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INTRODUCTION

A partitionλ of a positive integern is a sequence
�
λ1 � λ2 ��������� λm � 0� of

integerssuchthat∑λi � n. Forapositive integerp, apartitionλ � � λ1 � λ2 �	�����
�
λm � (or its Youngdiagram)is calledp-regular if it doesnot have p or moreequal
parts,i.e. if theredoesnotexist t � m � � p � 1� with λt � λt 
 1 ��������� λt 
 p � 1.

Let F bea field of characteristicp � 0. It is well known that irreduciblerep-
resentationsof the symmetricgroupSn over F arenaturallyparametrizedby p-
regularpartitionsof n (cf. for example[9, 12]). If λ is sucha partitionwe denote
thecorrespondingirreduciblemoduleby Dλ.

Let sgnn betheone-dimensionalsignrepresentationof Sn overF; i.e.,sgnn �� F
asavectorspaceandg � f � sgn

�
g� f for any g � Sn � f � F. Heresgn

�
g� is just the

signof thepermutationg.
It is clearthat for any irreducibleDλ, the tensorproductDλ � sgnn is alsoir-

reducible. The problem,usuallycalledthe problemof Mullineux, is to find the
p-regularpartitionµ suchthatDλ � sgnn �� Dµ. Put

Dλ � sgnn �� Dbn � λ ���
In this way a bijectionbn on the setPn of p-regular partitionsof n is definedfor
eachpositive integern, andtheproblemis:

Problem1. Find bn.

The analogousquestionin characteristiczero is easily answered.The corre-
spondingbijectionon thesetof all partitionsof n is givenby λ �� λ � , whereλ � is
theconjugatepartitionto λ (thepartitionwhoseYoungdiagramis thetransposeof
theYoungdiagramof λ). Sothehopeis to find somesortof “conjugationmodulo
p”.

The problemis importantin the representationtheoryof the alternatinggroup
An (see[7]). In addition,themoduleDλ � sgnn appearsin a naturalway in many
situations.For example,if λ � is p-regularthen:
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(1) thesocleof theSpechtmoduleSλ is Dλ ��� sgnn;
(2) theYoungmoduleYλ is theprojective cover of Dλ ��� sgnn (cf. [11]);
(3) the imageof theSchurfunctorappliedto the irreduciblepolynomialrepre-

sentationFλ of GLn
�
F � is Dλ ��� sgnn (cf. [8, Section6]).

Wereferthereaderto [4, 5, 25] for othercasesof theoccurrenceof bn.
In 1979,Mullineux ([21]) proposedanalgorithmwhich definesa bijectionmn :

Pn � Pn (seeSection1 below for adetaileddescription)andconjecturedthat

Conjecture 2 (Mullineux). bn � mn.

In asubsequentpaper([22]), Mullineux provedthatfor any (p-regular)λ, bn
�
λ �

andmn
�
λ � have thesamep-core.Thatresultis usedbelow.

Of themorerecentresultson theproblemwewould like to mentionthefollow-
ing: Martin ([18, 19]) provedthatbn � mn if n � 3p. AndrewsandOlsson[1] have
shown that the numbersof fixed pointsof mn andbn coincide! Finally, Bessen-
rodtandOlsson([2]) haveprovedthattheConjectureof Mullineux agreeswith the
(sinceproved)conjectureof JantzenandSeitz(cf. [13, 14, 6, 15]).

Branchingrulesobtainedby thesecondauthormadepossibletheapproachwe
usehereto prove Conjecture2. In [16], thenotionof a goodnodeof a p-regular
Youngdiagramis introduced(seeSection8 below) andit is provedthat

soc
�
Dλ �

Sn � 1 � ��! " DλA # A is good$
whereλA meansλ % " A $ andsoc

�
M � standsfor thesocleof themoduleM.

Fromanevidentisomorphism

soc
���

Dλ � sgnn � � Sn � 1 � �� soc
�
Dλ �

Sn � 1 � � sgnn� 1

we immediatelyget that for any goodnodeA of λ thereexists a goodnodeB of
bn
�
λ � suchthat

bn � 1
�
λA � � bn

�
λ � B �

Soif Conjecture2 is true, thenthis equationmusthold for m in placeof b. Thus
Conjecture2 impliesthefollowing.

Conjecture 3. For anyp-regular partition λ of anyinteger n � 1 thereexista good
nodeA of λ anda goodnodeB of mn

�
λ � such thatmn � 1

�
λA � � mn

�
λ � B.

Thefollowing resultis provedin [17] andis of crucialimportance.

Theorem4. Conjectures2 and3 are equivalent.

Thus,representationtheoryis completelyeliminatedandwe have to considera
purelycombinatorialquestionaboutmn.

We would like to mentionthat [17] actuallycontainsa solutionof Problem1
different from that proposedby Mullineux. However, the Mullineux Conjecture
seemsto be importantnot only from a representationtheoreticbut also from a
combinatorialpoint of view. Also, theMullineux algorithmis moreconvenientto
computeby hand. The two algorithmsmayprove to beuseful in differentsitua-
tions. For example,thealgorithmfrom [17] is convenientin inductive arguments,
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while the Mullineux constructionallows one to easilydeterminethe numberof
partsof thepartitionbn

�
λ � .

Many questionsaboutthe combinatorialnatureof both algorithmsremainun-
clear, andwebelieve they will draw attentionin thefuture.

Themainresultof thepaperis:

Main Theorem. Conjecture 2 holds.

Actually, weprove Conjecture3 andapplyTheorem4.

Remark.The classicalMullineux Conjectureproved herehasa q-analogsome-
timescalled the quantumMullineux Conjecture(cf. [20, Section7.6]). We are
gratefulto GordonJamesfor pointingout thefollowing:

Let q be a root of unity in a field F, with q &� 1 if the characteristicp of F is
zero.Let ebetheleastpositive integersuchthat1 ' q ' q2 ' ����� ' qe� 1 � 0, andlet(

q betheHeckealgebraof typeA overF with parameterq. If " Tw
# w � Sn $ is the

usualbasisof
(

q thenthereexistsanouterautomorphism# of
(

q, dueto Goldman,
givenby T#

v � � q � 1� T1 � Tv, wherev is any basictranspositionin Sn. It is shown
in [3] thatirreducible

(
q-modulesareparametrizedby thee-regularpartitionsof n.

If λ is sucha partition,let Dλ
q bethecorrespondingirreduciblemodule.Onemay

define
�
Dλ

q � # asthe
(

q-modulewith the twistedactionh ) v � #
�
h� v, for h � ( q

andv � Dλ
q. Then

�
Dλ

q � # is also irreducible,so
�
Dλ

q � # �� Dλ *
q for somee-regular

λ + . Theq-analogof theMullineux Conjectureclaimsthat λ + � mn
�
λ � wheremn

is theMullineux mapon thesetof thee-regularpartitionsof n. Matthew Richards
hasproved in [24] that thepermutation+ on thee-regularpartitionsdependsonly
on e, not on p andq. If p � 0 andq � 1 thene � p,

(
q �� FSn. So theclassical

Mullineux Conjectureimpliesthequantumversionfor primee. For generale, the
q-analogof theMullineux Conjectureremainsopen.

For our purposes,the abacusnotationfor partitions(cf. [12]) turnedout to be
effective. In Section1 we reformulatefor abacithenotionsintroducedin [16] of
removable,good,normal,etc.nodes,anddeterminewhattheMullineux algorithm
lookslike in this setting.In Section2 we investigatetheeffect of addinga p-edge
to apartitiononrunnersizesof thecorrespondingabacus.Sections3 and4 present
somelemmason normalanddegeneratebeadsappearingin the abacus,leading
to thenecessaryandsufficient conditiongiven in Section5 for theoccurenceof a
degneratebead.In Sections6 and7 wefinally compareλ andmn

�
λ � , proving that

adegeneratebeadoccursin λ if andonly if oneoccursin mn
�
λ � ; this leadsshortly

to theproofof theMain Theorem,presentedin Section8.
The readerwho is interestedin the mainstructureof the proof ratherthanthe

detailsshouldbegin with Section8.

1. PRELIMINARIES

In this sectionwe introducethenotionof anabacusfor a partitionandexplain
theMullineux procedurein thissetting.More detailedinformationconcerningthe
languageof theabacuscanbefoundin [12, Section2.7] or [23].
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Throughoutthe paperp is a fixed prime andx , y meansx , y
�
mod p� . If

a � b �.- wedenote/
a � b0 � " c �1- # a � c � b $ � �

a � b0 � " c �2- # a � c � b $ �/
a � b� � " c �1- # a � c � b $ � �

a � b� � " c �2- # a � c � b $ �
If a �1- anda � pq ' r � q �1- � r � � 0 � p0 , wewrite a for r.
Let λ � � λ1 � λ2 �3�����4� λm � 0� bea partitionof n. We write h

�
λ � for m (the

heightof λ). Gatheringtogetherequalpartsof λ wewrite it in theform

λ � � να1
1 � ����� � ναk

k � � ν1 �3�����5� νk � 0 � αi � 0 �(1)

Throughoutthe paperwe assumethat λ is p-regular, i.e. α1 � ����� � αk � p. To
explain theMullineux algorithmwehave to introducesomenotation.

Therim of aYoungdiagramλ is its south-eastborder— in otherwords,anode
in row i andcolumn j of λ belongsto its rim if andonly if thenodein row i ' 1
andcolumn j ' 1 doesnotbelongto λ.

Example. Let λ � � 6 � 42 � 2 � 1� . Thenthe rim of λ containsthe nodesrepresented
by numbersin thefollowing picture.6!6!6

3 2 16!6!6
46

7 6 5
9 8
10

Let us numberthe nodesof the rim moving from the “top-right” to the “left-
bottom” (seethe pictureabove). Definethe first p-segmentof the rim asthe set
consistingof the nodeswhosenumbersdo not exceedp. If the last (i.e. having
the largestnumber)nodeB of the first p-segmentis in the last row of λ thenλ
hasonly one p-segment. If not, let r be the row containingB. The first nodeof
thesecondp-segmentis thenodewhichhasthesmallestnumber, sayδ, amongthe
nodesof therim lying in row r ' 1. Thesecondp-segmentis now definedastheset
consistingof thenodeswhosenumbersi satisfyδ � i � δ ' p � 1. Repeatingthis
proceduresufficiently many timeswe reachthe bottomrow of the diagram. It is
clearthatall p-segmentsexceptpossiblythelastonecontainp nodes.The p-edge
is definedastheunionof the p-segments.

Example. Let λ � � 6 � 42 � 2 � 1� � p � 5. Thenodesof the p-edge(whichconsistsof
two p-segments)arecolouredin blackin thefollowing picture.6!6!637!7!76!6!6376!6!6377!77

Now definediagramsλ � 0� � λ � 1� � ����� � λ � z
 1� asfollows. Putλ � 0� � λ, andfor i � 1
put

λ � i � � λ � i � 1� % " p-edgeof λ � i � 1� $ �
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We choosez to be maximalwith respectto λ � z� &� /0; so λ � z
 1� � /0. We call the
p-edgeof λ � j � the j-th p-edgeof λ. TheMullineuxsymbolfor λ (introducedin [2])
is anarray

Gp
�
λ � � 8

A0 A1
����� Az

R0 R1
����� Rz9

whereA j is thenumberof nodes(or thelength)of the j-th p-edgeof λ, andRj �
h
�
λ � j � � is theheightof λ � j � .

Example. Let λ � � 6 � 42 � 2 � 1� � p � 5. The j-th p-edgecontainsthenodeslabelled
j in thefollowing picture.

3 2 1 0 0 0
2 2 1 0
1 1 1 0
0 0
0

Thusλ � 1� � � 33 � � λ � 2� � � 22 � � λ � 3� � � 1� � z � 3 � and

Gp
�
λ � � 8

8 5 3 1
5 3 2 19

For i � / 0 � z0 put εi � 0 if p #Ai andεi � 1 otherwise.Thefollowing proposition
is provedin [21].

