
is the Mullineux mapon the setof the e-regular partitionsof n. Matthev Richards
hasprovedin [24] thatthe permutatiorn* on the e-regular partitionsdependonly
one noton p andg. If p>0andq= 1thene=p, Hq = FS,. Sotheclassical
Mullineux Conjectureémpliesthe guantumversionfor primee. For generalk, the
g-analogof the Mullineux Conjectureemainsopen.

For our purposesthe abacusmotationfor partitions(cf. [12]) turnedout to be
effective. In Sectionl we reformulatefor abacithe notionsintroducedin [16] of
removable,good,normal,etc.nodes anddeterminevhatthe Mullineux algorithm
lookslike in this setting.In Section2 we investigatehe effect of addinga p-edge
to apartitiononrunnersizesof the correspondingbacusSections3 and4 present
somelemmason normal and deggeneratebeadsappearingn the abacus)eading
to the necessarandsuficient conditiongivenin Section5 for the occurencef a
degneratebead.In Sections and7 we finally compare\ andm,(A), proving that
adegeneratdeadoccursin A if andonly if oneoccursin my(A); thisleadsshortly
to theproof of theMain Theorem presentedh Section8.

Thereademwho is interestedn the main structureof the proof ratherthanthe
detailsshouldbegin with Section8.

1. PRELIMINARIES

In this sectionwe introducethe notion of anabacudor a partitionandexplain
the Mullineux proceduren this setting.More detailedinformationconcerninghe
languageof theabacusanbefoundin [12, Section2.7] or [23].
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Throughoutthe paperp is a fixed prime andx =y meansx =y (mod p). If
a,b € Z wedenote

[a,b]={ceZ|a<c<b}, (a,bj={ceZ|a<c<b},
[a,b)={ceZ|a<c<b}, (a,b)={ceZ|a<c<b}.
If ac Zanda=pqg+r, q€ Z, r € (0, p], wewriteaforr.

LetA= (A1 > A2 >--- > A > 0) beapartitionof n. We write h(A) for m (the
heightof A). Gatheringogetherequalpartsof A we write it in theform

(1) A= (Vi 0g9), v > e > we> 0, 0 > 0.

Throughoutthe paperwe assumehat A is p-regular i.e. dq,...,0x < p. To
explainthe Mullineux algorithmwe have to introducesomenotation.

Therim of aYoungdiagramA is its south-easborder— in otherwords,anode
in row i andcolumnj of A belongsto its rim if andonly if thenodein row i+ 1
andcolumnj + 1 doesnotbelongto A.

Example Let A = (6,4%,2,1). Thentherim of A containsthe nodesrepresented
by numbersn thefollowing picture.

21

o~ o o
oo o
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Let us numberthe nodesof the rim moving from the “top-right” to the “left-
bottom” (seethe picture abore). Definethe first p-segmentof the rim asthe set
consistingof the nodeswhosenumbersdo not exceedp. If thelast(i.e. having
the largestnumber)nodeB of the first p-segmentis in the lastrow of A thenA
hasonly one p-segment. If not, let r be therow containingB. The first nodeof
thesecondp-segmentis thenodewhich hasthesmalleshumbey sayd, amongthe
nodesf therim lying in row r + 1. Thesecondp-segmentis now definedastheset
consistingof the nodeswhosenumberd satisfyd <i < 6+ p— 1. Repeatinghis
proceduresufiiciently mary timeswe reachthe bottomrow of the diagram. It is
clearthatall p-segmentsexceptpossiblythelastonecontainp nodes.The p-edge
is definedasthe unionof the p-segments.

Example LetA = (6,4%,2,1), p= 5. Thenodesof the p-edge(which consistsof
two p-segmentslarecolouredin blackin thefollowing picture.

e ¢ O O O
e O O O
o O O

e o o

Now definediagrams\(9, A, ... A(#D) asfollows. PutA(®Q = A, andfori > 1
put

AW = A=\ {p-edgeof A=V},
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We choosez to be maximalwith respectto A2 # 0; soA#+Y) = 0. We call the
p-edgeof Al)) the j-th p-edgeof A. TheMullineuxsymboffor A (introducedn [2])

isanarray
A AL ... A
Gp(A) =
p(A) (Ro Rl ... Rz>
whereA, is the numberof nodes(or thelength)of the j-th p-edgeof A, andR; =
h(A)) is the heightof A().

Example LetA = (6,4%,2,1), p=>5. The j-th p-edgecontainghe nodedabelled
j in thefollowing picture.

00
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ThusA(® = (38), M@ = (22), A(®) = (1), z=3, and

&m=(5 3 7 1)

Fori € [0,7] pute; = 0if p|A andg; = 1 otherwise.Thefollowing proposition
is provedin [21].

Proposition1.1. Theentriesof Gp(A) satisfy
&§ <R—-Ru1<p+eg, 0<i<z
1<R<p+gz

R—Ri1+e&1 <A-AL1<p+R—-Ri1+841,0<i<z
R, <A, <p+Ry

iAi =n.

Moreover, if Ag,...,As, Ry, ..., R, are positiveintegers sud that theseinequalities
are satisfiedhenthere existsexactly one p-regular partition A of n sud that

A AL ... A
Go(M) = (Ro Rl ... RZ) '

In fact,A caneasilybereconstructedtom its Mullineux symbolby startingfrom
theemptypartitionA(zt1) andaddingthe j-th p-edgedor j =z z—1,...,0. More
preciselyif j € [0,7 and\0+Y = (I4,... ) hasalreadybeenconstructedthento
construci\(!) onehasto addthe j-th p-edgewhich consistof Aj nodesn R; rows.
It is corvenientto begin addingeachp-edgefrom the bottomof thediagram.The
following descriptionis rathermore confusingthan the actualprocess;this will

be clearif onesimply triesto reconstruch from its Mullineux symbolfor a few
samplepartitionsA.
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If R; = Rj;+1 thenp|A; by Propositionl.1. Let A; = tp; thatis, we have to addt
p-sggments.We startaddingfrom position(x,lx + 1) (i.e.thepositionin row x and
column(lx+ 1)), andaddp nodesoneafteranothemccordingo thefollowing rule:
Let B bethelastaddednode.If the positionabove it is not occupiedby a nodeof
A0+D thenwe addthe next nodeat this position. Otherwisewe addthe next node
atthe positionto theright of B. In this way we addthe bottom p-segmentof the
j-th p-edge.Assumethatwe have alreadyaddedw < t sggmentsrom the bottom.
Let u be therow in which the lastnodewasadded. Thenwe find the columnv
suchthatthereis a nodeof AU+1 in position (u— 1,v— 1) but nonein position
(u—1,v). Add thefirst nodeof sggmentw+ 1 at position(u— 1,v) andaddthe
remainingp — 1 nodesof this segmentfollowing therule describedbore.

If Rj > Rj;1 theonly differencefrom the previous caseis thatwe have to start
addingthe nodesof the bottom p-segment,which consistsof A; € (0, p] nodes,
from position(R;, 1).

Hereis the bijectionwhich Mullineux definedin [21]:

Definition 1.2. Let A have Mullineux symbol
(A AL . A
Gp(}‘)_(Ro Ry ... RZ>'
Definea p-regularpartitionm,(A) of nvia
Ay A1 ... A
G A) =
whereS; = Aj +¢; —R;.
| A Ar ... A
S S ... &

spondto a p-regular partition of n canbe foundin [21]; Propositionl.1 ensures
thatm,(A) is well defined.

We shall oftenwrite m(A) insteadm (A), andwe will usethe evidentequality
m(A®) = m(A) withoutcomment.

The proof of the factthat the symbo doesin factcorre-

Example LetA = (6,4%,2,1), p=5. Aswesaw in the previousexample,
8 531
GP(}‘):(s 3 2 1)'

So

G = (3 5 5 3)-

We reconstrucm(A) from its Mullineux symbolaccordingto the rule described
above:

11110
10000

OONW
ONN
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Now we will describeheabacusotation.We considersequences

{S)’Sﬂ.""’s\/""}

whereeachs, is either“.” (space)r “ x” (bead)(onecould call themO and1l as
well but, having in mind an abacuswe preferthis morerepresentate terminol-
ogy). For A = (v{%,...,vp¥) writtenin the form of (1) andR > h(\) we construct
the sequencex(A) asfollows: The first R—h(A) membersof sz(A) are beads.
They arefollowed by v spacesthenoy beadsthenvy_;1 — vg spacesthenoy_ 1
beads, .., thenvi — v, spacesthena; beadsandthenspaces(Informally speak-
ing, we move alongtherim of A from bottomto top, puttingbeadsn thesequence
whenwe move up andleaving spacesvhenwe moveto theright).

Example LetA = (6,4%,2,1). Then

%(}\) = - X B X B . X X . . X,
sA)=x - x - X - - X X - - X,
SSA)=x X -+ X - X -+ - X X -+ -+ X.

(we donotdraw thespacesfterthelastbead).

Eachsequencef spacesandbeadswith a finite numberof beadss sz(A) for
exactly one A andexactly oneR, but thereare infinitely mary sequencesorre-
spondingto afixedpartitionA, namelysy ), Sh(n)+1; - - - -

It is corvenientto draw theelementss, si,... in thearray

S S ... Sp1
Sp Sp+1 P SZp_l

Sp Spr1 oo SBp-1

andfor ary residuei (mod p) we saythatthe elementss, with v=i form thei-th
runnerof theabacuslf s, is a spacewe saythatthe v-th positionof theabacuss
unoccupiedWe oftendenotebeaddy lettersk, I, m,.... If s, = k we saythatbead
k occupieghev-th positionof theabacus.

Warning Denotingbeadsby lettersis convenient,but it canbe misleading,be-
causewe do not distinguishbetweenabacihaving the samebeadconfiguration.
For example theabaci(p = 5)

and

areidentified.

If the abacuss constructedrom a sequenceag(A) we saythatit is anabacus
for A, andif it is constructedrom s,(,)(A) we call it the canonicalabacusfor A.
Onecaneasily seethat the only abacusfor A with position0 unoccupieds the
canonicabne.
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Abacifor A arein 1-1-correspondee with thesocalledsequencesf B-numbers
for A (cf. [12, 10Q)). If (B1,B2,.--,Br) is suchasequencéhenwe obtainthe corre-
spondingabacusy placingbeadsn theabacusat positionsfs, Bo, .- -, Br.

Example LetA = (6,4%,2,1), p=>5. Then

X . X - X . X . X X X . X
X X . . - . X X
X . X . . X

areabacifor A, thefirst beingcanonical.

If it is clearwhich abacuds usedfor a partition A, we shall often denotethis
abacudy the sameletter A. For abeadk of anabacus\ we denoteby P, (k) the
positionoccupiedby k in A. If thereis anunoccupiegositiona < Py (k) we call k
proper, otherwisek is improper. All thebeadsf acanonicabbacusareproper

Now we wantto describethe deletionand additionof a p-edgein the abacus
notation.Informally speakingif A is anabacugor Al)) thento construcenabacus
for AU+ oneshouldfind the lastbeadof A andtry to pushit up oneposition. If
this positionis occupiedby someproperbead thenthe latter beadis pushedout
by k andwe try to movel onepositionupaswe movedk. If thepositionaboe k is
unoccupiedhenaftermoving k to this positionwe look for the beadm having the
maximalpositionlessthanthe new positionof k andtry to move m up similarly to
k. Finally if kis in thetop row of theabacusr the positionabore k is occupiedoy
animproperbeadthenk movesto the smallestunoccupiedoosition (this position
will bein adifferentrunnerthanthatcontainingkin A) andtheproces®f removing
the p-edgeis complete.We continueuntil the processcompletes.The procedure
of addingp-edgeis thereversewe wantto describeboth operationgormally.

Definition 1.3. Let A beanabacudor anontrivial p-regular partition. We define
theset{my, my,...,my} of rr-movablebeadsof A andtheabacusp(A) asfollows:

Let my bethe properbeadsuchthatPx(my) is maximal(in otherwords,my is
thelastbeadof theabacus).

Assumethatmy, ..., m have beendefined.If either

e PA(m) < p(i.e. m isin thefirst row of theabacus);

e PA(m) > pandPx(m) — pis occupiedby animproperbead;or

e PA(m) > p, PA(my) — pis unoccupiedandtheredoesnot exist a properbead

mwith Pa(m) < Pa(my) — p;

thenwe putN =i. Otherwisewe definem;; to bethe properbeadwhoseposition
is maximalwith respecto theconditionPa(m;+1) < Pa(m) — p.

Put

_ ) Pa(mn) — p, if PA(my) > p andpositionPa (my) — p is unoccupiedn A;
| theminimal unoccupiedpositionin A, otherwise.