Proposition1.1. Theentriesof Gp
�
λ � satisfy

εi � Ri � Ri 
 1 � p ' εi � 0 � i � z;

1 � Rz � p ' εz;

Ri � Ri 
 1 ' εi 
 1 � Ai � Ai 
 1 � p ' Ri � Ri 
 1 ' εi 
 1 � 0 � i � z;

Rz � Az � p ' Rz;
z

∑
i : 0

Ai � n �
Moreover, if A0 � ����� � Az � R0 � ����� � Rz are positiveintegers such that theseinequalities
aresatisfiedthenthere existsexactlyonep-regular partition λ of n such that

Gp
�
λ � � 8

A0 A1
����� Az

R0 R1
����� Rz9 �

In fact,λ caneasilybereconstructedfrom its Mullineuxsymbolbystartingfrom
theemptypartitionλ � z
 1� andaddingthe j-th p-edgesfor j � z� z � 1 � ����� � 0. More
precisely, if j � / 0 � z0 andλ � j 
 1� � � l1 � ����� � lx � hasalreadybeenconstructed,thento
constructλ � j � onehasto addthe j-th p-edgewhichconsistsof A j nodesin Rj rows.
It is convenientto begin addingeachp-edgefrom thebottomof thediagram.The
following descriptionis rathermoreconfusingthan the actualprocess;this will
beclearif onesimply tries to reconstructλ from its Mullineux symbolfor a few
samplepartitionsλ.



6 BEN FORD AND ALEXANDER S. KLESHCHEV

If Rj � Rj 
 1 thenp #A j by Proposition1.1.Let A j � t p; thatis, wehave to addt
p-segments.Westartaddingfrom position

�
x � lx ' 1� (i.e. thepositionin row x and

column
�
lx ' 1� ), andaddp nodesoneafteranotheraccordingto thefollowing rule:

Let B bethelastaddednode.If thepositionabove it is not occupiedby a nodeof
λ � j 
 1� thenwe addthenext nodeat this position.Otherwisewe addthenext node
at thepositionto theright of B. In this way we addthebottom p-segmentof the
j-th p-edge.Assumethatwehave alreadyaddedw � t segmentsfrom thebottom.
Let u be the row in which the last nodewasadded.Thenwe find the columnv
suchthat thereis a nodeof λ � j 
 1� in position

�
u � 1 � v � 1� but nonein position�

u � 1 � v� . Add the first nodeof segmentw ' 1 at position
�
u � 1 � v� andaddthe

remainingp � 1 nodesof thissegmentfollowing theruledescribedabove.
If Rj � Rj 
 1 theonly differencefrom thepreviouscaseis thatwe have to start

addingthe nodesof the bottom p-segment,which consistsof A j � � 0 � p0 nodes,
from position

�
Rj � 1� .

Hereis thebijectionwhichMullineux definedin [21]:

Definition 1.2. Let λ have Mullineux symbol

Gp
�
λ � � 8

A0 A1
����� Az

R0 R1
����� Rz9 �

Definea p-regularpartitionmn
�
λ � of n via

Gp
�
mn
�
λ ��� � 8

A0 A1
����� Az

S0 S1
����� Sz 9

whereSj � A j ' ε j � Rj .

The proof of the fact that the symbol

8
A0 A1

����� Az

S0 S1
����� Sz 9 doesin fact corre-

spondto a p-regular partition of n canbe found in [21]; Proposition1.1 ensures
thatmn

�
λ � is well defined.

We shall oftenwrite m
�
λ � insteadml

�
λ � , andwe will usethe evidentequality

m
�
λ � i � � � m

�
λ � � i � withoutcomment.

Example. Let λ � � 6 � 42 � 2 � 1� � p � 5. As wesaw in thepreviousexample,

Gp
�
λ � � 8

8 5 3 1
5 3 2 19 �

So

Gp
�
m
�
λ ��� � 8

8 5 3 1
4 2 2 19 �

We reconstructm
�
λ � from its Mullineux symbolaccordingto the rule described

above:
3 2 1 1 1 1 0
2 2 1 0 0 0 0
0 0
0
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Now wewill describetheabacusnotation.Weconsidersequences" s0 � s1 � ����� � sv � ����� $
whereeachsv is either“ � ” (space)or “ ; ” (bead)(onecouldcall them0 and1 as
well but, having in mind anabacus,we preferthis morerepresentative terminol-
ogy). For λ � � να1

1 � ����� � ναk
k � written in theform of (1) andR � h

�
λ � we construct

the sequencesR
�
λ � as follows: The first R � h

�
λ � membersof sR

�
λ � are beads.

They arefollowed by νk spaces,thenαk beads,thenνk � 1 � νk spaces,thenαk � 1

beads,����� , thenν1 � ν2 spaces,thenα1 beads,andthenspaces.(Informally speak-
ing, wemovealongtherim of λ from bottomto top,puttingbeadsin thesequence
whenwemoveupandleaving spaceswhenwemove to theright).

Example. Let λ � � 6 � 42 � 2 � 1� . Then

s5
�
λ � � � ; � ; � � ; ; � � ; �

s6
�
λ � � ; � ; � ; � � ; ; � � ; �

s7
�
λ � � ; ; � ; � ; � � ; ; � � ; �

(wedonotdraw thespacesafterthelastbead).

Eachsequenceof spacesandbeadswith a finite numberof beadsis sR
�
λ � for

exactly oneλ andexactly oneR, but thereare infinitely many sequencescorre-
spondingto afixedpartitionλ, namelysh � λ � � sh � λ �<
 1 � ����� .

It is convenientto draw theelementss0 � s1 � ����� in thearray

s0 s1
����� sp � 1

sp sp
 1
����� s2p � 1

s2p s2p
 1
����� s3p � 1

...
... ����� ...

andfor any residuei
�
mod p� we saythattheelementssv with v , i form the i-th

runnerof theabacus.If sv is a spacewe saythatthev-th positionof theabacusis
unoccupied.Weoftendenotebeadsby lettersk � l � m� ����� . If sv � k wesaythatbead
k occupiesthev-th positionof theabacus.

Warning. Denotingbeadsby lettersis convenient,but it canbe misleading,be-
causewe do not distinguishbetweenabacihaving the samebeadconfiguration.
For example,theabaci(p � 5) � k � l �
and � l � k �
areidentified.

If theabacusis constructedfrom a sequencesR
�
λ � we saythat it is an abacus

for λ, andif it is constructedfrom sh � λ � � λ � we call it thecanonicalabacusfor λ.
Onecaneasilyseethat the only abacusfor λ with position0 unoccupiedis the
canonicalone.
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Abacifor λ arein 1–1-correspondencewith thesocalledsequencesof β-numbers
for λ (cf. [12, 10]). If

�
β1 � β2 � ����� � βr � is sucha sequencethenwe obtainthecorre-

spondingabacusby placingbeadsin theabacusatpositionsβ1 � β2 � ����� � βr .

Example. Let λ � � 6 � 42 � 2 � 1� � p � 5. Then� ; � ; �� ; ; � �; � ; � ; � ;� � ; ; �� ; � and
; ; � ; �; � � ; ;� � ;

areabacifor λ, thefirst beingcanonical.

If it is clearwhich abacusis usedfor a partition λ, we shall often denotethis
abacusby thesameletterλ. For a beadk of anabacusλ we denoteby Pλ

�
k � the

positionoccupiedby k in λ. If thereis anunoccupiedpositionα � Pλ
�
k � wecall k

proper; otherwisek is improper. All thebeadsof acanonicalabacusareproper.
Now we want to describethe deletionandadditionof a p-edgein the abacus

notation.Informally speaking,if Λ is anabacusfor λ � j � thento constructanabacus
for λ � j 
 1� oneshouldfind the lastbeadof Λ andtry to pushit up oneposition. If
this positionis occupiedby someproperbeadl thenthe latterbeadis pushedout
by k andwetry to move l onepositionupaswemovedk. If thepositionabovek is
unoccupiedthenaftermoving k to this positionwe look for thebeadm having the
maximalpositionlessthanthenew positionof k andtry to movem upsimilarly to
k. Finally if k is in thetoprow of theabacusor thepositionabovek is occupiedby
animproperbeadthenk movesto thesmallestunoccupiedposition(this position
will bein adifferentrunnerthanthatcontainingk in Λ) andtheprocessof removing
the p-edgeis complete.We continueuntil theprocesscompletes.Theprocedure
of addingp-edgeis thereverse;wewantto describebothoperationsformally.

Definition 1.3. Let Λ beanabacusfor a nontrivial p-regularpartition. We define
theset " m1 � m2 � ����� � mN $ of r-movablebeadsof Λ andtheabacusϕ

�
Λ � asfollows:

Let m1 be theproperbeadsuchthatPΛ
�
m1 � is maximal(in otherwords,m1 is

thelastbeadof theabacus).
Assumethatm1 � ����� � mi have beendefined.If either= PΛ

�
mi �>� p (i.e. mi is in thefirst row of theabacus);= PΛ
�
mi � � p andPΛ

�
mi �?� p is occupiedby animproperbead;or= PΛ

�
mi � � p, PΛ

�
mi �@� p is unoccupied,andtheredoesnot exist a properbead

m with PΛ
�
m�>� PΛ

�
mi �@� p;

thenweputN � i. Otherwise,wedefinemi 
 1 to betheproperbeadwhoseposition
is maximalwith respectto theconditionPΛ

�
mi 
 1 �A� PΛ

�
mi �?� p.

Put

α �CB PΛ
�
mN �@� p � if PΛ

�
mN � � p andpositionPΛ

�
mN �@� p is unoccupiedin Λ;

theminimalunoccupiedpositionin Λ, otherwise.

Now we defineϕ
�
Λ � to be the abacuswith the samesetof beadsasΛ, but with

Pϕ � Λ � � k � � PΛ
�
k � for k &� m1 � m2 � ����� � mN, Pϕ � Λ � � mN � � α, andPϕ � Λ � � mi � � PΛ

�
mi �4�

p for all i � / 1 � N � . (In otherwords,to obtainϕ
�
Λ � from Λ, onehasto movebeads

m1 � ����� � mN � 1 onepositionup,andmovemN to positionα.)
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Definition 1.4. Let λ be a p-regular partition with Mullineux symbol Gp
�
λ � �8

A0 A1
����� Az

R0 R1
����� Rz9 (possiblyz � � 1, whichis interpretedasλ � /0). Let A andR

bepositive integers,andlet ε � 0 if p #A andε � 1 otherwise.Assumethat= ε � R � R0 � p ' ε � R � R0 ' ε0 � A � A0 � p ' R � R0 ' ε0, if z � 0;= 1 � R � p ' ε � R � A � p ' R, if z � � 1.

Let Λ beanabacusfor λ containingQ � R beads.We definethesetn1 � ����� � nD of
a-movablebeadsandanew abacusψ

�
Λ � � ψA DR � Λ � asfollows:

If z � 0 andR � R0 then p #A, andwe let n1 be the first properbeadof Λ (i.e.
the properbeadsuchthat PΛ

�
n1 � is minimal), andput Pψ � Λ � � n1 � � PΛ

�
n1 �?' p �

PΛ
�
n1 ��' A.

If R � R0 or z � � 1, we let n1 be the (necessarilyimproper)beadof Λ with
PΛ
�
n1 � � Q � R, andputPψ � Λ � � n1 � � PΛ

�
n1 �E' A.

Assumethatn1 � ����� � ni andPψ � Λ � � n1 � � ����� � Pψ � Λ � � ni � havebeendefined.If PΛ
�
k �F�

Pψ � Λ � � ni � for all beadsk of Λ thenwe put D � i. Otherwise,we defineni 
 1 to be
thebeadminimal with respectto PΛ

�
ni 
 1 � � Pψ � Λ � � ni � , anddefinePψ � Λ � � ni 
 1 � �

PΛ
�
ni 
 1 ��' p.