Now we defined(A) to be the abacuswith the samesetof beadsasA, but with
P¢(,\)(k) = Pa(K) fork# mg, mp, ..., my, P¢(,\)(mN) =q, andP¢(,\)(m) =Pa(m) —
pforallie[1,N). (In otherwords,to obtaing(A) from A, onehasto move beads
My, ..., MN_1 Onepositionup, andmove my to positiona.)
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Definition 1.4. Let A be a p-regular partition with Mullineux symbol Gy(A) =
(Ao A

Ro R
bepositve integers,andlete = 0if p|A ande = 1 otherwise Assumethat

e e<R-Ry<pt+e, R-Ry+e<A-—Ay< p+R—Ry+¢p,if 2> 0;
e 1<R< p+e, RSA<p+Rifz=-1.

Let A beanabacudor A containingQ > R beads.We definethesetng, ..., np of
a-movablebeadsanda new abacusp(A) = Yar(A\) asfollows:

If z>0andR= Ry thenp|A, andwe let n; bethefirst properbeadof A (i.e.
the properbeadsuchthat Py(n;) is minimal), and put Pya)(m) = Pa(m) + p =
P/\(nl) +A

If R> Ry or z= —1, we let n; bethe (necessarilymproper)beadof A with
P/\(nl) =Q—R andput Pw(,\)(nl) = P/\(nl) + A

Assumethatny, ..., n andPy(a) (1), - - -, Py(a) (i) have beendefined.If Pa(k) <
Plp(,\)(ni) for all beadsk of A thenwe putD = i. Otherwise we definen;,; to be
the beadminimal with respectto Pa(niy1) > Pya)(ni), anddefinePya)(niy1) =
Pa(Niy1) +p.

Finally, we define y(A\) asthe abacuswith the sameset of beadsas A, but
Puny(K) = Pa(K) if k# ny,...,np andPyx)(ni) definedasabore. (In otherwords,
to obtain(A) from A oneshouldmove n; to the positionPa(ny) + A, andbeads
Ny, ...,Np dovn onerow).

gz) (possiblyz= —1, whichis interpretecasA = 0). Let AandR
"z

Part (i) of thefollowing lemmais provedin [22, Section3] (in the languageof
B-numbers)and(ii) follows from (i).

Lemmal.5. LetA bea p-regular partition with Mullineuxsymbol

A . A .
GP(}‘):(Q R Rz>’ O<i=z

i. If AU)isanabacusfor A()), then
¢(/\(J'))

is an abacusfor AU+? (seeDefinition1.3).
ii. If AU+D is anabacusfor AU+D with at leastR; beadsthen

Wa; r, (ATHY)
is anabacusfor A(J) (seeDefinition1.4).
Example LetA = (6,4%,2,1), p=>5. Let A bethecanonicabbacusgor A, i.e.
a - b

AN=- cd
e
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(We uselettersratherthan x to denotethe beadssothatit will be easietto follow
theirmovement).Then

~ba .- - .. a
ON=¢ ¢ g is anabacugor A,
¢2(/\)=2 i " isanabacugor A(?),
¢3(/\)=2 8 d € - isanabacugor A®, and

»*A)=b a d c e isanabacugor \(Y) = 0.

Recallfrom theexamplefollowing Definition1.2thatm(A) hasMullineux sym-
bol

Gim = (3§ 7 F)-

To reconstrucm(A) we shouldstartwith anabacugor A = 0 which hasat least
S = 4 beads Sowe beagin with

MY =71 st u
Then
MO =g (A =r s t - u

(2 — @y"rs--u
M - lIJ3’2(/\ ) - t
r s -
M) = 52 (A?) = t . ..U
.S - r -
MO — L|—'8,4(/\(1)) T

t
It is easilyseerthatM() is anabacugor m(A()) = m(\)(®.

Definition 1.6. Letk beaproperbeadof anabacus\. Thenk is calledabeginning
of A if Py(k) — 1 is unoccupiedn A. It is calledanendif Py (k) + 1 is unoccupied
in A. If kis abeginningwe denoteby A(k) theabacusobtainedrom A by moving
kto Py (k) — 1.
Definition 1.7. A beadk in runnera of anabacus\ is callednormalif andonly if
i. it isabeginning;and
ii. if I1,...,1; areall the endsin runnera— 1 of A with Py(l,) > Py (k) — 1 then
thereexistr distinctbeginningsky, . ..,k in runneraof A suchthatPy (I,) +1>

Py(ky) > Py (k) for all ve [1,r].
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A beadk of A is calledgoodif it is thetop normalbeadin its runner

Remark.Endsandbgginningscorrespondo indentandremovable nodesfor the
correspondingpartition. Normalandgoodbeadscorrespondo normalandgood
removablenodesrespectiely. If thebeginningk correspondso aremovablenode
AthenA(k) is anabacudor A (cf. [17] andSection8).

Example As we sav above, the canonicalabacugor (6,4%,2,1) for p=5is as
follows:
k - |1

. m q

t
Herek,|,m,t are beginnings; k,l,g,t are ends. Of the beginnings,k is normal
becauséor theendt thereexiststhebeginningmasin 1.7;! is notnormalbecause
of theendq; mis notnormalbecaus®f theendt; finally, t is normal.Both normal
beadsk andt turn out to be goodin this examplesincethey belongto distinct
runners.

Definition 1.8. A goodbeadk of anabacus\ is calleddegeneate if andonly if
d(A(K)) = d(A). Otherwisek is callednon-dgenerate.

In theexampleabore, k is degeneratendt is non-dgenerate.

Definition 1.9. If k andm arebeadsn the samerunnerof an abacus\, thenwe
write k = m(in A) if kis aborem (i.e. Py (k) < Py(m)).

Notation. Wedenoteby (a), thesetof theproperbeadsn runneraof A, andwrite
|al, for theorderof (a),.

Definition 1.10. LetL={l3 > --- > I;} C (a— 1)), K={ky > -+ > ks} C (a),.
We saythatK compensatek if s>r andPy(ky) < Py(ly)+1forallve [1,r]. We
saythatL is compensatei thereexistsa subseK C (a), whichcompensatek.

Thefollowing lemmafollows immediatelyfrom Definition 1.7.
Lemmal.11. Abeadk € (a), is normal(for A) if andonlyif theset
K={K e (a)|K <k}
compensatetheset
L={le(@-1[R\(l) >PF(k)—1}.

Fromnow onwe assumehatA is anarbitrarybut fixed p-regular partition of n
with Mullineux symbol
(A0 AL .. A
GP(A)_(RO Ry ... Rz>

andwe denoteby the sameletter A the canonicalabacudor A (which containsR,

beads).We denoteby A(}) theabacugp!(A) whichis a (non-canonicain general)
abacugor thepartition\(}), accordingo Lemma1.5(j € [0, z+ 1]). Thusall abaci
A1) containRy beads. For exampleA#tD is the abacuswith beadsin positions
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0,1,...,Ro— 1. We shallwrite Pj(k), |a|j, and(a); for Py (k), |alyi, and(a)y),
respectiely.

Similarly, m(A) is the canonicalabacudor the partitionm(A) (with & beads),
andwe denoteny m(A) () = m(A()) theabacugh! (m(\)) whichis a(non-canonical
in general)abacugor the partitionm(A)) = m(A()). All abacim(A)(}) have §
beadsWe write P (k), [a', (a)’, etc.for By (K), [@lmaym (@)mam. ete.

Lemmal.12. Let0< j< z.
i. Letl beabeadof \U+1) such thatpositionPj(1) is unoccupiedn AU+, Then
positionP;(l) + 1 is unoccupiedn A1),
ii. Letk be a beadof A() which is proper for AlitD), and sud that position
Pi+1(k) is unoccupiedn AU). Thenposition Pj,1(k) — 1 is unoccupiedn
AU+D)

Proof. (i) SinceP;(l) is unoccupiedn AU+Y, we have P;(1) # Pj11(1), i.e.l isan
a-mavablebeadof AUV, or | = n,, for somew € [1,D] (seel.4). If Pj(I)+1is
unoccupiedn AU+ it will remainsoin A) becaus®;(n,) < Pj(l) for v < w and
Pi;+1(ny) > Pj(1) for v > w by definition. If Pj(1) + 1 is occupiedn AU+ thenit is
occupiedhecessarilyy ny,1 andP;(nwy1) > Pj11(mwy1) = Pj(l) + 1. Soposition
P;(I) + 1is unoccupiedn M) in this casetoo. Theproofof (ii) is similar. O

Definition 1.13. ThesubseM = {my = --- = my} C (b); is calleddense(in A))
if mg > m> m, impliesm= m, for somev € (1,r).

Lemmal.l4. LetL={l1>--- >} C(@a—1)j41, K= {ky > --- > ks} C (@) j41.
AssumehatK is denseandcompensatets in AU+,
i. If theredoesnotexista beadk sud thatP; (k) = Pj;1(k1), thenK compensates
LinA(),
ii. If there is a beadk sud that Pj(k) = Pj11(ky), thenK' = {k ky,...,k_1}
compensatek in AU,
iii. If Pjy1(l1) > Pjra(ki) — 1, thenK compensateks in AU).

Proof. (i) and(ii). By definitionr < sandPji1(k,) <Pj;1(lv)+1,ve [1,r]. If K
doesnotcompensate in A}, choosew to beminimalsuchthatP;(ky) > Pj(lw) +
1. ThenPjy1(kw) = Pita(lw) + 1, Pi(lw) = Pj41(lw), andPj(kw) = Pj41(kw) + p.
By Lemmal.12(ii) thereexistsabeadk with P;(k) = Pj11(kw) (kw is pusheddowvn
by k). If w> 1 then,sinceK is densek = ky—1. SincePj(ln—1) < Pj(lw) =
Pj(kw—1) — 1, we have Pj(ky—1) > Pj(lw—1) + 1 which contradictghe choiceof w.
This proves (i). To prove (ii) noticethatif w= 1 thenwe getPj(k) = Pj(l1) +
1, Pj(ky) <Pj(ly+1) + 1, becausé®j;1(ky) < Pjt1(lv41) +1forve [Lr).

(iii). NoticethatPj 1(l1) > Pjy1(k1) — 1+ p. ThereforePj 1(ly) > Pj11(ki) —
1+vpforve[l,r]. Lety > 1besuchthatPj;1(k,) = Pjy1(k1) + (v—1)pforallve
[1,y], andP;;1(ky) +ypis unoccupiedn AU+Y. ThenPj 1 (ly) > Pja(k,) — 1+ p,
hencePj(ly) > Pj(k,) —1forallve [1, min(r,y)], i.e.{K,.. ., Knin(ry)} COMpensates

{12,-- S lminry) b IN AU If r >y, then{ky;1,...,k } compensatesly,1,...,I:} in
A0) by part(i). O
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Corollary 1.15. Leti < jandletL C (a— 1); beadensesetwhich is compensated
in A). ThenL is compensateih A().

Proof Thisfollowsfrom Lemmal.14,parts(i) and(ii). O

Lemmal.16. LetL={ly>---> 1} C(a—1);, K={ky > - > ks} C (a)j4+1(C
(a)j). AssumehatL is densethere doesnot exist a beadl sud that Pj,1(l) =

Pi(l;), andK compensatess in A). ThenL C (a—1);;1 andK compensates in
AU+

Proof. We first prove thatL C (a—1)41. If not, thenl; ¢ (a— 1)j;+1. We have
Pj(ki) <Pj(l1) + 1.

If Pj(k1) < Pj(l1) +1thenPj(ky) <Pj(l1) +1— p, andsincePj;1(l1) > Pj(l1) —
p we getPj;1(ki) < Pj;1(l1) + 1. Now sincek; is properfor AU+1) (by assump-
tion), soisly; i.e.ly € (a—1)j41.

If Pj(ke) = Pj(l1) + 1, letw > 1 be minimal with respecto the conditionsthat
Pi(Ilv) = P;(l1) + (v—1)p, v € [1,w], andP;(11) +wp is unoccupiedn A). Then,
sinceK compensatek in AU, onehasP;(k,) = P;(ly) + 1 for v € [1,w]. Now
it follows from Lemmal.12(i) that Pj11(lv) = Pj(ly) for v € [1,w]. In particulay
Pi+1(l1) = Pj(l1). ThereforePj;1(ki) < Pj(k1) < Pj(l1) + 1= Pj;+1(l1) + 1, and
thenthefactthatk; is properfor A(+1) impliesl; is also.

Now let usprove thatK compensateks in A, If not,choosew < r to be maxi-
malwith respecto Pj;1(lw) < Pj+1(kw) —1. ThenPj(ly) = Pj(kw) — 1, Pj+1(lw) =
Pj(lw) — p, andPj;1(kw) = Pj(kw). Now it follows from Lemmal.12(i) thatthere
exists a beadl with Pj.1(l) = Pj(lw). By assumptionw < r. Then,in view of
thedensityof L, | = ly;1 andPj;1(lws1) = Pjya(kw) — 1 < Pj+1(kwt1) — 1, which
contradictghechoiceof w. O

Definition 1.17. If k is a properbeadof A we denoteby St(k) (“St” for step)the
integer j suchthatk is properfor AU) andis improperfor AU+3)_ If j = St(k) we
call k anew (proper)beadof A(1).