Finally, we defineψ
�
Λ � as the abacuswith the sameset of beadsas λ, but

Pψ � Λ � � k � � PΛ
�
k � if k &� n1 � ����� � nD andPψ � Λ � � ni � definedasabove. (In otherwords,

to obtainψ
�
Λ � from Λ oneshouldmove n1 to thepositionPΛ

�
n1 �G' A, andbeads

n2 � ����� � nD down onerow).

Part (i) of thefollowing lemmais proved in [22, Section3] (in the languageof
β-numbers),and(ii) follows from (i).

Lemma 1.5. Let λ bea p-regular partition with Mullineuxsymbol

Gp
�
λ � � 8

A0 A1
����� Az

R0 R1
����� Rz9 � 0 � j � z�

i. If Λ � j � is anabacusfor λ � j � , then

ϕ
�
Λ � j � �

is anabacusfor λ � j 
 1� (seeDefinition1.3).
ii. If Λ � j 
 1� is anabacusfor λ � j 
 1� with at leastRj beads,then

ψA j DRj

�
Λ � j 
 1� �

is anabacusfor λ � j � (seeDefinition1.4).

Example. Let λ � � 6 � 42 � 2 � 1� � p � 5. Let Λ bethecanonicalabacusfor λ, i.e.

Λ � � a � b �� c d �H�
e
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(We uselettersratherthan ; to denotethebeadssothatit will beeasierto follow
theirmovement).Then

ϕ
�
Λ � � b a �I�J�

e c d
is anabacusfor λ � 1� ,

ϕ2 � Λ � � b a d �J�
e c

is anabacusfor λ � 2� ,
ϕ3 � Λ � � b a d c �

e
is anabacusfor λ � 3� , and

ϕ4 � Λ � � b a d c e is anabacusfor λ � 4� � /0.

Recallfrom theexamplefollowing Definition1.2thatm
�
λ � hasMullineux sym-

bol

Gp
�
mn
�
λ ��� � 8

A0 A1
����� Az

S0 S1
����� Sz 9 �

To reconstructm
�
λ � weshouldstartwith anabacusfor λ � 4� � /0 whichhasat least

S0 � 4 beads.Sowebegin with

M � 4� � r s t u �
Then

M � 3� � ψ1 D 1 � Λ � 4� � � r s t � u

M � 2� � ψ3 D 2 � Λ � 3� � � r s �K� u
t

M � 1� � ψ5 D 2 � Λ � 2� � � r s �K�L�
t �M�K� u

M � 0� � ψ8 D 4 � Λ � 1� � � � s � r ��N�O�N� u
t

It is easilyseenthatM � i � is anabacusfor m
�
λ � i � � � m

�
λ � � i � .

Definition 1.6. Let k beaproperbeadof anabacusλ. Thenk is calledabeginning
of λ if Pλ

�
k �P� 1 is unoccupiedin λ. It is calledanendif Pλ

�
k �G' 1 is unoccupied

in λ. If k is a beginningwe denoteby λ
�
k � theabacusobtainedfrom λ by moving

k to Pλ
�
k �?� 1.

Definition 1.7. A beadk in runnera of anabacusλ is callednormalif andonly if

i. it is abeginning;and
ii. if l1 � ����� � lr areall the endsin runnera � 1 of λ with Pλ

�
lv � � Pλ

�
k �F� 1 then

thereexist r distinctbeginningsk1 � ����� � kr in runneraof λ suchthatPλ
�
lv ��' 1 �

Pλ
�
kv � � Pλ

�
k � for all v � / 1 � r 0 .



A PROOF OF THE MULLINEUX CONJECTURE 11

A beadk of λ is calledgoodif it is thetopnormalbeadin its runner.

Remark.Endsandbeginningscorrespondto indentandremovablenodesfor the
correspondingpartition. Normalandgoodbeadscorrespondto normalandgood
removablenodes,respectively. If thebeginningk correspondsto aremovablenode
A thenλ

�
k � is anabacusfor λA (cf. [17] andSection8).

Example. As we saw above, the canonicalabacusfor
�
6 � 42 � 2 � 1� for p � 5 is as

follows: � k � l �� m q �Q�
t

Here k � l � m� t are beginnings; k � l � q � t are ends. Of the beginnings,k is normal
becausefor theendt thereexiststhebeginningmasin 1.7; l is notnormalbecause
of theendq; m is notnormalbecauseof theendt; finally, t is normal.Bothnormal
beadsk and t turn out to be good in this examplesincethey belongto distinct
runners.

Definition 1.8. A goodbeadk of anabacusλ is calleddegenerate if andonly if
ϕ
�
λ
�
k ��� � ϕ

�
λ � . Otherwisek is callednon-degenerate.

In theexampleabove,k is degenerateandt is non-degenerate.

Definition 1.9. If k andm arebeadsin the samerunnerof an abacusλ, thenwe
write k R m (in λ) if k is above m (i.e.Pλ

�
k �>� Pλ

�
m��� .

Notation. Wedenoteby
�
a� λ thesetof theproperbeadsin runnera of λ, andwrite# a # λ for theorderof

�
a� λ.

Definition 1.10. Let L � " l1 R ����� R lr $TS � a � 1� λ, K � " k1 R ����� R ks $TS � a� λ.
WesaythatK compensatesL if s � r andPλ

�
kv �>� Pλ

�
lv �E' 1 for all v � / 1 � r 0 . We

saythatL is compensatedif thereexistsasubsetK S � a� λ whichcompensatesL.

Thefollowing lemmafollows immediatelyfrom Definition1.7.

Lemma 1.11. A beadk � � a� λ is normal(for λ) if andonly if theset

K � " k� � � a� λ # k��U k $
compensatestheset

L � " l � � a � 1� λ # Pλ
�
l � � Pλ

�
k �?� 1 $ �

Fromnow on we assumethatλ is anarbitrarybut fixed p-regularpartitionof n
with Mullineux symbol

Gp
�
λ � � 8

A0 A1
����� Az

R0 R1
����� Rz9

andwe denoteby thesameletterλ thecanonicalabacusfor λ (which containsR0

beads).We denoteby λ � j � theabacusϕ j � λ � which is a (non-canonicalin general)
abacusfor thepartitionλ � j � , accordingto Lemma1.5( j � / 0 � z ' 10 ). Thusall abaci
λ � j � containR0 beads.For exampleλ � z
 1� is the abacuswith beadsin positions
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0 � 1 � ����� � R0 � 1. We shallwrite Pj
�
k � , # a # j , and

�
a� j for Pλ V j W � k � , # a # λ V j W , and

�
a� λ V j W ,

respectively.
Similarly, m

�
λ � is thecanonicalabacusfor thepartitionm

�
λ � (with S0 beads),

andwedenotebym
�
λ � � j � � m

�
λ � j � � theabacusϕ j � m� λ ��� whichis a(non-canonical

in general)abacusfor the partitionm
�
λ � � j � � m

�
λ � j � � . All abacim

�
λ � � j � have S0

beads.Wewrite P j � k � , # a # j , � a� j , etc. for Pm� λ � V j W � k � , # a #m� λ � V j W , � a� m� λ � V j W , etc.

Lemma 1.12. Let0 � j � z.

i. Let l bea beadof λ � j 
 1� such thatpositionPj
�
l � is unoccupiedin λ � j 
 1� . Then

positionPj
�
l ��' 1 is unoccupiedin λ � j � .

ii. Let k be a beadof λ � j � which is proper for λ � j 
 1� , and such that position
Pj 
 1

�
k � is unoccupiedin λ � j � . Thenposition Pj 
 1

�
k �X� 1 is unoccupiedin

λ � j 
 1� .
Proof. (i) SincePj

�
l � is unoccupiedin λ � j 
 1� , we have Pj

�
l �Y&� Pj 
 1

�
l � , i.e. l is an

a-movablebeadof λ � j 
 1� , or l � nw for somew � / 1 � D 0 (see1.4). If Pj
�
l �?' 1 is

unoccupiedin λ � j 
 1� it will remainsoin λ � j � becausePj
�
nv �Z� Pj

�
l � for v � w and

Pj 
 1
�
nv � � Pj

�
l � for v � w by definition.If Pj

�
l �5' 1 is occupiedin λ � j 
 1� thenit is

occupiednecessarilyby nw
 1 andPj
�
nw
 1 � � Pj 
 1

�
nw
 1 � � Pj

�
l �4' 1. Soposition

Pj
�
l ��' 1 is unoccupiedin λ � j � in thiscase,too. Theproofof (ii) is similar.

Definition 1.13. ThesubsetM � " m1 R ����� R mr $TS � b� j is calleddense(in λ � j � )
if m1 R m R mr impliesm � mv for somev � � 1 � r � .
Lemma 1.14. LetL � " l1 R ����� R lr $[S � a � 1� j 
 1, K � " k1 R ����� R ks $\S � a� j 
 1.
AssumethatK is denseandcompensatesL in λ � j 
 1� .

i. If theredoesnotexista beadk such thatPj
�
k � � Pj 
 1

�
k1 � , thenK compensates

L in λ � j � .
ii. If there is a beadk such that Pj

�
k � � Pj 
 1

�
k1 � , then K � � " k � k1 � ����� � kr � 1 $

compensatesL in λ � j � .
iii. If Pj 
 1

�
l1 � � Pj 
 1

�
k1 �@� 1, thenK compensatesL in λ � j � .

Proof. (i) and(ii). By definitionr � s andPj 
 1
�
kv �A� Pj 
 1

�
lv �E' 1, v � / 1 � r 0 . If K

doesnotcompensateL in λ � j � , choosew to beminimalsuchthatPj
�
kw � � Pj

�
lw �5'

1. ThenPj 
 1
�
kw � � Pj 
 1

�
lw �G' 1, Pj

�
lw � � Pj 
 1

�
lw � , andPj

�
kw � � Pj 
 1

�
kw �G' p.

By Lemma1.12(ii) thereexistsabeadk with Pj
�
k � � Pj 
 1

�
kw � (kw is pusheddown

by k). If w � 1 then, sinceK is dense,k � kw � 1. SincePj
�
lw� 1 �\� Pj

�
lw � �

Pj
�
kw � 1 �@� 1, wehave Pj

�
kw � 1 � � Pj

�
lw � 1 ��' 1 whichcontradictsthechoiceof w.

This proves (i). To prove (ii) notice that if w � 1 thenwe get Pj
�
k � � Pj

�
l1 �F'

1 � Pj
�
kv �>� Pj

�
lv
 1 ��' 1, becausePj 
 1

�
kv �A� Pj 
 1

�
lv
 1 �E' 1 for v � / 1 � r � .

(iii). NoticethatPj 
 1
�
l1 � � Pj 
 1

�
k1 �?� 1 ' p. ThereforePj 
 1

�
lv � � Pj 
 1

�
k1 �@�

1 ' vp for v � / 1 � r 0 . Lety � 1besuchthatPj 
 1
�
kv � � Pj 
 1

�
k1 �]' � v � 1� p for all v �/

1 � y0 , andPj 
 1
�
k1 �^' yp is unoccupiedin λ � j 
 1� . ThenPj 
 1

�
lv � � Pj 
 1

�
kv �E� 1 ' p,

hencePj
�
lv � � Pj

�
kv �5� 1 for all v � / 1 � min

�
r � y�_0 , i.e. " k1 � ����� � kmin � r D y� $ compensates" l1 � ����� � lmin � r D y� $ in λ � j � . If r � y, then " ky
 1 � ����� � kr $ compensates" ly
 1 � ����� � lr $ in

λ � j � by part(i).
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Corollary 1.15. Leti � j andlet L S � a � 1� j bea densesetwhich is compensated
in λ � j � . ThenL is compensatedin λ � i � .
Proof. This follows from Lemma1.14,parts(i) and(ii).

Lemma 1.16. LetL � " l1 R ����� R lr $\S � a � 1� j , K � " k1 R ����� R ks $\S � a� j 
 1
� S�

a� j � . Assumethat L is dense, there doesnot exist a beadl such that Pj 
 1
�
l � �

Pj
�
lr � , andK compensatesL in λ � j � . ThenL S � a � 1� j 
 1 andK compensatesL in

λ � j 
 1� .
Proof. We first prove that L S � a � 1� j 
 1. If not, then l1 &� � a � 1� j 
 1. We have
Pj
�
k1 �>� Pj

�
l1 �E' 1.

If Pj
�
k1 �`� Pj

�
l1 �^' 1 thenPj

�
k1 �X� Pj

�
l1 �^' 1 � p, andsincePj 
 1

�
l1 � � Pj

�
l1 �E�

p we getPj 
 1
�
k1 �a� Pj 
 1

�
l1 �G' 1. Now sincek1 is properfor λ � j 
 1� (by assump-

tion), sois l1; i.e. l1 � � a � 1� j 
 1.
If Pj

�
k1 � � Pj

�
l1 �G' 1, let w � 1 beminimal with respectto theconditionsthat

Pj
�
lv � � Pj

�
l1 ��' � v � 1� p, v � / 1 � w0 , andPj

�
l1 ��' wp is unoccupiedin λ � j � . Then,

sinceK compensatesL in λ � j � , onehasPj
�
kv � � Pj

�
lv �P' 1 for v � / 1 � w0 . Now

it follows from Lemma1.12(i) that Pj 
 1
�
lv � � Pj

�
lv � for v � / 1 � w0 . In particular,

Pj 
 1
�
l1 � � Pj

�
l1 � . ThereforePj 
 1

�
k1 �b� Pj

�
k1 �c� Pj

�
l1 �?' 1 � Pj 
 1

�
l1 �@' 1, and

thenthefactthatk1 is properfor λ � j 
 1� impliesl1 is also.
Now let usprove thatK compensatesL in λ � j � . If not,choosew � r to bemaxi-

malwith respectto Pj 
 1
�
lw �X� Pj 
 1

�
kw �E� 1. ThenPj

�
lw � � Pj

�
kw �E� 1, Pj 
 1

�
lw � �

Pj
�
lw �@� p, andPj 
 1

�
kw � � Pj

�
kw � � Now it follows from Lemma1.12(i) thatthere

exists a beadl with Pj 
 1
�
l � � Pj

�
lw � . By assumption,w � r. Then, in view of

thedensityof L, l � lw
 1 andPj 
 1
�
lw
 1 � � Pj 
 1

�
kw �G� 1 � Pj 
 1

�
kw
 1 �?� 1, which

contradictsthechoiceof w.

Definition 1.17. If k is a properbeadof λ we denoteby St
�
k � (“St” for step)the

integer j suchthatk is properfor λ � j � andis improperfor λ � j 
 1� . If j � St
�
k � we

call k anew (proper)beadof λ � j � .
Remark.We shalloftenusethefollowing evident facts: If k � m � � a� j andk R m
thenSt

�
k �Z� St

�
m� . If k � m � � a� j andSt

�
k �>� St

�
m� thenk R m.

Lemma 1.18. A beadk is a new beadof λ � j � if andonly if R0 � Rj � Pj 
 1
�
k �b�

R0 � Rj 
 1 � 1.

Proof. Thisisanimmediateconsequenceof Definitions1.17and1.4andLemma1.5.

The following constantsmeasurethe changefrom λ � j 
 1� to λ � j � (resp.,from
m
�
λ � � j 
 1� to m

�
λ � � j � ) in thedifferencebetweenthesizesof runnersa anda � 1.

Definition 1.19. For all j � / 0 � z0 define

dj
�
a� � � # a # j � # a # j 
 1 �@� � # a � 1 # j � # a � 1 # j 
 1 � �

d j � a� � � # a # j � # a # j 
 1 �?� � # a � 1 # j � # a � 1 # j 
 1 � �
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2. RUNNER SIZES

In this sectionwe investigatethechangesthatcanoccurin thesizeof a runner
a, andin thedifferenceof thesizesof two adjacentrunnersa anda � 1, with the
removal or additionof a p-edgeto theabacus.We alwaysassumethat0 � j � z,
andRz
 1 is interpretedas0.

Lemma 2.1. # a # j 
 1 � # a # j � # a # j 
 1 ' 2 �
Proof. If k � � a� j 
 1 thenk � � a� j . This implies the first inequality. If thereare
no improperbeadsin runnera of λ � j 
 1� then # a # j � # a # j 
 1 ' 1 becauseatmostone
beadcanmoveto runnera from anotherrunnerwith theadditionof thep-edge.Let
m bethelowest(i.e. with Pj 
 1

�
m� maximal)improperbeadin runnera of λ � j 
 1� .

If m is thefirst row of λ � j 
 1� , we obtain # a # j � # a # j 
 1 ' 2 asabove. If not, let l be
thebeadwith Pj 
 1

�
l � � Pj 
 1

�
m�P� p. It is enoughto show that l is improperfor

λ � j � . By 1.18,only thebeadsoccupying positionsfrom R0 � Rj to R0 � Rj 
 1 � 1
in λ � j 
 1� arenew properbeadsfor λ � j � . So l is improperfor λ � j � in view of the
inequalityRj � Rj 
 1 � p givenin Proposition1.1.

Lemma 2.2. # a # j � # a # j 
 1 ' 2 if and only if A j &, 0, a , R0 � Rj ' A j , and A j �
Rj � Rj 
 1. Moreover, the two new properbeadsin runnera of λ � j � are thebeads
m andk occupyingthepositionsR0 � Rj andR0 � Rj ' A j in λ � j 
 1� , respectively,
andPj

�
m� � Pj 
 1

�
k � , Pj

�
k � � Pj 
 1

�
k �E' p. (In otherwords,mmovesfromR0 � Rj

to R0 � Rj ' A j andpushesk downonerow fromthis lastposition.)

Proof. If A j &, 0,a , R0 � Rj ' A j , andA j � Rj � Rj 
 1, letmbethe(improper)bead
occupying positionR0 � Rj in λ � j 
 1� . SinceA j � Rj � Rj 
 1, positionR0 � Rj ' A j

is occupiedin λ � j 
 1� by someimproperbeadk (cf. 1.18.Noticethatk is in runner
a becausea , R0 � Rj ' A j . Whenthe j-th p-edgeis added,m movesto position
R0 � Rj ' A j andpushesk out, to positionR0 � Rj ' A j ' p. Noticethatk andm
areproperfor λ � j � becausePj 
 1

�
m� is unoccupiedin λ � j � . Hence# a # j � # a # j 
 1 ' 2.

SoLemma2.1implies # a # j � # a # j 
 1 ' 2.
In theotherdirection,let # a # j � # a # j 
 1 ' 2. Thentherearesomeimproperbeads

in runnera of λ � j 
 1� becauseotherwise # a # j � # a # j 
 1 ' 1 (recall that at mostone
beadchangesrunnerswith theadditionof a p-edge).Let k bethelowestimproper
beadin this runner. Then # a # j � # a # j 
 1 ' 2 impliesthatk becomesproperfor λ � j �
andsomenew beadcomesto runnera from anotherrunner. ThereforeA j &, 0,
a , R0 � Rj ' A j , andA j � Rj � Rj 
 1.

Corollary 2.3. If # a # j � # a # j 
 1 ' 2 then # b # j � # b # j 
 1 ' 1 for anyb &, a.

Proof. This follows from theLemmas2.2,2.1.

Lemma 2.4. # a # j � # a # j 
 1 ' 1 if andonly if oneof thefollowingconditionsholds.

i. a , R0 � Rj ' x with 0 � x � Rj � Rj 
 1, x &, A j . In thiscasethebeadoccupying
positionR0 � Rj ' x in λ � j 
 1� remainsat thesamepositionandbecomesa new
properbeadin runnera of λ � j � .
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ii. a , R0 � Rj ' A j , A j � Rj � Rj 
 1 � 0. In thiscasethebeadoccupyingposition
R0 � Rj in λ � j 
 1� movesto positionR0 � Rj ' A j andbecomesa new proper
beadin runnera of λ � j � .

Proof. The“if ” directionis straightforward. For example,if a , R0 � Rj ' A j and
A j � Rj � Rj 
 1 � 0, thenthebeadk occupying positionR0 � Rj in λ � j 
 1� moves
to positionR0 � Rj ' A j in runnera with theadditionof the j-th p-edge(if A j , 0
we needto useRj � Rj 
 1 � 0). Moreover, k is improperfor λ � j 
 1� andproperfor
λ � j � . It follows from A j � Rj � Rj 
 1 andLemma1.18thatk is theonly new proper
beadin runnera of λ � j � .

Let usprove “only-if ”. First,notethatRj � Rj 
 1 � 0 becausesomenew proper
beadsmustappear.

If A j , 0, thenby Lemma1.18thenew properbeadsof λ � j � arethebeadk which
hasmovedfrom positionR0 � Rj in λ � j 
 1� to positionR0 � Rj ' p in λ � j � , andthe
beadsoccupying positionsR0 � Rj ' 1 throughR0 � Rj 
 1 � 1 in both λ � j 
 1� and
λ � j � . Sosince # a # j � # a # j 
 1, we musthave a , R0 � Rj ' x for somex � / 0 � Rj �
Rj 
 1 � . If a , R0 � Rj we are in case(ii), as A j , 0; if a , R0 � Rj ' x with
0 � x � Rj � Rj 
 1 wearein case(i).

If A j &, 0 andA j � Rj � Rj 
 1, thenby Lemma1.18 the new properbeadsof
λ � j � arethe beadk which hasmoved from positionR0 � Rj in λ � j 
 1� to position
R0 � Rj ' A j in λ � j � , andthebeadsoccupying positionsR0 � Rj ' 1 throughR0 �
Rj 
 1 � 1 in both λ � j 
 1� andλ � j � . Again, since # a # j � # a # j 
 1, we musthave a ,
R0 � Rj ' A j or a , R0 � Rj ' x for x � � 0 � Rj � Rj 
 1 � . If a , R0 � Rj ' A j , we
have (ii); andif a , R0 � Rj ' x for x � � 0 � Rj � Rj 
 1 � , wehave (i).

Finally if A j &, 0 andA j � Rj � Rj 
 1 wefind in a similarmannerthatwearein
case(i).

Lemma 2.5. � 2 � dj
�
a�>� 2.

Proof. This follows from Lemma2.1(andDefinition1.19).

Lemma 2.6. dj
�
a� � 2 if andonly if A j , 1, a , R0 � Rj ' 1, andRj � Rj 
 1 � 1.

Moreover, in thiscasethebeadmwhich occupiespositionR0 � Rj in λ � j 
 1� moves
to positionR0 � Rj ' 1 and pushesdownby onerow the beadk which occupies
R0 � Rj ' 1 in λ � j 
 1� . Beadsk andm are thetwo new properbeadsin runnera of
λ � j � , andrunnera � 1 of λ � j � doesnothavenew properbeads.

Proof. By Lemma2.1, dj
�
a� � 2 if andonly if # a # j � # a # j 
 1 ' 2, # a � 1 # j � # a �

1 # j 
 1. Accordingto Lemma2.2,thefirst equationholdsif andonly if A j &, 0 � a ,
R0 � Rj ' A j � Rj � Rj 
 1 � A j . Now if A j &, 1, it follows from Lemma2.4(i) that# a � 1 # j � # a � 1 # j 
 1 ' 1. If A j , 1, it follows from 2.4,2.2,and2.1that # a � 1 # j �# a � 1 # j 
 1. Thus,the first partof the Lemmais proved. Thesecondpart follows
from thesecondpartof Lemma2.2.