Remark. We shall often usethe following evidentfacts: If k,me (a); andk > m
thenSt(k) < St(m). If k,me (a); andSt(k) < St(m) thenk > m.

Lemma 1.18. A beadk is a new beadof AU) if andonly if Ry— R; < Pj;1(k) <
Ro—Rjt1—1.

Proof Thisis animmediateconsequencef Definitionsl.17andl.4andLemmal.5.
]

The following constantsmeasurethe changefrom AU+ to A() (resp.,from
m(A) U+ to m(A) (1) in thedifferencebetweerthe sizesof runnersa anda— 1.

Definition 1.19. Forall j € [0, 7] define
d;(a) = (lalj —[alj+1) — (la— 1] — [a—1[j11),

d(a) = (Ja’ ~[al"**) — (Jla— 1) ~ Ja—1]'*1).
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2. RUNNER SIZES

In this sectionwe investigatehe changeghatcanoccurin the sizeof arunner
a, andin thedifferenceof the sizesof two adjacentrunnersa anda— 1, with the
removal or additionof a p-edgeto the abacus We alwaysassumehat0 < j < z,
andR,; isinterpretedasO.

Lemma2.1. [a]j4+1 < |alj <[afj+1+2

Proof. If k € (a)j4+1 thenk € (a);. Thisimpliesthefirst inequality If thereare
noimproperbeadsn runnera of AU+ then|al; < |alj;1+ 1 becausatmostone
beadcanmoveto runnera from anotherunnerwith theadditionof the p-edge.Let
m bethelowest(i.e. with Pj,1(m) maximal)improperbeadin runnera of AI+D),
If mis thefirst row of AUi+3), we obtain|a|; < |a|j;+1+ 2 asabove. If not, let| be
the beadwith Pj1(l) = Pj41(m) — p. It is enoughto shaw that! is improperfor
AU), By 1.18,0nly the beadsoccuying positionsfrom Ry — R; to Ry — Rjy1 — 1
in AU+ arenew properbeadsfor A(J). Sol is improperfor Al) in view of the
inequalityR; — Rj;+1 < p givenin Propositionl.1. O

Lemmaz2.2. |a|; = |aj11+ 2 if andonlyif Aj Z0, a= Ry—R;j +Aj, andAj <
Rj — Rj+1. Moreover, thetwo new proper beadsin runnera of M) are thebeads
m andk occupyingthe positionsRy — R; and Ry — R + Aj in AU+Y | respectively
andPj(m) = Pj;1(k), P;(k) = Pj+1(k) + p. (In otherwords,m movesfromRy — R;
to Ry — Rj + Aj andpushesk downonerow fromthis last position.)

Proof. If Aj#0,a=Ry—R;+A|, andA; < Rj—Rj1, letmbethe(improper)bead
occupying positionRy — R; in AU+, SinceAj < R — Rj11, positionRy — R} + A}
is occupiedn AU+ by someimproperbeadk (cf. 1.18. Noticethatk is in runner
abecause = Ry — Rj + Aj. Whenthe j-th p-edgeis added m movesto position
Ro — Rj + Aj andpushesk out, to positionRy — R; + Aj + p. Noticethatk andm
areproperfor AU) because®; ;1(m) is unoccupiedn AU). Hencela|; > |a]j+1+ 2.
SoLemma2.limplies|a|j = |a]j+1+ 2.

In theotherdirection,let|al; = |a|j+1 + 2. Thentherearesomeimproperbeads
in runnera of AU+ becausetherwise|a|; < |aj1 + 1 (recall thatat mostone
beadchangesunnerswith theadditionof a p-edge).Let k bethelowestimproper
beadin this runner Then|a|; = |a|j41 + 2 impliesthatk becomesproperfor A()
andsomenewn beadcomesto runnera from anotherrunner ThereforeA; # O,
a=Ry—Rj+Aj, andAj < Rj — Rj41. O

Corollary 2.3. If |a|j = |a|j+1+ 2 then|b|; <|b|j;+1+ 1 for anyb # a.
Proof. ThisfollowsfromtheLemmas2.2,2.1. O

Lemma2.4. |a|; = |a]j+1+ 1if andonlyif oneof thefollowing conditionsholds.
I. a=Ro—Rj+xwith0 < x< Rj —Rj;1, XZA|. In thiscasethebeadoccupying
positionRy — R; +Xxin A0+D remainsat thesamepositionandbecomes new
properbeadin runnera of Al).
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i. a=Ry—Rj+Aj, Aj > Rj—Rj41> 0. Inthiscasethebeadoccupyingposition
Ro — R; in AU*+Y) movesto positionRy — R; + Aj and becomes new proper
beadin runnera of AU).

Proof The*if " directionis straightforvard. For example,if a= Ry— R;+ A and
Aj > Rj —Rj;1 > 0, thenthe beadk occupying positionRy — R; in AU+ moves
to positionRy — R; + A; in runnera with the additionof the j-th p-edge(if A; =0
we needto useR; — Rj1 > 0). Moreover, k is improperfor A\UY) andproperfor
AU), It follows from Aj > R; — Rj 41 andLemmal.18thatk is theonly new proper
beadin runnera of A().

Letusprove “only-if . First,notethatR; — R;;1 > 0 becaussomenew proper
beadanustappear

If Aj =0, thenby Lemmal.18thenew properbeadf A)) arethebeadk which
hasmovedfrom positionRy — R; in AU*Y) to positionRy — R; + p in A1), andthe
beadsoccuying positionsRy — R; + 1 throughRy — R4 1 — 1 in both AUi+%) and
AU). Sosince|alj > |a]j+1, we musthave a = Ry — R; + x for somex € [0,R; —
Rj+1). If a=Ry—R; we arein case(ii), asAj = 0; if a= Ry — Rj+ X with
0 < x< Rj—Rj4+1 wearein cas«i).

If Aj #0andAj > Rj —Rj;+1, thenby Lemmal.18the new properbeadsof
AU) arethe beadk which hasmoved from positionRy — R; in AU+1) to position
Ro— R; +A; in A), andthe beadsoccupying positionsRg — R; + 1 throughRg —
Rj+1— 1 in both A0*Y) andAl). Again, since|a; > |alj;1, we musthave a =
Ro—Rj+Ajora=Ry—Rj+xforxe (0,Rj —Rj41). If a=Ry—Rj+Aj, we
have (ii); andif a=Ry—R; +xfor x € (0,R; — Rj;1), we have (i).

Finally if A; # 0 andA; < R; — Rj;1 wefind in asimilar mannerthatwe arein

case(i). O
Lemma2.5. —2<dj(a) <2.
Proof Thisfollows from Lemma2.1(andDefinition1.19). O

Lemma2.6. dj(a) = 2if andonlyif Aj=1, a=Ry—Rj+1, andRj — Rj+1 > 1.
Moreover, in this casethe beadm which occupiegpositionRy — R; in AU+Y) moves
to positionRy — R;j + 1 and pushesdown by onerow the beadk which occupies
Ro—Rj+1in A0+D | Beadsk and m are thetwo new properbeadsin runnera of
A0) andrunnera— 1 of A} doesnothavenew properbeads.

Proof. By Lemmaz2.1,d;(a) = 2 if andonly if |a|j = |a|j+1+ 2, [a—1|j = |a—
1];+1. Accordingto Lemmaz2.2, thefirst equatiorholdsif andonly if Aj 0, a=
Ro—Rj+Aj, Rj—Rj+1> Aj. Now if Aj # 1, it follows from Lemmaz2.4(i) that
la—1|j = |a—1]j+1+ 1. If Aj =1, it followsfrom 2.4,2.2,and2.1thatja—1|; =
|a— 1]j+1. Thus,thefirst partof the Lemmais proved. The secondpartfollows
from the secondpartof Lemma2.2. O

Lemma2.7. dj(a) = 1if andonlyif oneof thefollowing conditionsholds.
. a=Ry—Rj+A;; Rj—Rj+1>0; Kj> Rj —Rj+1if Rj—Rj;1> 1andﬁjz 1
if Rj — Rj+1 = 1. In this casethe beadk occupyingpositionRy — R; in AU+
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movesto positionRy — R; + Aj andbecomeshe new properbeadin runnera
of AU), Runnera— 1 of AJ) doesnothavenew properbeads.

ii. Aj£0,1, a=Ry—Rj+Aj, andAj < Rj—Rj;1. In this casethe beadm
occupyingpositionRy — R; in AU*Y) movesto Ry — R; 4 A;j andpushes bead
k downonerow from the latter position. Beadsk and m are the new proper
beadsin runnera of AU}, andthe beadl occupyingRo — R; + Aj — 1 in both
A0+D) andA() is thenew properbeadin runnera— 1 of A(J).

ii. Aj#0,1,a=Ry—Rj+1, andR;—R;;1> 1. In thiscasethebeadoccupying
Ro— R;j +1in bothAU+D) andAl) becomeshe new properbeadin runnera
of A\, Runnera— 1 of All) doesnothavenew properbeads.

Proof. By Lemmaz2.1,dj(a) = 1 if andonly if oneof the following conditions
holds.
a. |alj =aljt1+2,la-1]; = [a=1[j11+1;
b. alj = |a]j+1+ 1, |a—1]j = [a— 1] j;1.
By 2.2and2.4, (a) holdsif andonly if Aj 0,1, a= Ry— R + A, andA| <
Rj — Rj+1; thuswe arein casii).
By 2.4,|a|j = |a|j+1+ 1if andonly if oneof thefollowing conditionsholds.
(o) a= Ro—Rj+X 0< X< Rj—Rj11, XZAj.
(B) a=Ry—Rj+Aj, Aj>Rj—Rj;1>0.
If (a) holds,then|a—1|; = |a— 1|;;1 if andonly if x= 1 andA; £ 0, in view
of 2.2and2.4. Thuswe arein caseiii).
If (B) holds,then|a—1|; = |a— 1|j;1 if andonly if A > Rj — Rj41 for Rj —
Rj+1>1landA; > 1for Rj—Rj;11 > 1,accordingo 2.2and2.4. Thisgives(i). O

Lemma 2.8. dj(a) = —1if andonlyif oneof thefollowing conditionsholds.
i. Aj=0,Rj—Rj;1>0,anda= Ry — Rj1;
i. AjZ0,Aj#ZR —Rj;1,Aj ZRj—Rj;1— 1 anda=Ry— Rj11;
iii. AiZ0, A #R—Rj;1—1, anda=Ry— Rj+Aj+1
Moreover, in caseg(i) and (i), runnera of AU) doesnothavenew properbeads,
andthe beadl occupyingpositionRy — Rj+1 — 1 in AU+D) is the new properbead
in runnera— 1 of AU). In case(iii) thebeadl occupyingRy— R; in AU+ movesto
positionRy — R; +A] in runnera— 1 of AU), If Aj > R; — Rj;1— 1 thenl istheonly
new proper beadin runnera— 1 of Al)), and runnera of A) hasno new proper
beadslf Aj < Rj — Rj;1— 1thenl pushesiownabeadm occupyingRy — Rj + A
in AU+ andthebeadd andm are the new properbeadsin runnera— 1 of Al);
while the beadk occupyingRo — R;j + Aj + 1 in both A1) and AU+Y) is the new
properbeadin runnera of A1),

Proof This follows from from 2.1,2.2,and2.4in a fashionsimilar to the proofs
of Lemmas2.6and2.7. O

Lemma?2.9. dj(a) = —2if andonlyif Aj #0, Aj =R —Rj;1— 1, anda= Ry —
Rj+1. In thiscasethebead! occupyingoositionRy—R; in A0+ movesto position
Ro— Rj+1— 1 (in runnera— 1) occupiedby an improper beadm, and pushesm
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downonerow Beadsmand| are thetwonew properbeadsin runnera— 1 of A,
Runnera of Al)) hasno new properbeads.