Lemma 2.7. dj
�
a� � 1 if andonly if oneof thefollowingconditionsholds.

i. a , R0 � Rj ' A j ; Rj � Rj 
 1 � 0; A j � Rj � Rj 
 1 if Rj � Rj 
 1 � 1 andA j � 1
if Rj � Rj 
 1 � 1. In this casethebeadk occupyingpositionR0 � Rj in λ � j 
 1�
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movesto positionR0 � Rj ' A j andbecomesthenew properbeadin runnera
of λ � j � . Runnera � 1 of λ � j � doesnothavenew properbeads.

ii. A j &, 0 � 1, a , R0 � Rj ' A j , and A j � Rj � Rj 
 1. In this casethe beadm
occupyingpositionR0 � Rj in λ � j 
 1� movesto R0 � Rj ' A j andpushesa bead
k downonerow from the latter position. Beadsk and m are the new proper
beadsin runnera of λ � j � , andthebeadl occupyingR0 � Rj ' A j � 1 in both
λ � j 
 1� andλ � j � is thenew properbeadin runnera � 1 of λ � j � .

iii. A j &, 0 � 1, a , R0 � Rj ' 1, andRj � Rj 
 1 � 1. In thiscasethebeadoccupying
R0 � Rj ' 1 in bothλ � j 
 1� andλ � j � becomesthenew properbeadin runnera
of λ � j � . Runnera � 1 of λ � j � doesnothavenew properbeads.

Proof. By Lemma2.1, dj
�
a� � 1 if andonly if oneof the following conditions

holds.
a. # a # j � # a # j 
 1 ' 2, # a � 1 # j � # a � 1 # j 
 1 ' 1;
b. # a # j � # a # j 
 1 ' 1, # a � 1 # j � # a � 1 # j 
 1.

By 2.2 and2.4, (a) holdsif andonly if A j &, 0 � 1, a , R0 � Rj ' A j , andA j �
Rj � Rj 
 1; thuswearein case(ii).

By 2.4, # a # j � # a # j 
 1 ' 1 if andonly if oneof thefollowing conditionsholds.
(α) a , R0 � Rj ' x, 0 � x � Rj � Rj 
 1 � x &, A j .
(β) a , R0 � Rj ' A j � A j � Rj � Rj 
 1 � 0.
If (α) holds,then # a � 1 # j � # a � 1 # j 
 1 if andonly if x , 1 andA j &, 0, in view

of 2.2and2.4. Thuswearein case(iii).
If (β) holds,then # a � 1 # j � # a � 1 # j 
 1 if andonly if A j � Rj � Rj 
 1 for Rj �

Rj 
 1 � 1 andA j � 1 for Rj � Rj 
 1 � 1,accordingto 2.2and2.4.Thisgives(i).

Lemma 2.8. dj
�
a� � � 1 if andonly if oneof thefollowingconditionsholds.

i. A j , 0, Rj � Rj 
 1 � 0, anda , R0 � Rj 
 1;
ii. A j &, 0, A j &, Rj � Rj 
 1, A j &, Rj � Rj 
 1 � 1, anda , R0 � Rj 
 1;

iii. A j &, 0, A j &, Rj � Rj 
 1 � 1, anda , R0 � Rj ' A j ' 1.

Moreover, in cases(i) and(ii) , runnera of λ � j � doesnothavenew properbeads,
andthebeadl occupyingpositionR0 � Rj 
 1 � 1 in λ � j 
 1� is thenew properbead
in runnera � 1 of λ � j � . In case(iii) thebeadl occupyingR0 � Rj in λ � j 
 1� movesto
positionR0 � Rj ' A j in runnera � 1 of λ � j � . If A j � Rj � Rj 
 1 � 1 thenl is theonly
new properbeadin runnera � 1 of λ � j � , and runnera of λ � j � hasno new proper
beads.If A j � Rj � Rj 
 1 � 1 thenl pushesdowna beadmoccupyingR0 � Rj ' A j

in λ � j 
 1� , andthebeadsl andm are thenew properbeadsin runnera � 1 of λ � j � ;
while the beadk occupyingR0 � Rj ' A j ' 1 in both λ � j � and λ � j 
 1� is the new
properbeadin runnera of λ � j � .
Proof. This follows from from 2.1,2.2,and2.4 in a fashionsimilar to theproofs
of Lemmas2.6and2.7.

Lemma 2.9. dj
�
a� � � 2 if andonly if A j &, 0, A j , Rj � Rj 
 1 � 1, anda , R0 �

Rj 
 1. In thiscasethebeadl occupyingpositionR0 � Rj in λ � j 
 1� movesto position
R0 � Rj 
 1 � 1 (in runnera � 1) occupiedby an improper beadm, and pushesm
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downonerow. Beadsmandl are thetwonew properbeadsin runnera � 1 of λ � j � .
Runnera of λ � j � hasnonew properbeads.

Proof. Again, this follows from from 2.1, 2.2, and2.4 in a fashionsimilar to the
proofsof Lemmas2.6and2.7.

3. SOME LEMMAS ON NORMAL BEADS

Throughoutthesection0 � j � z.

Lemma 3.1. Let k bea normalbeadfor λ � j � . Assumethat eitherk is proper for
λ � j 
 1� or A j , 0. ThenpositionPj

�
k �?� 1 is unoccupiedin λ � j 
 1� .

Proof. Assumeon thecontrarythat l1 is thebeadwith Pj 
 1
�
l1 � � Pj

�
k �@� 1. Then

sincek is a beginning in λ � j � , Pj
�
l1 �d&� Pj

�
k �X� 1. But sinceeither k is proper

for λ � j 
 1� or A j , 0, the only way that l1 canmove is onerow up. So we have
Pj
�
l1 � � Pj

�
k �?� 1 ' p. Let l1 � ����� � lw bethebeadssuchthatPj

�
lv � � Pj

�
k �?� 1 ' vp

for v � / 1 � w0 andPj
�
k �^� 1 ' � w ' 1� p is unoccupiedin λ � j � . Sincek is normal,there

exist beadsk1 � ����� � kw with Pj
�
kv � � Pj

�
k �@' vp, v � / 1 � w0 . ThereforePj 
 1

�
lv � �

Pj
�
lv � for v � / 1 � w0 by 1.12(i).Takingv � 1 givesacontradiction.

Lemma 3.2. Let k � � a� j 
 1 be a normal beadfor λ � j 
 1� , and let y � 0 be the
minimalinteger such that positionPj 
 1

�
k �@� 1 ' � y ' 1� p is unoccupiedin λ � j 
 1� .

Thenthere are beadskv with Pj 
 1
�
kv � � Pj 
 1

�
k ��' vp, v � / 1 � y0 . Moreover,

i. Assumethatk is a beginningfor λ � j � . Thenk is normalfor λ � j � , andif k is not
goodfor λ � j 
 1� thenit is notgoodfor λ � j � .

ii. Assumethatk is nota beginningfor λ � j � . Theny � 1, ky is normalfor λ � j � and
if k is notgoodfor λ � j 
 1� thenky is notgoodfor λ � j � .

Proof. Let

L � " l1 R ����� R lr $ � " l � � a � 1� j 
 1
# Pj 
 1

�
l � � Pj 
 1

�
k �?� 1 $ �

K � " k1 R ����� R ks $ � " k� � � a� j 
 1
# k� U k $ �

Thenaccordingto Lemma1.11,K compensatesL in λ � j 
 1� . By assumption,for
v � / 1 � y0 we have Pj 
 1

�
lv � � Pj 
 1

�
k �`� 1 ' vp. So Pj 
 1

�
kv � � Pj 
 1

�
k �@' vp for

v � / 1 � y0 .
Let x beminimal with respectto Pj 
 1

�
kv � � Pj 
 1

�
k �G' vp for all v � / 1 � x0 and

Pj 
 1
�
k �E' � x ' 1� p is unoccupiedin λ � j 
 1� . Thenx � y.

Assumethatk is abeginningfor λ � j � . ThismeansthateitherPj
�
k � � Pj 
 1

�
k � or

Pj
�
k � � Pj 
 1

�
k ��' p andy � 0. In bothcaseswehave" l � � a � 1� j

# Pj
�
l � � Pj

�
k �@� 1$ � L �" k� � � a� j
# k��U k $ � K �

Soin view of Lemma1.11,thek is normalfor λ � j � if andonly if K compensatesL
in λ � j � . But thelatterfactfollows from Lemma1.14,parts(i) and(iii).

Assumethat k is not a beginning in λ � j � . Theny � 1 andPj
�
k � � Pj 
 1

�
k �F'

p. HencePj
�
lv � � Pj 
 1

�
lv � and Pj

�
kv � � Pj 
 1

�
kv �@' p for v � / 1 � y0 . So ky is a
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beginningfor λ � j � . Theproofof thenormalcy of ky for λ � j � is similar to thatof the
normalcy of k above.

Now assumethat k is not goodfor λ � j 
 1� , i.e. thereexists a normalbeadm ��
a� j 
 1 with m R k (in λ � j 
 1� ). Applying the above argumentsto m, one of the

following happens:
(1) m is normalin λ � j � . Thenk is notgoodfor λ � j � sincem R k in λ � j � .
(2) thereexistsy� � 1 andbeadsfv � ev suchthatPj 
 1

�
fv � � Pj 
 1

�
m�4� 1 ' vp and

Pj 
 1
�
ev � � Pj 
 1

�
m�?' vp for v � / 1 � y� 0 , with Pj 
 1

�
m�F� 1 ' � y� ' 1� p unoccupied

in λ � j 
 1� andwith ey� normalfor λ � j � . But sincenoneof e1 � ����� � ey� is abeginningin
λ � j 
 1� , it followsthatk U ey� in λ � j 
 1� , hencein λ � j � . Thusk is notgoodin λ � j � .
Corollary 3.3. If thereexistsa goodbeadin runnera of λ � j 
 1� , thenthereexistsa
goodbeadin runnera of λ � j � .
Proof. By theprevious lemmaif thereexistsa normalbeadin runnera of λ � j 
 1�
thenthereexistsanormalbeadin runnera of λ � j � . Now it sufficesto recallthatac-
ccordingto Definition1.7,any runnerwhichcontainsa normalbeadalsocontains
agoodbead.

Lemma 3.4. Let k � � a� j be a normal beadfor λ � j � and assumethat there exist
u � 0 andbeadse1 � ����� � eu such thatPj

�
ev � � Pj

�
k �G� vp for v � / 1 � u0 , Pj

�
k �?� � u '

1� p � 0, and positionPj
�
k �e� � u ' 1� p is unoccupiedin λ � j � . Supposethat k is

properfor λ � j 
 1� if u � 0 andthateu is properfor λ � j 
 1� if u � 0.

i. Let k bea beginningfor λ � j 
 1� . Thenk is normalfor λ � j 
 1� . Moreover, if k is
goodfor λ � j � thenit is sofor λ � j 
 1� .

ii. Assumethat k is not a beginningfor λ � j 
 1� . Thenu � 0 andeu is normalfor
λ � j 
 1� . Moreover, if k is goodfor λ � j � theneu is sofor λ � j 
 1� .

Proof. If u � 0 thenk is properfor λ � j 
 1� sinceeu is so. If u � 0 thenk is proper
for λ � j 
 1� by assumption.Thusk is properfor λ � j 
 1� in any case.

Set

L � " l � � a � 1� j
# Pj
�
l � � Pj

�
k �?� 1$

and

K � " k� � � a� j
# k� U k $� " k� � � a� j 
 1
# k�4U k $ �

By Lemma3.1 we have thatpositionPj
�
k �P� 1 is unoccupiedin λ � j 
 1� , sok is

not a beginningfor λ � j 
 1� if andonly if Pj 
 1
�
k � � Pj

�
k �P� p, u � 0, andposition

Pj
�
k �e� p � 1 is occupied(in λ � j 
 1� ) by somebeadl . So if k is a beginning for

λ � j 
 1� then
L � " l � � a � 1� j 
 1

# Pj 
 1
�
l � � Pj 
 1

�
k �@� 1 $ �

By Lemma1.11,K compensatesL in λ � j � , soK compensatesL in λ � j 
 1� in view of
1.16.Now k is normalin λ � j 
 1� by virtueof 1.11.
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Next assumethatk is not a beginningfor λ � j 
 1� . By Lemma3.1 asabove, we
havePj 
 1

�
ev � � Pj

�
ev �5� p for v � / 1 � u0 . Sinceeu isproperfor λ � j 
 1� , Lemma1.12(ii)

impliesthatPj 
 1
�
eu �P� 1 is unoccupiedin λ � j 
 1� , i.e. eu is a beginningfor λ � j 
 1� ;

thuseu &� k andu � 0.
In view of Lemma1.11,to prove thenormalcy of eu in λ � j 
 1� it sufficesto show

that

K � � " e1 � ����� � eu � 1 $Xf " k $gf K

compensates" l � � � a � 1� j 
 1
# Pj 
 1

�
k �@� 1 � Pj 
 1

�
l � � � Pj 
 1

�
eu �?� 1 $gf L �

But K compensatesL in λ � j 
 1� by Lemma1.16and " e1 � ����� � eu � 1 $Af " k $ clearly
compensates" l �E� � a � 1� j 
 1

# Pj 
 1
�
k �@� 1 � Pj 
 1

�
l �h� � Pj 
 1

�
eu �@� 1 $ .

The remainingstatementsof the lemma(thoseregardinggoodbeads)follow
from 3.2.

4. DEGENERATE BEADS

Difficultiesarisein theproof of theMain Theoremwhentheabacusfor λ hasa
degeneratebead.In thenext sectionwe show thatλ hasa degeneratebeadif and
only if m

�
λ � does;herearesomelemmastowardsthatend.

Lemma 4.1. Assumethat thereexistsa beadk of λ with P0
�
k � � 1. Thenλ

�
k � � 1� �

λ � 1� .
Proof. It follows from the definition that for any beadm with P1

�
m� � P0

�
k � we

have P1
�
m� � Pλ � k � V 1 W � m� . If P1

�
k � � 0 thenP1

�
m� � P0

�
k � for any beadm &� k. So

it sufficesto observe thatPλ � k �<V 1 W � k � � 0 sincePλ � k� � k � � 0.
If P1

�
k � � 1 then thereexists a bead f with P1

�
f � � 0. It is easilyseenthat

P1
�
m� � Pλ � k � V 1 W � m� for all m &� k � f , Pλ � k � V 1 W � f � � P1

�
k � , andPλ � k � V 1W � k � � P1

�
f � , i.e.

λ
�
k � � 1� � λ � 1� .
Thehypothesisof thenext lemmacanbedepictedschematicallyas

fx ex����� ...
... �����

f1 e1� k

if a &, 0 andas � ����� fx
ex

����� fx� 1
... ����� ...

e2
����� f1

e1
����� �

k �����
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if a , 0, with fx in thefirst row of theabacusin bothcases.Noticethat if a , 1,
P0
�
k � � 1, thenthehypothesesof 4.2cannotholdbecauseλ is acanonicalabacus,

i.e.position0 is unoccupied.

Lemma 4.2. Assumethat beadk of λ is r-movable (i.e. P1
�
k �c� P0

�
k � ) and k is

a beginning for λ. Let x be maximalwith respectto P0
�
k �F� 1 � xp � 0, and as-

sumethat there are beadsfv � � a � 1� 0, ev � � a� 0 such that P0
�
fv � � P0

�
k �P� 1 �

vp � P0
�
ev � � P0

�
k �@� vp for v � / 1 � x0 . Thenλ

�
k � � 1� � λ � 1� .

Proof. Notethat

P1
�
k � � min

�
0 � P0

�
k �@� p�

P1
�
ev � � min

�
0 � P0

�
ev �?� p�

P1
�
fv � � P0

�
fv �

Pλ � k�<V 1W � k � � min
�
0 � P0

�
k �@� 1 � p�

Pλ � k � V 1W � ev � � P0
�
ev �

Pλ � k � V 1 W � fv � � min
�
0 � P0

�
fv �?� p�

Pλ � k� V 1W � m� � P1
�
m�

for any v � / 1 � x0 andany beadm &� " k � e1 � ����� � ex � f1 � ����� � fx $ . Toprovethatλ
�
k � � 1� �

λ � 1� it now sufficesto observe thatPλ � k�<V 1W � k � � P1
�
k � � 0 if x � 0, and

Pλ � k� V 1W � k � � P1
�
f1 �

Pλ � k�iV 1W � e1 � � P1
�
k �

Pλ � k� V 1W � ev � � P1
�
ev� 1 � for v � / 2 � x0

Pλ � k � V 1W � fv � � P1
�
fv
 1 � for v � / 1 � x�

Pλ � k �<V 1W � fx � � P1
�
ex �

if x � 0.

Lemma 4.3. Assumethatk � � a� 0 is a goodbeadfor λ, andµ is thepartition such
thatλ

�
k � is anabacusfor µ.

i. If k is non-degenerate thenthere existsa beadg � � a� 1 such thatg is goodfor
λ � 1� andλ

�
k � � 1� � λ � 1� � g� .

ii. Thebeadk is degenerateif andonly if at leastoneof thefollowingconditions
holds.
(a) P0

�
k � � 1;

(b) k is r-movableandif x is maximalwith respectto P0
�
k ��� 1 � xp � 0, then

for v � / 1 � x0 , thereexistbeadsfv � ev withP0
�
fv � � P0

�
k �5� 1 � vp � P0

�
ev � �

P0
�
k �@� vp.

iii. µ is p-regular, the first columnof the Mullineux symbolGp
�
µ� is

8
A0

R0 9 if

k is non-degenerate, and the first columnof the Mullineux symbolGp
�
µ� is
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A0 � 1
R0 � ξ 9 with ξ � " 0 � 1$ if k is degenerate. Moreover, ξ � 1 if P0

�
k � � 1 and

ξ � 0 otherwise.
iv. Let k bedegenerate, with ξ asin (iii) . ThenA0 , 0 impliesξ � 0, andA0 , 1

impliesξ � 1.

Proof. (i) and(ii). Lemmas4.1 and4.2 tell us that if either(a) or (b) holds,then
k is degenerate.So we assumethat neitherof (a), (b) holds,andprove that k is
non-degenerateandλ

�
k � � 1� � λ � 1� � g� for somebeadg � � a� 1 which is goodfor

λ � 1� .
Let y bemaximalsuchthat for all v � / 1 � y0 thereexist beadsfv with P0

�
fv � �

P0
�
k �e� 1 � vp (asusualwe put y � 0 if P0

�
k �e� 1 � p is unoccupiedor P0

�
k �e�

1 � p � 0). Theny � x. Let w be maximalsuchthat thereexist beadsev with
P0
�
ev � � P0

�
k �@� vp for v � / 1 � w0 . Thenw � x.

Noticethatw � y sinceotherwiseey
 1 wouldbea normalbeadabove k, which
is impossiblesincek is good.

Assumefirst that k is not r-movable. Thenk is goodfor λ � 1� by Lemma3.4.
Now the fact that P0

�
k �F� 1 is unoccupiedin λ � 1� implies Pλ � k � V 1 W � m� � P1

�
m� for

any beadm &� k, andPλ � k� V 1W � k � � P1
�
k �@� 1; i.e.λ

�
k � � 1� � λ � 1� � k � .

Next assumethatk is r-movable.Thenw � x sinceotherwisew � y � x and(b)
holds.SoP1

�
k � � P0

�
k �@� p, andP0

�
ev � � P0

�
ev �@� p for v � / 1 � w0 .

If w � 0 thenk is a beginningfor λ � 1� by 1.12(ii). Soit follows from 3.4 thatk
is goodfor λ � 1� .

As in thecasein which k is not r-movable,we getPλ � k �<V 1 W � m� � P1
�
m� for any

beadm &� k, andPλ � k�iV 1W � k � � P1
�
k �?� 1; i.e. λ

�
k � � 1� � λ � 1� � k � .

Let w � 0. Thenew is goodfor λ � 1� by 3.4(ii), andwehave λ
�
k � � 1� � λ � 1� � ew � .

(iii). Assumethatµ is not p-regular. Sinceλ is p-regular, this meansthat there
areproperbeadsm1 � ����� � mp � 1 with P0

�
mv � � P0

�
k �P� 1 � v for v � / 1 � p � 10 , and

P0
�
k �@� 1 � p is unoccupied.But thenmp � 1 is normalfor λ which contradictsthe

factthatk is goodfor λ (becausemp� 1 R k in λ).
If k is non-degeneratethen P0

�
k � � 1 by (ii). So λ

�
k � hasR0 properbeads.

Moreover, λ � 1� is a partitionof n � A0, so λ
�
k � � 1� � λ � 1� � g� implies that µ� 1� is a

partition of n � A0 � 1. Notice that µ is a partition of n � 1. Summarizing,the
p-edgeof µ haslengthA0. Theremainderof (iii) is obtainedsimilarly.

(iv) Let A0 , 0. If P0
�
k � � 1 thenby Lemma3.1,positionP0

�
k �?� 1 is unoccu-

piedin λ � 1� . ThereforeR1 � R0. If ξ � 1 wegetby (iii) that

Gp
�
µ� � 8

A0 � 1 A1
����� Az

R0 � 1 R1
����� Rz9

giving a contradictionto 1.1. SoP0
�
k �Y&� 1, andξ � 0 by (iii).

Let A0 , 1. If P0
�
k �c&� 1 then(ii) impliesthatk is non-degeneratesinceposition

0 is unoccupiedin λ. Sincek is degenerate,P0
�
k � � 1; henceξ � 1 by (iii).

Proposition4.4. Let
�
a � 1� 1 � " l1 U ����� U lr $ � L. Thenrunnera of λ containsa

degenerate(good)beadif andonlyif at leastoneof thefollowingconditionsholds.
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i. d0
�
a� � 0 andL is compensatedin λ � 1� ;

ii. d0
�
a� � 2 and " l1 � ����� � lr � 1 $ is compensatedin λ � 1� .

Proof. Let K � � a� 1 � " k1 U ����� U ks $ � Assumethatrunnera of λ containsa deg-
nerate(good)beadk. Thenin view of 4.3at leastoneof thefollowing conditions
holds.

a. P0
�
k � � 1;

b. k is r-movableand if x is maximalwith respectto P0
�
k �j� 1 � xp � 0, then

for v � / 1 � x0 , thereexist beadsfv � ev with P0
�
fv � � P0

�
k �F� 1 � vp, P0

�
ev � �

P0
�
k �@� vp.

Suppose(a) holds. Thena , 1. Noticethatk is improperfor λ � 1� : Otherwise,
R0 � R1, which would imply p #A0 in view of 1.1, andthenby 1.3 thereexists a
beadmN with P1

�
mN � � 0.

Thus # a # 0 � # a # 1 ' 1.
By Lemma3.1, A0 &, 0. So in view of Lemmas2.2, 2.4, and 2.1, we have# a � 1 # 0 � # a � 1 # 1, i.e.d0

�
a� � # a # 0 � # a # 1 � 1.

If d0
�
a� � 2 thenP1

�
k � � 0 andfor somebeadm we have P1

�
m� � 1, P0

�
k � �

P1
�
m� , andP0

�
m� � p ' 1, accordingto Lemma2.6. Fromthenormalcy of k in λ

andLemma1.11we getthat " m$Zf K compensatesL in λ. HenceK compensates" l1 � ����� � lr � 1 $ in λ, andsoK compensates" l1 � ����� � lr � 1 $ in λ � 1� by virtueof 1.16.
If d0

�
a� � 1 thenby 2.7eitherP1

�
k � � 0 andposition1 is unoccupiedin λ � 1� , or

P1
�
k � � 1 andthereexistsa beadm with P1

�
m� � 0, P0

�
m�>� � 0 � p� . In bothcases

thenormalcy of k andLemmas1.11,1.16imply thatK compensatesL in λ � 1� .
Now assumethat(b) holds.
If x � 0 then # a # 0 � # a # 1 ' 1, # a � 1 # 0 � # a � 1 # 1, P1

�
k � � 0, P0

�
k � � A0 sincek is

r-movable,andP0
�
k �?� 1 is unoccupiedin bothλ andλ � 1� . Sod0

�
a� � 1 and

L � " l � � a � 1� 0 # P0
�
l � � P0

�
k �@� 1 $ �

K � " k� � � a� 0 # k� U k $ �
By 1.11thenormalcy of k impliesthatK compensatesL in λ, andsoK compensates
L in λ � 1� accordingto Lemma1.16.