Proof Again, this follows from from 2.1, 2.2,and2.4 in a fashionsimilar to the
proofsof Lemmas2.6and2.7. O

3. SOME LEMMAS ON NORMAL BEADS
Throughouthesection0 < j <z

Lemma3.1. Letk be a normal beadfor A0). Assumehat eitherk is proper for
AU+D or A = 0. ThenpositionP; (k) — 1 is unoccupiedn AU+,

Proof. Assumeonthe contrarythatl, is thebeadwith Pj,1(l1) = Pj(k) — 1. Then
sincek is a beginningin AU), Pj(l;) # P;(k) — 1. But sinceeitherk is proper
for AU+ or Aj =0, theonly way thatl; canmove is onerow up. Sowe have
Pj(l1) = Pj(k) — 1+ p. Letly,...,ly bethebeadssuchthatPj(ly) = Pj(k) — 1+vp
forv e [1,w] andP;(k) — 1+ (w-+ 1) pis unoccupiedn At). Sincekis normalthere
exist beadsky, ..., ky with Pj(k,) = Pj(K) +vp, v € [1,w]. ThereforeP;;1(ly) =
P;(ly) for v € [1,w] by 1.12(i). Takingv = 1 givesa contradiction. O

Lemma3.2. Letk € (a)j,1 be a normal beadfor A\U*1), andlet y > 0 be the
minimalinteger sud that positionP; ;1 (k) — 1+ (y+ 1) p is unoccupiedn AU+,
Thenthere are beadsk, with Pj1(ky) = Pj+1(k) +vp, v e [1,y]. Moreover,
i. Assumehatk is a beginningfor A(). Thenk is normalfor A(), andif k is not
goodfor AUi*+D) thenit is not goodfor A().
ii. Assumehatk is nota beginningfor A). Theny > 1, k, is normalfor A() and
if k is notgoodfor AU+ thenk, is notgoodfor A().

Proof Let
L={li>- >} ={l € (@=1)j1| Pa(l) = Piga(K) — 1},
K={ki> =k} ={Ke(a)js1|K <k}

Thenaccordingto Lemmal.11,K compensatek in A+, By assumptionfor
v e [1,y] we have Pj11(ly) = Pjy1(k) —1+vp. SoPjy1(ky) = Pj11(k) + vp for
ve|[lyl.

L[eti]be minimal with respecto Pj1(k,) = Pj+1(k) +vp for all v e [1,x] and
Pi;+1(K) + (x++ 1) pis unoccupiedn AU+Y. Thenx > y.

Assumethatk is a beginningfor AU)), This meanghateitherP; (k) = Pj,1(k) or
P;(k) = Pj+1(k) + pandy = 0. In bothcasesve have

{le(@-1);|R(l) > Pj(k) -1} =L,
{K e (a)j | K <k} =K.
Soin view of Lemmal.11,thek is normalfor AU) if andonly if K compensates
in AU), But thelatterfactfollows from Lemmal.14,parts(i) and(iii).

Assumethatk is not a beginningin A). Theny > 1 andP;(k) = Pj;1(k) +
p. HencePj(ly) = Pj;1(lv) andPj(ky) = Pjya(ky) + p for ve [1y]. Sokyis a
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beginningfor Al). The proof of the normalgy of k, for AUJ) is similarto thatof the
normalg of k above.

Now assumehatk is not goodfor A+1) i e. thereexists a normalbeadm €
(@)j4+1 with m = k (in AU*1)). Applying the abore agumentsto m, one of the
following happens:

(1) mis normalin A(), Thenk is notgoodfor At sincem s kin A(),

(2)thereexistsy' > 1 andbeadsfy, e, suchthatP;j1( fy) = Pj+1(m) —1+vp and
Pi+1(ev) = Pj+1(m) 4+ vp for v € [1,y], with Pj;1(m) — 1+ (Y’ + 1) p unoccupied
in AUi+1) andwith e, normalfor A(). But sincenoneof ey, ..., ey is abeginningin
AU+ it followsthatk < gy in AU+Y hencein AU). Thuskis notgoodin At). O

Corollary 3.3. If there existsa goodbeadin runnera of \U+D) | thenthere existsa
goodbeadin runnera of A,

Proof. By the previouslemmaif thereexists a normalbeadin runnera of A(i+1)
thenthereexistsa normalbeadin runnera of A{)). Now it suficesto recallthatac-
ccordingto Definition 1.7,ary runnerwhich containsa normalbeadalsocontains
agoodbead. O

Lemma3.4. Letk € (a); be a normal beadfor AU) and assumethat there exist
u>0andbeadsey,..., e, sud thatPj(e,) = P;(k) —vpfor v e [1,u], Pj(k) — (u+
1)p > 0, and positionP;(k) — (u+ 1) p is unoccupiedn Al). Supposehatk is
properfor AU*D if u= 0 andthate, is properfor AU+1) if u> 0.
i. Letk bea baginningfor Ait1), Thenk is normalfor A1, Moreover if k is
goodfor AD) thenit is sofor AU+D),
ii. Assumehatk is nota beginningfor Ait1). Thenu > 0 ande, is normalfor
A0+ Moreover if k is goodfor AD) theng, is sofor Al+1),

Proof. If u> 0thenk is properfor AI+D sinceey is so. If u= 0 thenk is proper
for Ai+1) by assumptionThusk is properfor Ai+1) in ary case.
Set

L={l€(a—1);|Pi(l) > Pj(k) — 1}
and

K={kK e (a)j|K <k}
={k € (a)j+1 K <Kk}

By Lemma3.1 we have thatpositionP; (k) — 1 is unoccupiedn At sokis
not a beginning for AU+Y if andonly if Pj;1(k) = P;j(k) — p, u> 0, andposition
Pj(k) — p— 1 is occupied(in A0+1)) by somebeadl. Soif k is a beginning for
A+ then

L={l € (@-1)j41|Pj4a(l) = Pjra(k) — 1}.
By Lemmal.11,K compensatelsin A)), soK compensatelsin AU+ in view of
1.16.Now k is normalin A(+3) by virtue of 1.11.
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Next assumehatk is not a beginning for AU+, By Lemma3.1 asabore, we
havePj.1(e,) = Pj(e,) — pforve [1,u]. Sincesg, is properfor AU+1, Lemmal.12(ii)
impliesthatP;,1(ey) — 1 is unoccupiedn AU+1) | i.e. g, is a beginningfor AU+
thuse, # kandu > 0.

In view of Lemmal.11,to prove thenormalgy of g, in AU*Y it suficesto shaw
that

K'={e,...,a-1} U{K} UK
compensates
{I'e (@a=1)j41 | Pjpa(k) =1 > Pj1a(l") > Pjya(en) = 1} UL.

But K compensatek in Ali+) by LemmaZl.16and {ey,...,e,_1} U {k} clearly
compensate8l’ € (a—1)j41 | Pj1(k) — 1> Piy1(l') > Pia(ey) — 1},

The remainingstatement®f the lemma(thoseregardinggood beads)follow
from 3.2. O

4. DEGENERATE BEADS

Difficultiesarisein the proof of the Main Theoremwhenthe abacudor A hasa
degeneratdead. In the next sectionwe shav thatA hasa degeneratéeadif and
only if m(A) does;herearesomelemmastowardsthatend.

Lemma4.1. Assumehatthere existsa beadk of A with Py(k) = 1. Theni (k)Y =
A®,

Proof. It follows from the definitionthat for ary beadm with P;(m) > Py(k) we
have Pi(m) = Py ym (M). If P(k) = 0thenPy(m) > Py(K) for ary beadm # k. So
it sufficesto obsere thatP, ,« (k) = 0 sincePy ) (k) = 0.

If Pi(k) =1 thenthereexistsa beadf with P;(f) = 0. It is easily seenthat
Pi(m) = Py (M) forallm# k; f, Py g () = Pu(k), andPy o (k) = Pi(f), i.e.
A = A0, O

Thehypothesiof the next lemmacanbe depictedschematicallyas

if a# 0andas

ex e fx_l

~P 0 ...
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if a= 0, with fy in thefirst row of the abacusn bothcases.Noticethatif a= 1,
Po(k) > 1, thenthe hypothesesf 4.2 cannothold becausé is acanonicakbacus,
i.e.position0 is unoccupied.

Lemma4.2. Assumehat beadk of A is r-movable (i.e. Pi(k) < Py(k)) andk is
a beginning for A. Let x be maximalwith respecto Py(k) — 1—xp > 0, and as-
sumethat there are beadsfy, € (a— 1)o, &, € (a)o sud that Py(fy) = Po(k) — 1 —
vp, Po(&y) = Po(K) —vpfor v e [1,X]. Then (k)M =AM,

Proof. Notethat

Py (&) = min(0, Po(ey) — p)
Pi(fy) = Po(fy)
Prgw (K) = min(0, Po(k) — 1—p)
Praom (&) = Po(ey)
Pyaow (fv) = min(0, Po(fy) — p)

forary ve [1,x] andary beadm¢ {k, ey, ..., &, f1,..., fx}. Toprovethath (k) =
A it now sufiicesto obsere that P,y (k) = Py(k) = 0if x=0,and

fyp1) forve [1,x)

) (
(e1) = Py(
(ev) =Pi(e—1) forve [2,X]
(fv) = Py(
(fx) = Py(

if x> 0. O

Lemma4.3. Assumehatk € (a)o is agoodbeadfor A, andpis thepartition sud
thatA(k) is anabacudfor p.

i. If kis non-dgeneate thenthere existsa beadg € (a); sud thatg is goodfor
A® andA (k) = A (g).
ii. Thebeadkis dggenemnteif andonlyif at leastoneof thefollowing conditions
holds.
(@) Po(k) =1,
(b) kisr-movableandif x is maximalwith respecto Py(k) —1—xp > 0, then
forve [1,X], there existbeadsf,, &, with Py( fy) = Po(k) —1—vp, Po(e,) =
Po(k) —Vp.

ii. pis p-regular, the first columnof the Mullineux symbolGy(p) is <%> if

k is non-dgeneate, and the first columnof the Mullineux symbolGp(u) is
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(%: %) with & € {0,1} if k is degeneite Moreover, § = 1if Py(k) = 1and
& = 0 otherwise

iv. Letk bedegenenate with & asin (iii). ThenAg = 0implies¢ =0, andAg=1
implies¢ = 1.

Proof (i) and(ii). Lemmas4.1and4.2tell usthatif either(a) or (b) holds,then
k is degenerate.So we assumehat neitherof (a), (b) holds,and prove thatk is
non-dgenerateand A(k)Y = A(Y(g) for somebeadg € (a); which is goodfor
A,

Let y be maximalsuchthatfor all v € [1,y] thereexist beadsf, with Py(f,) =
Po(K) —1— vp (asusualwe puty = 0 if Py(k) — 1 — p is unoccupiedor Py(k) —
1-p<0). Theny <x. Letw bemaximalsuchthatthereexist beadse, with
Po(ey) = Po(k) —vp for ve [1,w]. Thenw < x.

Noticethatw <y sinceotherwisesy. 1 would be a normalbeadabove k, which
isimpossiblesincek is good.

Assumefirst thatk is not -movable. Thenk is goodfor A(Y by Lemma3.4.
Now the factthat Py(k) — 1 is unoccupiedn AY) implies P, o (m) = Py(m) for
ary beadm # k, andP, 4 (K) = Pi(k) — 1;i.e. A(K)® = A (k).

Next assumehatk is r-movable. Thenw < x sinceotherwisew =y = x and(b)
holds.SoPy (k) = Py(k) — p, andPy(e,) = Py(e,) — pfor v e [1,w].

If w= 0 thenk is abeginningfor A() by 1.12(ii). Soit follows from 3.4 thatk
is goodfor A(D,

As in the casein which k is notr-movable, we getP, ,x (m) = Py(m) for ary
beadm # k, andP, ) (K) = Pi(K) — 1;i.e. A(K) ) = A (k).

Letw > 0. Thene, is goodfor AV by 3.4(ii), andwe have A (k)Y = A (g,).

(iif). Assumethat is not p-regular SinceA is p-regular, this meanghatthere
areproperbeadsmy,...,my_1 with Po(m,) = Py(k) —1—vforve [1,p—1], and
Po(k) — 1— p is unoccupied But thenmy_1 is normalfor A which contradictshe
factthatk is goodfor A (becausen,_; > kin A).

If k is non-dgeneratethen Py(k) > 1 by (ii). SoA(k) hasRy properbeads.
Moreover, A is a partition of n— Ag, soA(k)(Y) = A(D(g) impliesthat V) is a
partition of n— Ag— 1. Noticethat u is a partition of n— 1. Summarizingthe
p-edgeof W haslengthAq. Theremaindeof (iii) is obtainedsimilarly.

(iv) Let Ag = 0. If Py(k) = 1 thenby Lemma3.1, positionPy(k) — 1 is unoccu-
piedin A1), ThereforeR; = Ry. If £ = 1 we getby (iii) that

C(A-1 A LA
GP(“)_<RO—1 Ri ... Rz>
giving acontradictiorto 1.1. SoPy(k) # 1, and& = 0 by (iii).