Let x � 0 andassumethat fx is properfor λ � 1� . Thenex is theonly new proper
beadin

�
a� 0, andrunnera � 1 of λ hasnonew properbeads.Thusd0

�
a� � 1 and�

a � 1� 1 � � a � 1� 0 � " f1 � ����� � fx $Xf L � �
K � " e1 � ����� � ex� 1 $gf " k $gf K �

where

L � � " l � � a � 1� 1 # l U f1 $ �
K � � " k� � � a� 1 # k� U k $ �

Thenormalcy of k in λ andLemma1.11imply thatK � compensatesL � in λ, hence
in λ � 1� in view of 1.16.Also, " e1 � ����� � ex� 1 $Xf " k $ clearlycompensates" f1 � ����� � fx $
in λ � 1� .
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If x � 0 and fx is improperfor λ � 1� , weseethat fx is theonly new properbeadin
runnera � 1 of λ, andex � ex� 1 (or ex � k if x � 1) arethenew properbeadsin runner
a of λ. Sod0

�
a� � 1. Theproof of thefact that

�
a� 1 compensates

�
a � 1� 1 in λ � 1�

is similar to theproof in thepreviouscase,using1.11and1.16.
In theotherdirection,assumethatd0

�
a� � 2 and " l1 � ����� � lr � 1 $ is compensated

in λ � 1� . By Lemma2.6,a , 1 andtherearebeadsk � m with P1
�
k � � 0, P1

�
m� � 1,

P0
�
k � � 1, andP0

�
m� � p ' 1 � Let gv � ks� � r � 1 � v� for v � / 1 � r � 10 . Theng1 U����� U gr � 1 are the top r � 1 beadsin

�
a� 1, and G � " g1 � ����� � gr � 1 $ compensates

L � � " l1 � ����� � lr � 1 $ in λ � 1� . If P1
�
gr � 1 � � 1 ' p then G compensatesL � in λ by

Lemma1.14(i). Otherwise,G compensatesL � in λ by Lemma1.14(iii) because
P1
�
lr � 1 � � P1

�
lr � � p. In addition,mcompensateslr in λ sinceP0

�
lr � � p. In view

of Lemma1.11,k is normalfor λ (hencegood);thus(a)holds.By Lemma4.3this
meansthatk is degeneratefor λ.

Assumed0
�
a� � 1 andL is compensatedin λ � 1� . Let gv � ks� � r � v� , v � / 1 � r 0 .

ThenG � " g1 � ����� � gr $ compensatesL in λ � 1� . Sinced0
�
a� � 1 therearesomenew

beadsin λ, henceR0 � R1 � 0 andposition0 is occupiedin λ � 1� . Let mbethebead
with P1

�
m� � 0.

In view of Lemma2.7,oneof thefollowing occurs.

(α) a , A0, P0
�
m� � A0, andm is theonly new properbeadin

�
a� 0;

(β) a , A0 &, 0 � 1, P0
�
m� � A0, and thereare improperbeadsl and k with

P0
�
m�P� 1 � P1

�
l � , P0

�
m� � P1

�
k � , P0

�
l � � P1

�
l � , andP0

�
k � � P0

�
m�G' p. In

thiscasemandk arethenew properbeadsin
�
a� 0 andl is thenew properbead

in
�
a � 1� 0;

(γ) a , 1, P0
�
m�Z� � 1 � p� andthereis abeadk with P1

�
k � � 1 � P0

�
k � which is

theonly new properbeadin
�
a� 0.

Considercase(α). If P0
�
m�P� 1 is unoccupiedin λ � 1� thenK compensatesL in

λ by Lemma1.14,parts(i) and(iii), andm is goodfor λ by Lemma1.11. So(b)
holds,andby Lemma4.3,k is degeneratefor λ.

If P1
�
lr � � P0

�
m�P� 1 thenP1

�
gr � � P0

�
m� sinceG compensatesL in λ � 1� . Let

u � / 1 � r 0 besuchthatP1
�
lv � � P0

�
lv
 1 ��' p for v � / u � r � andpositionP1

�
lu �@� p is

unoccupiedin λ � 1� . ThensinceGcompensatesL in λ � 1� wehaveP1
�
gv � � P1

�
lv ��' 1

for all v � / u � r 0 . Theneu is thetopbeginningin
�
a� 0. Moreover, eu is goodin view

of Lemma1.14,parts(i) and(iii), andso(b) holds.By Lemma4.3,eu is degenerate
for λ.

In case(γ) we immediatelyseethatk is good,so(a) holds,andby Lemma4.3,
k is degeneratefor λ. Case(β) is similar to (α).

5. COMPENSATION AND “ STEPS”

Themainresultof thissectionis Corollary5.8,giving anecessaryandsufficient
conditionfor theoccurenceof a degeneratebeadin runnera of λ, in termsof the
dj
�
a� . Throughoutthesection0 � j � z.

Lemma 5.1. Let l � � a � 1� j .
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i. If # a # j � # a # j 
 1 ' 1 andk � � a� j is a new beadof λ � j � then " k $ compensates" l $ .
ii. If # a # j � # a # j 
 1 ' 2 andk� � k � � a� j , k� U k are new properbeadsof λ � j � then" k $ compensates" l $ and " k � k� $ compensatesany subsetL S � a � 1� j with# L # � 2.

Proof. It follows from Lemmas2.2and2.4thatPj
�
l � � Pj

�
k �?� 1 for any l � � a� j ,

giving (i). To prove (ii) we have alsoto noticethatPj
�
k� � � Pj

�
k �G' p in view of

Lemma2.2.

Lemma 5.2. Assumethat dj
�
a�b� 0, and let L bea subsetof

�
a � 1� j with # L # �# a � 1 # j ' dj

�
a�E' 1. ThenL is notcompensatedin λ � j � .

Proof. Let
�
a � 1� j � " l1 U ����� U lr $ .

Assumethatdj
�
a� � � 2. We mustshow that if # L # � r � 1, thenL is not com-

pensatedin λ � j � . It is clearlysufficient to prove that

L � � " l1 U ����� U lr � 1 $
is notcompensatedin λ � j � .

It follows from Lemma2.9thatlr � 1 andlr arethenew properbeadsof
�
a � 1� j ,

andthat
�
a� j doesnothave new properbeads,i.e.

�
a� j � � a� j 
 1. Moreover, by the

samelemma,lr � 1 is animproperbeadin runnera � 1 of λ � j 
 1� , and

Pj 
 1
�
lr �Z� Pj

�
lr � � Pj 
 1

�
lr � 1 � � Pj

�
lr � 1 �@� p �

Notice that position Pj 
 1
�
lr � 1 �e' 1 is unoccupiedin λ � j 
 1� , since if Pj 
 1

�
k � �

Pj 
 1
�
lr � 1 �^' 1 thenk wouldbeanew properbeadin

�
a� j . ThereforePj 
 1

�
lr � 1 �^' 1

is alsounoccupiedin λ � j � .
Let w bethesmallestintegersuchthat

Pj 
 1
�
lv � � Pj 
 1

�
lv
 1 ��' p for v � /w� r � 1� � Pj 
 1

�
lw ��' p is unoccupiedin λ � j ���

ThenPj
�
lv � � Pj 
 1

�
lv �G' p � v � /w� r � 10 andPj

�
lw �G' 1 is unoccupiedin λ � j � by

Lemma1.12(i).Now it follows thatL � is notcompensatedin λ � j � since# " l � L � # Pj
�
l �>� Pj

�
lw �k$ # � # " lw � ����� � lr � 1 $ # � r � w�# " k � � a� j

# Pj
�
k �>� Pj

�
lw ��' 1$ # � r � w � 1 �

If dj
�
a� � � 1 we have to prove that " l1 U ����� U lr $ is not compensatedin

λ � j � . This is similar to the casedj
�
a� � � 2 above, usingLemma2.8 insteadof

Lemma2.9.

Notation. For theremainderof thesectionweassumethat�
a � 1� 0 � " l1 U ����� U ls $

andput jv � St
�
lv � for v � / 1 � s0 . Then j1 �l�����G� js. (cf. Definition 1.17andthe

remarkfollowing it.)
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Definition 5.3. WedefineanintegerM � / 0 � s0 , integersh1 � ����� � hM, andbeadsk1 U����� U kM � � a� 0 inductively asfollows.
If St

�
k � � j1 for all k � � a� 0 we setM � 0. Otherwiselet k1 bethelowestbead

in
�
a� 0 suchthatSt

�
k1 �A� j1.

Assumewe have alreadydefinedk1 � ����� � kt . If either(1) t � s or (2) t � s but
St
�
k � � jt 
 1 for all k � � a� 0 with k R kt , thenweputM � t. Otherwise,let kt 
 1 be

thelowestbeadin
�
a� 0 suchthatSt

�
kt 
 1 �>� jt 
 1 andkt 
 1 R kt .

Finally puthv � St
�
kv � for v � / 1 � M 0 .

Proposition5.4. Assumer � sand j � jr (i.e. lr � � a � 1� j ). ThenL � " l1 � ����� � lr $
is compensatedin λ � j � if andonly if M � r andhr � j (i.e. kr � � a� j ).

Proof. Weproceedby inductionon r. Let r � 1.
Assume" l1 $ is compensatedin λ � j � . We maysupposethateither(1) j � j1 or

(2) j � j1 but " l1 $ is not compensatedin λ � j 
 1� . We mustshow that M � 1 and
h1 � j. Assumenot.

WeclaimthatSt
�
k � � j for any k � � a� j . Indeed,if M � 0 thenby Definition5.3,

St
�
k � � j1 � j for any k � � a� 0 m � a� j . If M � 1 and h1 � j, then k1 &� � a� j .

But St
�
k � � j for somek � � a� j implies k U k1 in λ andSt

�
k � � j � j1, which

contradictsDefinition5.3.
Thus # a # j � # a # j 
 1. Assumethat j � j1. Then # a � 1 # j 
 1 � 0 (sincel1 is the

lowestproperbeadin runnera), and # a � 1 # j � 0. Thusdj
�
a� � � # a � 1 # j � 0 and" l1 $ is notcompensatedin λ � j � by Lemma5.2,contraryto ourassumption.

Now assumethat j � j1 and " l1 $ is not compensatedin λ � j 
 1� . Let k � � a� j

be a beadsuchthat " k $ compensates" l1 $ in λ � j � . If k � � a� j 
 1 then " k $ would
compensate" l1 $ in λ � j 
 1� by Lemma1.16.HenceSt

�
k � � j. ThereforeM � 1 and

h1 � j sincek1 n k by definition.
In the otherdirection, let M � 1, h1 � j. Since j1 � h1 then l1 � � a � 1� h1.

Moreover, by Lemma5.1, " l1 $ is compensatedin λ � h1 � . By Corollary1.15, " l1 $ is
compensatedin λ � j � .

Now for theinductive step:Let r � 1 andassumethatthepropositionhasbeen
provedfor all subsets" l1 � ����� � lr � $ of

�
a � 1� j � for all j � andall r ��� r.

AssumethatL is compensatedin λ � j � . We maysupposethateither jr � j (i.e.
L &S � a � 1� j 
 1) or jr � j but L is not compensatedin λ � j 
 1� . SinceL is compen-
satedin λ � j � thenit is compensatedby thesetof thetop r beads,saym1 U ����� U mr ,
of
�
a� j .

By inductionwe have M � r � 1 � hr � 1 � j. AssumethatM � r � 1, or M � r
but hr � j.

Note that eithermr � kr � 1 or St
�
mr � � jr (or both) sinceotherwisewe would

have M � r, hr � j by Definition5.3.
If St

�
mr � � j then " m1 � ����� � mr $\S � a� j 
 1. Soin view of Lemma1.16,L S � a �

1� j 
 1 and " m1
����� � mr $ compensatesL in λ � j 
 1� . ThusSt

�
mr � � j andmr � kr � 1.