Let Ag = 1. If Py(k) # 1 then(ii) impliesthatk is non-dgenerateinceposition
Ois unoccupiedn A. Sincek is degeneratePy(k) = 1; hencef = 1 by (jii). O

Proposition4.4. Let(a—1); = {l1 < --- <I;} = L. Thenrunneraof A containsa
degeneate (good)beadif andonlyif atleastoneof thefollowing conditionsholds.
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i. do(a) > 0andL is compensateth A(;
ii. do(a) =2and{ly,...,l;_1} is compensateth A(D.

Proof. LetK = (a)1 = {ki < --- < ks}. Assumethatrunnera of A containsa deg-
nerate(good)beadk. Thenin view of 4.3 atleastoneof the following conditions
holds.

a. Po(k) =1;

b. k is r-movableandif x is maximalwith respecto Py(k) —1—xp > 0, then
for v € [1,X], thereexist beadsf,, e, with Py(fy) = Po(k) —1—vp, Py(e)) =
Po(k) —Vvp.

Supposda) holds. Thena = 1. Noticethatk is improperfor A(Y: Otherwise,
Ro = Ry, which would imply p|Ag in view of 1.1, andthenby 1.3 thereexists a
beadmy with P;(my) = 0.

Thuslalp > |a]1 + 1.

By Lemma3.1, Ap # 0. Soin view of Lemmas2.2, 2.4, and 2.1, we have
|a—1jo=|a—1]1,i.e.do(a) = |ajo—|al1 > 1.

If do(a) = 2 thenPy(k) = 0 andfor somebeadm we have P;(m) = 1, Py(k) =
P1(m), andPo(m) = p+ 1, accordingto Lemma2.6. Fromthenormaly of k in A
andLemmal.1lwe getthat{m} UK compensatek in A. HenceK compensates
{l1,...,1;_1} in A, andsoK compensate§l,...,l;_1} in A(Y) by virtue of 1.16.

If do(a) = 1 thenby 2.7 eitherP; (k) = 0 andposition1 is unoccupiedn AV, or
P1(k) = 1 andthereexistsa beadm with P;(m) = 0, Po(m) € (0, p). In bothcases
thenormaly of k andLemmasl.11,1.16imply thatk compensatek in A(D.

Now assumehat(b) holds.

If x=0then|alo=|al1+1,]a—1|o=|a— 1|1, Pi(k) = 0, Py(k) = Ag sincek is
r-movable,andPy(k) — 1 is unoccupiedn bothA andA(Y. Sody(a) = 1 and

L={l€(a—1)o|Po(l) > Po(k) — 1},
K={K e (a)|k <k}
By 1.11thenormaly of kimpliesthatk compensatesin A, andsoK compensates
L in A(Y accordingo Lemmal.16.

Let x > 0 andassumehat f, is properfor A(J). Thene, is theonly new proper
beadin (a)o, andrunnera— 1 of A hasno new properbeadsThusdy(a) = 1 and

(a—l)l = (a— 1)0 = {fl,..., fX}U LI,
K:{ela"'7ex—l}u{k}UK/
where
L'={le(a—1)1 |1 < fi},
K'={K € (a)1 | K <k}.

Thenormaly of kin A andLemmal.11imply thatK’ compensatek’ in A, hence
in A in view of 1.16.Also, {ey,...,6 1} U{k} clearlycompensate§fy,..., fx}
in A1,
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If x> 0andfy isimproperfor A(Y), we seethat f, is theonly new properbeadin
runnera— 1 of A, andey, 61 (or g, k if x= 1) arethenew properbeadsn runner
aof . Sody(a) = 1. The proof of thefactthat (a); compensatega— 1); in A()
is similarto the proofin the previouscaseusingl.11and1.16.

In the otherdirection,assumehatdy(a) = 2 and{ls,...,l;_1} is compensated
in A(U. By Lemma2.6,a= 1 andtherearebeadsk, mwith Py(k) = 0, P,(m) = 1,
Po(k) = 1, andPo(m) = p+1. Letgy = ks ;1) for ve [1,r —1]. Theng; <
.-+ < gr—1 arethetopr — 1 beadsin (a);, andG = {g,...,0—1} compensates
L' = {lg,...,lr_1} in A, If P(gr_1) > 1+ p thenG compensates’ in A by
Lemmal.14(i). Otherwise,G compensatek’ in A by Lemmal.14(iii) because
Pi(lr—1) > Pi(Iy) > p. In addition,m compensatels in A sincePy(l;) > p. In view
of Lemmal.11,kis normalfor A (hencegood);thus(a) holds.By Lemmad4.3this
meanghatk is degeneratdor A.

Assumedp(a) = 1 andL is compensateth A, Let g, = ks_r_y), V€ [1,1].
ThenG = {gy,...,0:} compensatek in A, Sincedy(a) = 1 therearesomenew
beadsn A, henceRy— R; > 0 andposition0 is occupiedn AV, Letmbethebead
with Pl(m) =0.

In view of Lemma2.7,oneof thefollowing occurs.

(@) a= Ag, Po(m) = Ag, andmis theonly new properbeadin (a)o;

(B) a= Ay £ 0,1, Py(m) = Ay, andthereare improperbeadsl and k with
Po(m) — 1 =Py(l), Po(m) = Pi(k), Po(l) = Pi(l), andPo(k) = Po(m) + p. In
this casemandk arethenew properbeadsn (a)o andl is thenew properbead
in (a—1)g;

(y) a=1,Po(m) € (1, p) andthereis abeadk with P;(k) = 1 = Py(k) whichis
theonly new properbeadin (a)o.

Considercase(a). If Po(m) — 1 is unoccupiedn A thenK compensatek in
A by Lemmal.14,parts(i) and(iii), andmis goodfor A by Lemmal.11. So(b)
holds,andby Lemma4.3,k is degeneratdor A.

If Py(l;) = Po(m) — 1 thenPy(g;) = Po(m) sinceG compensatek in A(Y. Let
u € [1,r] besuchthatPi(ly) = Po(ly+1) + p for v € [u,r) andpositionP(l,) — pis
unoccupiedn A, ThensinceG compensatdsin AV wehave P (gy) = Pi(ly) +1
forall ve [u,r]. Theng, is thetop beginningin (a)o. Moreover, g, is goodin view
of Lemmal.14,parts(i) and(iii), andso(b) holds.By Lemma4.3,¢e, is degenerate
for A.

In case(y) we immediatelyseethatk is good,so (a) holds,andby Lemma4.3,
k is degeneratdor A. Case(pB) is similarto (a). O

5. COMPENSATION AND “STEPS”

Themainresultof thissectionis Corollary5.8, giving anecessargndsuficient
conditionfor the occurenceof a degeneratédeadin runnera of A, in termsof the
dj(a). Throughouthesection0 < j <z

Lemmab.1. Letl € (a—1);.
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i. If |ajj = |alj11+1andk € (a); is a new beadof AU) then{k} compensates
.

ii. If |a; = |alj;1+2andk,k € (a)j, k' < k are new proper beadsof A) then
{k} compensate$l} and {k,k'} compensateany subset. C (a—1); with
L =2.

Proof. It follows from Lemmas2.2and2.4thatP;(1) > Pj(k) —1forary | € (a);,

giving (i). To prove (ii) we have alsoto noticethatPj(k') = P;j(k) + p in view of
Lemma2.2. O

Lemmab5.2. Assumehatd;(a) < 0, andlet L bea subsebf (a— 1); with [L| >
la—1; +d;j(a) + 1. ThenL is notcompensateth At).

Proof Let(a—1)j={l1 <---<I}.
Assumethatdj(a) = —2. We mustshaow thatif |L| > r — 1, thenL is notcom-
pensatedh AU). It is clearlysufiicientto prove that

L'={l;<---<l_1}

is notcompensateih A(1).

It follows from Lemma2.9thatl,_; andl, arethenew properbeadsf (a—1);,
andthat(a)j doesnothave new properbeadsi.e. (a); = (a)j+1. Moreover, by the
samdemma,l,_1 is animproperbeadin runnera— 1 of AUi+1 and

Pi+a(lr) <Pj(lr) = Pjya(lr-1) = Pj(lr—1) — p.

Notice that position P;1(Ir—1) + 1 is unoccupiedin AU+3 sinceif Pj1(k) =
Pj+1(lr—1) + 1 thenk wouldbeanew properbeadn (a);. ThereforePj1(l;_1) +1
is alsounoccupiedn A1),

Let w bethesmallestintegersuchthat

Pit1(ly) = Pjya(lve1) + pforve [wr — 1), Pi1(lw) + p is unoccupiedn AU).

ThenP;(ly) = Pj;1(lv) + p, v € (wr — 1] andP;(ly) + 1 is unoccupiedn AU by
Lemmal.12(i). Now it follows thatL’ is not compensateih A()) since
{IeLl'|Pi(1) <Pi(w)} = [{lws-- -, -1} =1 —w,
{ke (a);[Pi(k) <Pj(lw) + 1} <r—w-1

If dj(a) = —1 we have to prove that {I; < --- < I;} is not compensatedn
AU). This is similar to the cased;(a) = —2 above, usingLemmaz2.8 insteadof
Lemma2.9. O

Notation. Fortheremaindeiof the sectionwe assumehat
(@a—1)o={l1 <---<Is}

andput jy, = St(ly) for ve [1,9. Thenj; > --- > js. (cf. Definition 1.17 andthe
remarkfollowing it.)
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Definition 5.3. WedefineanintegerM € [0, g, integershy, ..., hy, andbeadsk; <
.-+ < km € (@) inductiely asfollows.

If St(k) > j1 for all k € (a)p we setM = 0. Otherwiselet k; bethelowestbead
in (a)o suchthatSt(k;) < j;.

Assumewe have alreadydefinedky,...,k. If either(1)t =sor (2)t < s but
St(k) > ji41 for all k € (a)o with k > k;, thenwe putM =t. Otherwise)et k.1 be
thelowestbeadin (&) suchthatSt(ki 1) < ji+1 andki11 > k.

Finally puth, = St(k,) for v e [1,M].

Proposition5.4. Assume <sandj < j, (i.e.I; € (a—1);). ThenL = {I,...,I;}
is compensateth A if andonlyif M >r andh, > j (i.e k € (a))).

Proof. We proceedvy inductiononr. Letr = 1.

Assume{l;} is compensateih A(J). We may supposéhateither(1) j = j; or
(2) j < j1 but {I1} is not compensateth A1, We mustshav thatM > 1 and
h; > j. Assumenot.

We claimthatSt(k) > j for ary k€ (a);. Indeedjf M = 0thenby Definition5.3,
St(k) > j1 > j forary ke (a)o 2 (a);. If M=1andh; < j, thenk; & (a);.
But St(k) = j for somek € (a); impliesk < ky in A and St(k) = j < j1, which
contradictDefinition 5.3.

Thus|al; = |a|j+1. Assumethatj = ji. Then|a—1|;;1 = 0 (sincel; is the
lowestproperbeadin runnera), and|a— 1|; > 0. Thusd;(a) = —|a—1|; < Oand
{11} is notcompensateih A} by Lemma5.2, contraryto our assumption.

Now assumethat j < j; and{l;} is not compensateih AU+D. Letk € (a);
be a beadsuchthat {k} compensatesl;} in AU). If k € (a);1 then{k} would
compensatél; } in A\U+% by Lemma1.16.HenceSt(k) = j. ThereforeM > 1 and
h; > j sincek; < k by definition.

In the otherdirection,letM > 1, hy > j. Since j; > h; thenl; € (a— 1)p,.
Moreover, by Lemma5.1,{l;} is compensateih A(™). By Corollary1.15,{l;} is
compensateih A1),

Now for theinductive step:Letr > 1 andassumehatthe propositionhasbeen
provedfor all subsetdls,...,I+} of (a—1); forall j’ andallr’ <r.

AssumethatL is compensateth A(J). We may supposéhateither j, = j (i.e.
L Z (a—1)j;1) or jr > j but L is notcompensateth AU+Y. SinceL is compen-
satedn A() thenit is compensateby thesetof thetopr beadssaymy < --- < my,
of (a)j.

By inductionwehave M >r —1, hy_1 > j. AssumethatM =r—1,0rM >r
but hy < j.

Notethateitherm, = k._; or St{fmy) > |, (or both) sinceotherwisewe would
have M >r, hy > j by Definition5.3.

If Stimy) > j then{my,....m:} C (a)j+1. Soin view of Lemmal.16,L C (a—
1)j+1 and{my...,m} compensatek in AU+Y. ThusSt(m,) = j andm, = k..

We considetthreecases.
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(@) jr—1 > j and{ly,...,l;_1} is compensateth AU*+D, By theinductive hy-
pothesish,_; > j+ 1. Buth,_; = St(k,_1) = St{fmy) = ], giving a contradic-
tion.

(b) jr_1> jand{ly,...,l;_1} isnotcompensatedh Ai+1). Now if St(m,_;) >
jthen{my,...,m_1} C (a)j4+1 andso{my,...,m_1} compensatefls,...,l_1}
by Lemmal.16. SoStim._1) = j. We claimthatr > 3 andm,_; = k_».
Indeed,if r = 2 we have St{my) = St(myp) = |, St(l1) > j, and St(lp) > j.
Hencek; < my < mp = kq, giving a contradiction.If r > 3andk,_» < my_4,
thenStim, 1) = St(my) = j impliesk,_; < my_1, giving acontradictionsince
K-_1 =my. Thusk,_» =m_;. Thereforeh,_», = j < j+ 1. By theinductive
hypothesis{ls,...,l;_»} is notcompensateth AU+, But {my,...,m_»} C
(a)j4+1andso{my,...,m_,} compensatefs,...,l,_»} in AU+Y by Lemmal.16.

(€) jr—1=]. Thenalsoj, = j. Thuswe get|a—1|; = |a—1|j+1+ 2. Hence
dj(a) < 0 becausatmostonerunnercangrow by two beadswith theaddition
of a p-edgecf. Corollary2.3. By Lemma5.2, L is notcompensateih A()).

In the otherdirection,assumehatM > r andh, > j. By Corollary1.15we may
supposehat j = h, (takinginto accounthat j, > h;).

Wehave jr—1 2> jr > |. If o= jthenj, = j;andh 1 >h =j, h_1<jra
by definition. Soh,_1 = h, = j which contradictsCorollary2.3. So j,—1 > |, i.e.
{|;|_7 . Ir—l} g (a— 1)j+1.

We considerntwo cases.

(@) hy_1 = j. If r = 2 thenby Lemma5.1(ii), {ki,k2} compensatek in Al).
Letr > 2. Sincela|j < |a|j+1+ 2 by 2.1,we have h,_» > j. By theinductive
hypothesid’ = {l1,...,l;_»} is compensateth AUTD. LetN = {ng < --- <
nr_2} bethesetof thetopr — 2 beadsn (a)j+1. ThenN compensatek’ in
Ai+D We notedabaove thatl,_; is a properbeadin runnera— 1 of A1, So
eitherPj1(nr—2) < Pj+1(lr—2) + 1, or positionP;1(n_») — p is unoccupied
in A\(+D (sincen,_, is thetop (proper)beadof (@)j+1). Now N compensates
L’ in A by Lemma21.14(iii) in the first caseand by Lemma1.14(j) in the
second Now it sufficesto noticethat{k;_1,k } compensate§l,_1,I;} in A
by Lemma5.1,and{k._1,k } "N = 0 sinceSt(k;_1) = St(k;) = j.

(b) hr—1 > j. Thenby theinductive hypothesid' = {l,...,l,_1} is compen-
satedin AUtY. LetN = {n; < --- < n,_1} bethesetof thetopr — 1 beads
in (a)j11. If Pj+1(lr—1) > Pj4+1(nr—1) — 1 or theredoesnot exist a beadn with
Pj(n) = Pj+1(nr—1) thenN compensatek’ in AU) by LemmaZl.14, parts(i)
and(iii), andthetop new beadin (a); compensatef, } in A) by Lemmab5.1.
Sowe mayassumehatPj1(l;—1) = Pjy1(n—1) — 1 andP;(n) = Pjy1(n_1)
for somenecessarilymproperbeadn of Ai+1). Notethatl, ¢ (a— 1) j+1 since
otherwiseP;1(n_1) — p would be unoccupiedn AU+Y), giving a contradic-
tion. For thesamereasorwe have thateitherPj1(l;—1) < por Pj+1(lr—1) — p
is occupiedoy animproperbead.
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Notice thatP;(l,—1) = Pj;+1(lr—1) becausetherwisen,_; would not be a-
movablein AU*Y). Sincel, = I,_1, I; € (a—1); we getP;(l,_1) > p. Soposi-
tion Pj41(Ir—1) — p is occupiedby theimproperbead, in AU+Y (I, cannotbe
in arunnerof AU+ otherthana becausg¢hatwouldforcePj(l;) = Pj;1(Ir—1),
contradictingP; (Ir—1) = Pj+1(lr—1)); thatis, Pj+1(ly) = Pj+1(lr—1) — p. Since
Pi(lr=1) = Pj41(lr—1), we have alsoPj(I;) = Pj1(lr).

We claim that Pj1(n) = Pj11(nr—1) — p. Indeed,Pj;1(n) > Pj(n) —p=
Pj+1(nr—1) — p, andif n belongsto arunnerdifferentfrom a in AU+ thenl,
is not properfor AU,

Sincel, is properfor Al}) we alsoconcludethat thereexists somebeadm
with Pj;1(m) < Pj11(lr), andPj(m) = Pj11(n) (thenm e (a); sincePj(m) >
Pi(lr)).

Now {n,ny,...,n,_1} compensatek’ in At} by Lemma1.14(ii) and {m}
compensate§, } in Al by Lemma5.1. O

Recallthatz wasintroducedn Sectionl asthelengthof the Mullineux symbol
for A, andtheintegersj, = St(l,) weredefinedbefore5.3.

Lemmab.5. Let(a—1); ={l1 <--- <} andg<r. Thesubset. = {lI4,...,lq} C
(a—1); is compensateth A1) if andonlyif for everyh € [jq, 7,

) {l eL|SHl) <h}| <[{ke (a); | St(k) <h}|

Proof AssumethatL is compensateih A}). Thenby Propositiors.4,M > g and
hg > j (hencek € (a)j). Leth € [jg, 2. If wis minimalwith respecto St(l) < h,
thentheseton theleft handsideof (2) is {lw,...,lq}. Howeverthesetontheright
handsideof (2) contains{ky, .. .,kq} sinceSt(k,) < St(l,) by definition.

Corversely assumehat(2) holdsfor ary h € [jq, 2. Wewantto shav thatM > g
andhg > j, andthento apply Propositiorb.4.

We may assumey > 1. By inductionont = 1,2,...,q9, we shav thatM > t,
h > j: Puth= j1 € [jg,2. It follows from (2) thatM > 1, h; > j. Supposé < q
andwe have alreadyprovedthatM >t — 1, h_1 > j. Puth= j; € [jq,7. Thenit
follows from (2) thatM >t andh; > | (cf. Definition5.3). O

Notation. Let(a—1); ={l1 <--- <I;},q<randhe [jg,7. Wedenote
L(h) =Lj(a.h) = {l € {l1,....1q} [ SI) <h};
K(h) =Kj(h) = {ke (a); | S{k) < h}.
Lemma5.6. [K(h)| —[L(h)| = (r — ) + 3 di(a).
Proof Notethat
[K([ = 1al; —[alh+1 and
IL([ = la=1]j =|a= 11— (r—q).
So
[K(W)|=[L(h)] =[a]; = [aht1 = (Ja=1]; = [a—Lfnta) + (r = Q).
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To completethe proof of thelemmait sufiicesto recallthatdi(a) = |a|i — |ali+1—
(la=1fi — la—=1fita). O

Corollary 5.7. Let(a—1); ={lp <--- < It },q<r. Thesubset = {lI4,...,lq} C
(a—1); is compensateih AU) if andonlyif for everyh € [j, 7,

(r—q)+3 d(@=0.

Proof. In view of Lemmas5.5and5.6 we have only to prove thatif L is compen-
satedn AU), then(r — ) + 3| ; di(a) > Ofor everyh € [], jq). For suchh write

h
(r—a)+ Y di(@ = (r—a)+alj — [ahe1— (Ja—1j — [a— Llnsa)
i=]
> (r—a) — (Ja—1fj — [a—1fn+a)-
But

la—1fj—[a—=1hpa =1 € {ly,--,1r} | SUI) € [j; [}
<Krefls,.... I} [ Stl) € i, jo) }

<Hlgt1,--- i} =r—qa.
]
Corollary 5.8. Runnera of A containsa degenerte goodbeadif andonly if
_idi(a) >0 foranyhe|[0,Z.
=
Proof Thisfollowsimmediatelyfrom Corollary5.7 andPropositiord.4 O

6. NEIGHBOUR RUNNER SIZES FOR A AND M(A).

The purposeof this sectionis to prove Corollary 6.7, which expressegA +
go—all — |Ag+€g—a— 1! in termsof the |a|; — |a— 1|;. (Recallthatwe use
superscriptso representuantitiesassociateavith m(A), andsubscriptdor A.)

Let y be a p-regular partition andlet I' be an abacusfor y. Throughoutthis
sectionwe useelementsof the residuesystem(0, p) to representesidueclasses
modulop, whendiscussingunnernumbers.

Notation. Denoteby I the abacumbtainedrom I by moving all beadsup along
theirrunnersasfar asthey cango.

Example If
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then

qg k r n |
Nl= - mu s v
t

We needto recallsomenotionsconcerningp-coresof Youngdiagrams Details
canbefoundin [12].

A rim p-hookof a Youngdiagramis aconnectegbartof its rim, having lengthp,
andsuchthatafterits removal, whatremaindgs againa Youngdiagram.A partition
is calleda p-coreif andonly if its Youngdiagramdoesnot have ary rim p-hooks.
For ary partitiony onecanremaove rim p-hooksfrom its Youngdiagramoneatfter
another(in ary order)until a diagramof a p-coreis obtained.The latter partition
(whichis well defined cf. [12]) is calledthe p-coreof y. We denoteit by core(y).

We make useof thefollowing results.

Proposition6.1. [10] Letl" beanabacudor y.

i. Theeisal-1correspondencbetweenim p-hooksofyandbeadsnofl” sud
thatthe positionimmediatelyabove m (i.e. positionP-(m) — p) is unoccupied
in . Moreover, the abacusobtainedfrom ' by moving suc a beadm up
onepositionis an abacusfor the partition obtainedfromy by remaing the
correspondingim p-hook.

ii. yisa p-corif andonlyif wheneer positionf of I' is occupiedall positions
of theform f —vp are occupiedi.e. ' = F).

iii. T isanabacusfor corey).

Proposition6.2. [22] If yis a p-regular partition thencorgm(A\)) = corgA)’ (re-
call that“ " meansonjugation).

Notation. i. For ary abacud™ we denoteby {a}r the numberof all (not just
proper)beadsn runnera of I'.
ii. Letl beanabacudor a p-core,cf. Proposition6.1(ii), andlet
d= max{a}r.
T T
We defineanabacud™ via thefollowing:
(1) I'" is anabacudor a p-core;
(2 {a}rr=d—{p—1—a}rforallac[0,p).

Lemma6.3. Letl beanabacudfor a p-core partitiony. Thenl™ is an abacusfor
Y.

Proof. Let ' have T beads. ThenT is constructedrom the sequencesr(y) =
{%0,S1,---,S,-.- } Of spacesandbeadsasexplainedin Sectionl.

If U is suchthats, = “.” for ary v > U, we definea new sequencer y(y) =
{to,t1,-..,ty,... } by setting

A ifv>Uorv<U, sy_y= “x”
V7 )*x”  otherwise.
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Example If y=(4,22,1%), T = 7, U = 15then

sr(y)=x - X X X - X X - - X,
Stuly)=%x X X X - X X - - X - - X
It follows from thedefinitionsthatsr y (y) = su—1(Y). Now it remaingto notice
thatif U is minimal with respecto s, = “-" for ary v > U andU = 0, thenthe
abacugonstructedrom sry(y) isT". O

Lemma6.4. Letl beanabacuswith T beadsy of which are proper Then
{a}r—{a—-1}r—-1, if T-V#0,a=0;
lar—la—1r=<{a}r—{a—1}r+1, if T-V#0,a=T-V,
{a}r —{a—1}r, otherwise.
Proof Theimproperbeadsof I' occupy positionsfrom0to T —V —1in . Soif
wewrite T —V =Qp+ Rwith Q,Re Z, 0< R< p, then
a _{{a}r—Q, if a=xwith0<x<p, x>R;
{a}r—Q—-1, if a=xwith0o<x<p, x<R
Thelemmafollows. O

Lemma6.5. Letl 1, ', betwoabacifor ywith T, andT, beadsrespectivelyThen
|alr, = [a+T2—Ty|r, for anya € [0, p).

Proof. Assumewithoutlossof generalitythatT, > T;. Letsr, (Y) = {,S1,---5Sv,--- }»
sr,(Y) = {to, t1,-.-,ty,... }. Thent,="x" forve [0, T, — T1) andty,1,_1, = S, for
v > 0. Thelemmafollows. O

Proposition6.6. Letl" betheabacuswith R beadsfor a p-regular partition y and
let Q bethe abacuswith S beadsfor m(y). Assumehatr beadsof I' are proper
andsbeadsof Q are proper For anya € [0, p), putd= R+ S—a. Then

lar—|la—1r—1, if a=R—-r,r+s#0;
lAlo—la—1a={lar—|a—1r+1 if a=R+s r+s0;
lalr — |a—1Jr, otherwise.

Proof. For ary abacus\ weletdp|al = |a|a — |a— 1| anddp{a} = {a}n —{a—
1}A.

Note that it suficesto prove that dqg|8| — dr|al € {0,£1} andthat dq|d =
or|al + 1is equivalentto a= R+s, r +s# 0. Indeed,if thisis provedthenap-
plying it to ' andQ interchangedve have thatdg |4 = dr|a] — 1 is equialentto
a=S+r, r+s# 0, whichis in turn equivalentto a= R—r, r + s# 0 (since
a=R+S—a).

By definitionwe have

{ajr ={ajp=d—{p-1-a}p
Hence

@) O {—a} = or{a}.
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By Proposition6.1(iii), I is an abacusfor corgly). So Proposition6.2 and
Lemma6.3imply that[™ is anabacugor corgm(y)). LetT’ haveU beads.Then

= —Rsincel hasR beads.

LetQ; beanabacudor m(y) havingV = —RbeadsThenby Propositiort.1(iii),

Q; is anabacudor cordm(y)) having V beads.SinceV = U, we have, for ary
be [0, p):

(4) 05, {b} = 3 {b}.
Since{b}q, = {b}fh’ equationg3) and(4) give us
(5) o, {—a} =dr{a}.

Now we useLemma6.4. We have
0o, {—a}—1, if -R—s#0, —a=0;
(6) Oq,|—a| =14 0g,{—a}+1, if —-R—s#0, —a=—-R-s5,
0o, {—a}, otherwise;

and

orla+1, ifR—r#0,a=0;
(7) or{a} =<0orla—1, ifR—r#0 a=R—r;
or|al, otherwise.

It follows from (5)—(7)thatdq,|—a| —or|al € {0,£1,+2}. Moreover, 8, |—a| =
or|al+2if andonly if —-R—s#0, —a= —R—sandR—r # 0, a= 0, whichis
impossible Similarly dq, | —a| = &r|a| — 2 isimpossible.

Letusprovethatdo,| —a| = or|aj + 1if andonlyif a= R+s, r+s# 0. Then
thepropositionwill follow sincedg|—a+ S—V| = dq,|—4a| in view of Lemma6.5,
and—a+S-V=-a+S+R=4a

It follows from (5)-(7) thatdq,| —a| = &r|al + 1 if andonly if oneof the fol-
lowing conditionsholds.

(1) -R—s#0, —a=—-R-—s R—r=0;

(2) —R—s#0, —a=—-R—-s R—r#0,aZ0,aZR—r;

(3) -R—s=0, R—r#0, a=0;

(4)—-R—s#0, —a#0, —aZ —-R—-s R—r#0,a=0.

Now it sufficesto remarkthat

(1)isequvalenttoa=R+s, r+s#0, a=r+s,

(2)isequvalenttoa=R+s,r+s#0,a#0, aZr+s;

(3)isequvalenttoa=R+s, r+s#0, a=0;

(4) isimpossible. O

Corollary 6.7. Putd= Ag+¢p—a. Then
[aj—la-1j—1, if a=Ry—Rj, Aj#£0, Aj# -1,
|’ —ja—1' =< |aj—|a—1]j+1, if a=Ro+Sj, AjZ0, Aj £ —1;
lajj —la—1]j, otherwise.
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Proof. RecallthatR; +S; = Aj +¢;. Moreover, Aj +¢; Z 0 if andonly if A} #

0, Aj # —1. Now it suficesto recallthatA()) (resp.m(\) (1)) is theabacuswith Ry

(resp.S) beadsR; (resp.S;) of whichareproper andapply Proposition6.6. [
7. THE OCCURRENCE OF DEGENERATE BEADS FOR A AND M(A).

Themainresultof thissectionsaysthatrunnera of A hasadegeneratgoodbead
if andonly if runnerd of m(A) does.Throughout,j € [0,Z anda= A+ & —a.

Lemma7.1. Letd;(a) > 0. Thend! (&) > d;(a) — 1, andif d! (&) = dj(a) — 1 then
j<z a= Ro+Sj+1, Aj+1 £ 0, andAHl # -1

Proof If a= Ry—R; andA; # 0, thenit follows from Lemmas2.5,2.6,and2.7
thatd;(a) <0, giving acontradiction.SoCorollary6.7implies

! —|a— 1) = |al; — Ja— 1| +x

wherex=1if a= Ry+ S, Aj #0, Aj # —1, andx = 0 otherwise.Again by 6.7
we have

|8+t — ja— 1" — (Jalj41—|]a— 1j+1) € {0, £1}.
Summarizingye have d’(8) > dj(a) — 1; andd! (4) = d;(a) — Limplies
At —ja— 1%t = Jaljs—la- e+ L.

Thereforej +1 < zand,in view of 6.7, a= Ry+ Sj+1, Aj41 Z 0, andAj1 #
-1 O

Lemma7.2. Letd!(4) < 0. Thend;(a) < 0, andif dj(a) > dI (&) theneither
a= Ro—Rj, Aj Z0, andAj Zz -1
or
j <z, a=Ro+Sj;+1, Aj+1 #Z0, andAj # —1.
Moreover, if dj(a) = dJ () + 2 thenboth of the above conditionshold.

Proof. If dj(a) > 0 thend!(&) > 0 by the previous lemma. Sod;j(a) < 0. The
remaindeiof thelemmafollows from Corollary6.7. O

Lemma7.3. If
a=Ry+S, AjZ0, Aj£#-1
thend;(a) < 0 andeither
d'(8) > dj(a)
or

di(a) =di(a), j <z a=Ro+Sj;1, Ajs1 # 0, Ajp1 # —1L
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Proof Weharea=Ry+Sj=Ry+Aj+¢€j—Rj=Ro—Rj+Aj+1,with A; Z 0.
Soby Lemmas2.8(iii) and2.9, we have dj(a) < 0. The remainderfollows from
Corollary6.7. O

Lemma7.4. Let] > 0,a=Ry—R;, Aj Z0, andA; Z —1. Thenoneofthefollow-
ing occuss.

i. dj—1(a) < 0andeither
di~4(&) > d_s(a)
or
d"}@) =d; 1(a), a=Ry—Rj 1, Aj 10, andA; 1 # —1.
ii. dj_1(a) >0andd~%(8) > dj_1(a).
Proof. By Corollary6.7,we have d'=1(8) = dj_1(a) + x wherex = 0if a= Ry —
Rj—1, Aj—1 0, Aj_1 # —1 andx > 0 otherwise.If dj_;(a) < 0 we get(i). Let
dj_1(a) > 0. We have to shaw thatx > 0.
If onthecontraryx =0, thena= Ry—Rj_1, Aj_1 # 0,andA;_1 #Z —1. Sinceby
assumptiom = Ry — Rj, wegetRj_1 —R; =0.ThusAj_1 Z0,A| 1 ZRj_1—R,

A1 ZRj_1—Rj—1,anda=Ry—R;. It follows from 2.8(ii) thatd;_,(a) = —1,
giving acontradiction. O

Lemma?7.5. Let
j>0,a=Ro+S-1, Aj_1 Z0, A1 # -1
and
a=Ry—Rj, A|£0, Aj £ —1.
Thend;_1(a) = —2andd/~1(8) = 0.

Proof. It follows from Corollary6.7 thatd) ~1(8) = dj_y(a) + 2. If dj-1(a) > -2
thend!=1(&) > 0. But by Lemma7.1 (appliedto m(}) in placeof A), d)=%(a) > 0
impliesdj_1(a) > d!~1(4) — 1, giving a contradiction. O

In thefollowing two propositionsve write d; for dj(a) andd’ for di (4).
Proposition7.6. Letdy > 0 and
{ii<-<iny={ielog|d <d}.

For everyt € [1, f], there exist eitherx or y; or bothsud that

i 0<% < ji, d*>dy, d"=d,forall ve (X, j);
i. jt<yw <z d>dy,d =dforallve (ji,y) andd, < Oforall ve (ji,wl;
iii. If dit =d;, — 2 thenbothx andy; exist;
iv. If y; existsandt < f theny; < jiy1. If % existsandt > 0 thenx; > ji_1.
v. If yy andx.41 bothexisttheny; < x1, andy; = X1 impliesdy, = -2, d* =0.



34 BEN FORD AND ALEXANDER S. KLESHCHEV

Proof. Lett € [1, f]. If dj, > Othenby Lemma7.1,
dt=d;, -1, jt<z a=Ro+Sj 11, Ajs1 Z0, andAj 11 Z —1.
SolLemma7.3impliesthatd;, 1 < O andeither
ditl > dj g,
in which casewe puty; = j; + 1, or
dit=d; 1, ji+1<z a=Ro+Si42, A2 20, andAj 2 # 1
Applying Lemma7.3repeatedlywe find anintegery; suchthat
@) Jt<yt§z,_azRo+Sv,Av¢0, Av#—l,dv<0
forallve (ji,y], d' =d, forall ve (ji,%), andd" > dy.

Now assumal;, < 0. Thenj; > 0 (sincedo > 0 by assumption)andd’t < 0. By
Lemma7.2,either

a=Ro—Ry, A #0, A # -1
or

jt <Z a= R0+ Sjt+17 Ajt+1 §é 0’ Ajt+1 7_é _17

andbothof theseconditionshold if dt = d;, — 2.

If the latter conditionholdsthenapplyingLemma?.3 repeatedlyasaboe we
shaw that(8) holds.

If theformerconditionis truethenby Lemma7.4 we have either

dit> dj,—1,
in which casewe putx = j; — 1, or
dtl=d; 1 <0, a=Ry—Rj_1, Aj_1Z0, andA; 1 # —1.

Theassumptiordy > 0 now implies j; — 1 > 0. Applying theseargumentsepeat-
edlywe find anintegerx; > 0 suchthat
a=Ry—Ry, A/ Z0, A, # —1forallve (x, ji,
d"=d, forallve (x, ji), andd™ > dy.

Assumethaty; exists for somet < f. Sinced" = d, for ary v € (ji,y) and
d > dy,, wegety; < ji1. Similarly x > ji_1.

Assumethatbothy; andx;; exist. Thend" =d, forany ve (ji, i) U (X%+1, Jt+1)s
d¥ > dy,, andd™ > dy, imply ¥t < X41.

Finally noticethatif y; = %41 =: u thenit follows from (8) and(9) thata =

Ro+Su, AuZ0, Ay Z—landa=Ry—Ry1, Auir1 Z 0, Aup1 Z —1. Soit suffices
to applyLemma7.5to completethe proof of the proposition. O

(9)

Proposition7.7. AssumehatS, :=dp+dy+---+dy > 0foranyh € [0,2. Then
S :=d®+d'+.--+d" > 0foranyh e [0,2.
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Proof. Sincedy = & > 0 we mayapply Proposition7.6. Let
{ii<--<ity={ie0g|d <dj}

andx;, yt beasin 7.6.
First, we prove by inductionon h thefollowing intermediatdact.

(*) § > S, —1,andif §' = S, — 1 thenh € [ji, y;) for somet suchthaty;
exists.

If h=0andd’ = & < § = dy thenLemma?7.1limpliesS’ = S — 1. Moreover,
we have j; = 0 and,by Proposition7.6,y; exists.

Leth > 0 andassumehatS' < S,.

If he {j1,...,]1}, i.e. d" > dy, thenS'-1 < §,_1. By theinductive hypothesis
wehae 9 1=5, ,-1,andh—1¢ [jt; ) for somet suchthaty; exists. If
h—1<y —1thenhe (j;, %), hencad" = dy andS' = §,—1,h € [ji, %), asdesired.
If h—1 =y —1thenh=y, d"> dy, andS' > S, contraryto our assumptiorthat
< S.

Now assumehath = j; for somet € [1, f].

We first shaw thatif x existsthenS™~! > S,_1. Indeed,we prove first that
St > S,. By Proposition7.6, we have thatoneof thefollowing holds:

e y; 1 doesnotexist;
® Vi1 <X;O0r
o Vii1=X%, =0, dy =—-2.

In thefirsttwo cases¢_1 & [jv, Yv) for ary vin view of 7.6. Soby theinductive
hypothesisvegetSt—1 =S, _; orx = 0. Sod* > dy, impliesS¢ > S, . In thethird
caseby theinductive hypothesisvegetS¢—1 > S, _; —1orx = 0. Sod* =dy +2
implies S* > S again. Now, sinced” = d, for ary v € (X, jt) we concludethat
g1 > S_1.

If dit = dj, — 2 thenby Proposition7.6 both x andy; exist andit remainsto
noticethatS' = - +dlt > §, 1 +1+d;, —2=S— 1.

Let dt > dj, — 1. If % existsthenit follows from S*! > §,_; thatS' > S,.
Assumethatx; doesnotexist. Thenby Proposition7.6y; exists,andwe have only
to prove thatS' > S, — 1. NotethatS™ 1 > S,_; by theinductive hypothesisince
h—1¢[jv, ) forary vsuchthaty, exists. Indeedjf onthecontraryh—1 € [jy, W)
then j; = h € (jv, ] whenced® > d;,, giving a contradiction.Now S' > §, — 1
follows.

Thus(x) is completelyproved.

Now assumehatthereexists someh with ' < 0. If ' < 0thenS, < ' +1
implies$, < 0, giving acontradictionSoS'= 0, §, = 1, andh € [j;, y;) for some
t suchthaty; exists. Thenby Proposition7.6(ii), h+ 1 < z dy;1 < 0, whence
S+1 < 0, againgiving a contradiction. O

Corollary 7.8. Runnera of A containsa degeneate goodbeadif and onlyif run-
neré of m(A) containsa degeneate goodbead.
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Proof. It follows from Proposition7.7 that 51" di(a) > 0 for ary h € [0,7 if and
onlyif s ,di(&) > 0forary h € [0,7. Now it suficesto applyCorollary5.8. [

8. PROOF OF THE MAIN THEOREM

In this sectionwe first translatesomeof the resultsobtainedabove from the
languageof abacito the languageof Youngdiagrams,andthen prove the main
theorem.

We recallsomenotionsfrom [17]:

Forapartitiony= (11 > 1, > --- > 1, > 0) we consideiits Youngdiagramasthe
subset

y={(,)) €ZxZ|1<i, 1< j<|}CZxZ,

wherewe imaginethei-axisincreasingdovnwardandthe j-axisincreasingo the
right.

All elementq(i, j) € Z x Z are callednodes while the elementg(i, j) € y are
callednodesof thediagramy.

If A= (i, j) is anodewe denotetheresidueclass(j —i) (mod p) by resA and
call it theresidueof A.

If A= (i, j) andB = (i', j') arenodesve saythatB is above A (or thatA is below
B) if andonly if i’ < i. In this casewe write A " B.

Youngdiagramsau andv aresaidto have the sameresiduecontentif andonly if
for ary residuea modulo p the numberof nodesof residuea in pis equalto the
numberof nodesof residued in v.

If I; > li+1 thenthenode(i, |;) is calledaremaablenodefor y (111 isinterpreted
as0).

We call (i, j) anindentnodeforyif i=1andj=I;+1,o0rif i >1,1; <lj_1,
andj=1;+ 1.

If A= (i,l;) isaremovablenodefor ywe denotey ya thepartition(l4, ..., li—1,li —
1,lit+1,...) of n—1whoseYoungdiagramof is y\ {A}.

Definition 8.1. Let A bearemovablenodefor y. Set
Ma = {B| Bisanindentnodefory, A B, resB = resA}.

We call A normalif andonly if for ary B € Ma thereexistsaremovablenodeC(B)
suchthatthefollowing threeconditionshold:

(1)A_*C(B) /'B;

(2) resC(B) =resA;

(3) {C(B) | B € Ma}| = [Ma].

We call thenodeA goodif it is normalandA ~ D for ary normalnodeD with
resD =resA.

We call agoodnodeA for y degeneateif andonly if (Ap)™Y = A, Otherwise
we call it non-dgeneate

Lemma8.2. Lety be a p-regular partition and let I' be an abacusfor y with R
beadsAssumdd; ... 7 Bqareall theremwablenodedor yandC, ... 7Cq
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are the top g indentnodesfor y (there are q+ 1 indentnodesfor y). Thenthere
existg endsandq beginningsfor I.

Moreover, letky,...,kgandly,..., |y beall thebeginningsandendsyespectively
for I', with Pr(k) < Pr(ki+1) and Pr(l;) < Pr(liz1) fori € [1,q). Thenfor any
i € [1,q] thefollowing hold.

i. (ki) isanabacudor yg;;

ii. k € (a)rifandonlyif resB; =a—R,;

iii. ; €(a—1)rifandonlyifresCi=a—R,;

iv. ki isanormalbeadfor I' if andonlyif B; is a normalnodefor v,

v. ki is agoodbeadfor I if andonlyif B; is a goodnodefor v,

vi. ki is a degeneate goodbeadfor I if andonly if B; is a degenerate goodnode
fory.

Proof If werepresenyin thecanonicaform (1) fromtheintroductionthenk=q
andwe canwrite

y=(V§,...,vg"), V1> - > V>0, a; > 0.
The numbersof beginningsand endsfor I are both equalto the numberof
stringsof properbeadsn I' whichin turn equalsy.

Part (i) follows immediatelyfrom thedefinitions.
Notethat

Bgt1-i = (A1 + -+, V)
and
Pr(Kg+1-i) = (R— (014 +0g) —1) +Vi+ (Aiy1+--+0g) +1
=R+vV;— (01 +---+aj).

Thisimplies(ii), and(iii) is obtainedsimilarly. Theremainingpartsof thelemma
follow from (i)—(iii) andthedefinitions. O

Let A bea p-regularpartitionof n. Recallthe Mullineux symbols

= (0 & T R) andcmn = (§ g T 8.

Lemma8.3. i. If Aisanon-dgeneate goodnodefor A of residuea thenthere
existsa goodnodeC for AV, with resC = a and (A\a)™M = (A(V)c. Moreover

Ao

Ro)

ii. Thee existsa degeneate goodnodeof residuea for A if and only if there
existsa degenelte goodnodeof residue—a for m(A).

ii. If Ais a degeneate goodnodefor A thenthe first columnof the Mullineux

%_9 wheeé =00r&=1.

iv. LetAbeadageneategoodnodefor A and bedefinedasin (iii) . ThenAy=1
implies¢ = 1, andAg = 0 impliesg = 0.

v. If ther existsa goodnodeof residuen for A(Y) thenthere existsa goodnode
of residuea for A.

in this casethefirst columnof the MullineuxsymbolGp(A,) is

symbolGp(A,) is equalto
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Proof Accordingto Lemma8.2,thereexistsagoodnodeof residuex for A (resp.,
MDY if andonly if thereexistsa goodbeadin runnera = a + Ry of the canonical
abacudor A (resp.,abacuswith Ry beadsor A(D)). By the samdemma,this good
nodeis degeneratéf andonly if thecorrespondingjoodbeadis so.

Similarly, to a (degeneratejoodnodeof residue—a for m(A) therecorresponds
a(degenerateyjoodbeadin runner—a + S of thecanonicabbacugor m(A).

Noticethatd=Ry+ S —a= —a+ S. Now part(i) follows from Lemma4.3(i)
and (iii); part (ii), from Corollary 7.8; part (iii), from Lemma4.3(iii); part (iv),
from Lemma4.3(iv); and,finally, part(v) follows from Corollary3.3. O

In theproofof 8.7we shallneedthefollowing threeresults.

Lemma8.4([12, 2.7.41]) Suppos¢hatv andp are partitionsof thesamenteger.
Thencorgv) = corg(y) if andonlyif the Youngdiagramsofv andp havethesame
residuecontent.

Lemma8.5. Letv and be p-regular partitionswith
(A0 AL LA A A LA
GP(V)_(RO R ... RZ>’ Gp(“)_(Ro—l R ... Rz)'
If Ag # Othencorgv) # corgl).

Proof We havev(® = ¥, SinceAy # 0 we getfrom 1.1thatRy—1— Ry > 0, or
Ro>Ri+2. LetAg= pd+r,withd,r € Z,r € (0, p).

Any p-segmentof length p containsexactly onenodeof every residue.More-
over, thebottomp-segmentf bothv andp containr nodes.SinceRy > Ry + 2, the
bottom p-sggmentof v containsnodesof residues-(Ry— 1) + X, x € [0,r), while
the bottom p-sggmentof p containsnodesof residues—(Ry — 2) + X, X € [O,r).
Since0 < r < p, we concludethatv and p have distinct residuecontents. An
applicationof Lemma8.4 completeghe proof. O

Lemma8.6. Lety bea p-regular partition, and a be a residuemodulop. Then
the numberof nodesin y of residuen is equalto the numberof the nodesin m(y)
of residue—a.

Proof. By Proposition6.2, corgm(y)) = (corgly))’. Sothe numberof the nodes
of residue—a in corgm(y)) is equalto the numberof the nodesof residuea in
corgy). Now it remainsto noticethatary rim p-hook containsexactly onenode

of everyresidue. O
. BO Bl ese BZ . . o
Notation. If is theMullineux symbolof a p-regularpartition
To T1 ... T,
y, thenfor ary i € [0,Z] we write:

0, if p|Bi,
£(Bi) =
(B) {1, otherwise;

f(Bi,Ti) =B -I-E(Bi) —T.
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Thenby definition

( Bo By B, )
f(Bo,To) f(B1,T1) ... f(BzTy)
is the Mullineux symbolfor m(y).

Theorem 8.7. SupposéA is a good nodefor a p-regular partition A of n, with
resA = a. Thenthere existsa goodnodeB for m(A) withresB= —a, andm(Aa) =

Proof We prove the theoremby inductiononn. If n=1, it is trivial. Assume
n> 1 andthetheoremhasbeenprovedfor all ' < n. Put

o A() A]_ Az o B() Bl BX
GP(}‘)_(RO Ri ... RZ>’ GP(}‘A)_(TO T ... TX>'
Then

G = (% & F) cmo= (8 8 )
where§ = f(A,R) fori € [0,Z, andU; = f(Bj,Tj) for j € [0,X.

Supposdirst that A is non-dgenerate.Then,in view of Lemma8.3(i), there
is a goodnodeC for AY, with resC = a and (A\a)® = (A®)c. By the induc-
tive hypothesigthereis a goodnodeD for m(A®) = m(\)V, with resD = —a
andm((A®)¢c) = m(A®M)p. Accordingto Lemma8.3(v), thereis a good node

B for m(A) with resB = —a. In view of 8.3(ii), B is non-dgenerate.Therefore
(m(A)g)® = (mA\)M)p. Let
C C ...
Gp(m(}\)B) = (VO V]]: Si) .
Since
m((Aa)) = m((AM)c) = mAH)p = (m(\)e) Y,

wehavex=yandB; =C;, U; =V, fori € [1,x]. By Lemma8.3(i),Bo=Ag, To=Ro
andCy = Ag, Vo = . SoBy = Cy. It sufficesto usethe equalitiedJy = f(Bo, To)
andS = (Ao, Ro) to prove thatUg = V. ThusGp(m(A)g) = Gp(m(Aa)), hence
m()\)B = m()\A)

AssumehatA is degenerateBy Lemma8.3(ii), thereis adegeneratggoodnode
B for m(A) with resB = —a.

By definition, Ap)® = A)D. Sox=2z B =A, andT, =R, fori € [1,7.
Moreover, it follows from Lemma8.3, parts(iii) and(iv), thatBg=Ag—1, To =
Ro— & whereg € {0,1}, andAg = 1impliesg = 1, Ag = 0impliesg = 0. Thus,

-1 Al ... A
om0 = (a0t & 1 S)
Similarly
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wheren € {0,1}, andAy = 1impliesn = 1, A = 0impliesn = 0.
We considetthreecases.

(&) Ap=0.Then
S = f(Ag,Ro) = Ao+ &(Ag) — Ro = Ao — Ry;
f(Ao—1L,Ro—&) = f(Ao—L,Ry) =Ao—1+¢€(A0—1)—Ro

=A—1+1-Ry=A—Ry=S—n.

ThusGp(m(A)g) = Gp(M(Aa)), i.e. m(A)g = M(Aa).
(b) Ap=1. Then

S = f(A0,Ro) = Ao+ €(Ag) —Ro = Ao+ 1—Ry;
f(Ao—1,Ry—&)=f(Ao—LRy—1) =Ag—1+¢&(Ap—1)— (Ro—1)

=A—1-Ro+1=Ag-Ro=%-n.

ThusGp(m(A)g) = Gp(M(Aa)), i.e.m(A)g = m(An).
(c) AoZ0,Ag £ 1. Then

S

f(Ao,Ro) = Ao+ €(Ag) —Ro = Ao+ 1—Ry;

f(Ao—LRo—&) = f(Ao—LRo—&) =Ao—1+&(A0—1)— (Ry—¢)
=A—1+1-Ry+&=A—Ro+&.
Thus
S-n=fAo—LRo—&+1-n-§,
which gives
f(Ao— LR —&)-1<H-—n<f(A—LR—§)+1
We have corgm(Aa)) = corgm(A)g) in view of LemmasB.4and8.6. Now

Lemma8.5impliesS—n = f(Ag— L, Ro—§), i.e. Gp(m(A)g) = Gp(M(Aa)),
orm(A)g = m(Aa). O

Thuswe have proved Conjecture3. Now the Main Theoremfollows from The-
orem4 (cf. Introduction).
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