Weconsiderthreecases.
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(a) jr � 1 � j and " l1 � ����� � lr � 1 $ is compensatedin λ � j 
 1� . By the inductive hy-
pothesis,hr � 1 � j ' 1. But hr � 1 � St

�
kr � 1 � � St

�
mr � � j, giving a contradic-

tion.
(b) jr � 1 � j and " l1 � ����� � lr � 1 $ is notcompensatedin λ � j 
 1� . Now if St

�
mr � 1 � �

j then " m1 � ����� � mr � 1 $oS � a� j 
 1 andso " m1 � ����� � mr � 1 $ compensates" l1 � ����� � lr � 1 $
by Lemma1.16. So St

�
mr � 1 � � j. We claim that r � 3 andmr � 1 � kr � 2.

Indeed,if r � 2 we have St
�
m1 � � St

�
m2 � � j, St

�
l1 � � j, and St

�
l2 � � j �

Hencek1 n m1 U m2 � k1, giving a contradiction.If r � 3 andkr � 2 U mr � 1,
thenSt

�
mr � 1 � � St

�
mr � � j implieskr � 1 n mr � 1, giving acontradictionsince

kr � 1 � mr . Thuskr � 2 � mr � 1. Thereforehr � 2 � j � j ' 1. By the inductive
hypothesis," l1 � ����� � lr � 2 $ is not compensatedin λ � j 
 1� . But " m1 � ����� � mr � 2 $pS�
a� j 
 1 andso " m1 � ����� � mr � 2 $ compensates" l1 � ����� � lr � 2 $ in λ � j 
 1� byLemma1.16.

(c) jr � 1 � j. Thenalso jr � j. Thuswe get # a � 1 # j � # a � 1 # j 
 1 ' 2. Hence
dj
�
a�g� 0 becauseatmostonerunnercangrow by two beadswith theaddition

of a p-edge,cf. Corollary2.3.By Lemma5.2,L is notcompensatedin λ � j � .
In theotherdirection,assumethatM � r andhr � j. By Corollary1.15wemay

supposethat j � hr (takinginto accountthat jr � hr ).
We have jr � 1 � jr � j. If jr � 1 � j then jr � j; andhr � 1 � hr � j, hr � 1 � jr � 1

by definition. Sohr � 1 � hr � j which contradictsCorollary2.3. So jr � 1 � j, i.e." l1 � ����� � lr � 1 $\S � a � 1� j 
 1.
Weconsidertwo cases.

(a) hr � 1 � j. If r � 2 thenby Lemma5.1(ii), " k1 � k2 $ compensatesL in λ � j � .
Let r � 2. Since # a # j � # a # j 
 1 ' 2 by 2.1,we have hr � 2 � j. By theinductive
hypothesisL � � " l1 � ����� � lr � 2 $ is compensatedin λ � j 
 1� . Let N � " n1 U ����� U
nr � 2 $ be thesetof the top r � 2 beadsin

�
a� j 
 1. ThenN compensatesL � in

λ � j 
 1� . Wenotedabove that lr � 1 is aproperbeadin runnera � 1 of λ � j 
 1� . So
eitherPj 
 1

�
nr � 2 �o� Pj 
 1

�
lr � 2 �G' 1, or positionPj 
 1

�
nr � 2 �P� p is unoccupied

in λ � j 
 1� (sincenr � 2 is thetop (proper)beadof
�
a� j 
 1). Now N compensates

L � in λ � j � by Lemma1.14(iii) in the first caseandby Lemma1.14(i) in the
second.Now it sufficesto noticethat " kr � 1 � kr $ compensates" lr � 1 � lr $ in λ � j �
by Lemma5.1,and " kr � 1 � kr $gq N � /0 sinceSt

�
kr � 1 � � St

�
kr � � j.

(b) hr � 1 � j. Thenby the inductive hypothesisL � � " l1 � ����� � lr � 1 $ is compen-
satedin λ � j 
 1� . Let N � " n1 U ����� U nr � 1 $ be the setof the top r � 1 beads
in
�
a� j 
 1. If Pj 
 1

�
lr � 1 � � Pj 
 1

�
nr � 1 �?� 1 or theredoesnotexist abeadn with

Pj
�
n� � Pj 
 1

�
nr � 1 � thenN compensatesL � in λ � j � by Lemma1.14,parts(i)

and(iii), andthetopnew beadin
�
a� j compensates" lr $ in λ � j � by Lemma5.1.

Sowe mayassumethatPj 
 1
�
lr � 1 � � Pj 
 1

�
nr � 1 �P� 1 andPj

�
n� � Pj 
 1

�
nr � 1 �

for somenecessarilyimproperbeadn of λ � j 
 1� . Notethatlr &� � a � 1� j 
 1 since
otherwisePj 
 1

�
nr � 1 �P� p would beunoccupiedin λ � j 
 1� , giving a contradic-

tion. For thesamereasonwehave thateitherPj 
 1
�
lr � 1 �g� p or Pj 
 1

�
lr � 1 �G� p

is occupiedby animproperbead.
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Notice that Pj
�
lr � 1 � � Pj 
 1

�
lr � 1 � becauseotherwisenr � 1 would not be a-

movablein λ � j 
 1� . Sincelr R lr � 1, lr � � a � 1� j wegetPj
�
lr � 1 � � p. Soposi-

tion Pj 
 1
�
lr � 1 �@� p is occupiedby theimproperbeadlr in λ � j 
 1� (lr cannotbe

in arunnerof λ � j 
 1� otherthana becausethatwouldforcePj
�
lr � � Pj 
 1

�
lr � 1 � ,

contradictingPj
�
lr � 1 � � Pj 
 1

�
lr � 1 � ); thatis, Pj 
 1

�
lr � � Pj 
 1

�
lr � 1 �?� p. Since

Pj
�
lr � 1 � � Pj 
 1

�
lr � 1 � , wehave alsoPj

�
lr � � Pj 
 1

�
lr � .

We claim that Pj 
 1
�
n� � Pj 
 1

�
nr � 1 �F� p. Indeed,Pj 
 1

�
n� � Pj

�
n�j� p �

Pj 
 1
�
nr � 1 �P� p, andif n belongsto a runnerdifferentfrom a in λ � j 
 1� thenlr

is notproperfor λ � j � .
Sincelr is properfor λ � j � we alsoconcludethat thereexistssomebeadm

with Pj 
 1
�
m�A� Pj 
 1

�
lr � , andPj

�
m� � Pj 
 1

�
n� (thenm � � a� j sincePj

�
m� �

Pj
�
lr � ).
Now " n � n2 � ����� � nr � 1 $ compensatesL � in λ � j � by Lemma1.14(ii) and " m$

compensates" lr $ in λ � j � by Lemma5.1.

Recallthatzwasintroducedin Section1 asthelengthof theMullineux symbol
for λ, andtheintegers jv � St

�
lv � weredefinedbefore5.3.

Lemma 5.5. Let
�
a � 1� j � " l1 U ����� U lr $ andq � r. ThesubsetL � " l1 � ����� � lq $YS�

a � 1� j is compensatedin λ � j � if andonly if for everyh � / jq � z0 ,# " l � L # St
�
l �>� h$ # � # " k � � a� j

# St
�
k �>� h$ #(2)

Proof. AssumethatL is compensatedin λ � j � . Thenby Proposition5.4,M � q and
hq � j (hencekq � � a� j ). Let h � / jq � z0 . If w is minimalwith respectto St

�
lw �g� h,

thentheseton theleft handsideof (2) is " lw � ����� � lq $ . However theseton theright
handsideof (2) contains" kw � ����� � kq $ sinceSt

�
kv �>� St

�
lv � by definition.

Conversely, assumethat(2)holdsfor any h � / jq � z0 . Wewantto show thatM � q
andhq � j, andthento applyProposition5.4.

We may assumeq � 1. By inductionon t � 1 � 2 � ����� � q, we show that M � t,
ht � j: Puth � j1 � / jq � z0 . It follows from (2) thatM � 1, h1 � j. Supposet � q
andwe have alreadyprovedthatM � t � 1, ht � 1 � j. Puth � jt � / jq � z0 . Thenit
follows from (2) thatM � t andht � j (cf. Definition5.3).

Notation. Let
�
a � 1� j � " l1 U ����� U lr $ , q � r andh � / jq � z0 . Wedenote

L
�
h� � L j

�
q � h� � " l � " l1 � ����� � lq $ # St

�
l �Z� h $ ;

K
�
h� � K j

�
h� � " k � � a� j

# St
�
k �>� h $ �

Lemma 5.6. #K � h� # � # L � h� # � � r � q�E' ∑h
i : j di

�
a� .

Proof. Notethat #K � h� # � # a # j � # a # h
 1 and# L � h� # � # a � 1 # j � # a � 1 # h
 1 � � r � q� �
So #K � h� # � # L � h� # � # a # j � # a # h
 1 � � # a � 1 # j � # a � 1 # h
 1 ��' � r � q� �
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To completetheproof of thelemmait sufficesto recall thatdi
�
a� � # a # i � # a # i 
 1 �� # a � 1 # i � # a � 1 # i 
 1 � .

Corollary 5.7. Let
�
a � 1� j � " l1 U ����� U lr $ , q � r. ThesubsetL � " l1 � ����� � lq $\S�

a � 1� j is compensatedin λ � j � if andonly if for everyh � / j � z0 ,�
r � q�E' h

∑
i : j

di
�
a� � 0 �

Proof. In view of Lemmas5.5and5.6we have only to prove that if L is compen-
satedin λ � j � , then

�
r � q�E' ∑h

i : j di
�
a� � 0 for everyh � / j � jq � . For suchh write�

r � q�E' h

∑
i : j

di
�
a� � � r � q�E' # a # j � # a # h
 1 � � # a � 1 # j � # a � 1 # h
 1 �� � r � q�?� � # a � 1 # j � # a � 1 # h
 1 � �

But # a � 1 # j � # a � 1 # h
 1 � # " l � " l1 � ����� � lr $ # St
�
l �>� / j � h0r$ #� # " l � " l1 � ����� � lr $ # St
�
l �>� / j � jq �k$ #� # " lq
 1 � ����� � lr $ # � r � q �

Corollary 5.8. Runnera of λ containsa degenerategoodbeadif andonly if

h

∑
i : 0

di
�
a� � 0 for anyh � / 0 � z0 �

Proof. This follows immediatelyfrom Corollary5.7andProposition4.4

6. NEIGHBOUR RUNNER SIZES FOR λ AND m
�
λ � .

The purposeof this sectionis to prove Corollary 6.7, which expresses#A0 '
ε0 � a # j � #A0 ' ε0 � a � 1 # j in termsof the # a # j � # a � 1 # j . (Recall that we use
superscriptsto representquantitiesassociatedwith m

�
λ � , andsubscriptsfor λ.)

Let γ be a p-regular partition and let Γ be an abacusfor γ. Throughoutthis
sectionwe useelementsof the residuesystem

/
0 � p� to representresidueclasses

modulop, whendiscussingrunnernumbers.

Notation. Denoteby sΓ theabacusobtainedfrom Γ by moving all beadsup along
their runnersasfar asthey cango.

Example. If

Γ � � k � � l� m � n �
q � r s �� t u � v
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then sΓ � q k r n l� m u s v� t

Weneedto recallsomenotionsconcerningp-coresof Youngdiagrams.Details
canbefoundin [12].

A rim p-hookof aYoungdiagramis aconnectedpartof its rim, having lengthp,
andsuchthatafterits removal,whatremainsis againaYoungdiagram.A partition
is calleda p-coreif andonly if its Youngdiagramdoesnot have any rim p-hooks.
For any partitionγ onecanremove rim p-hooksfrom its Youngdiagramoneafter
another(in any order)until a diagramof a p-coreis obtained.Thelatterpartition
(which is well defined,cf. [12]) is calledthe p-coreof γ. Wedenoteit by core

�
γ � .

Wemake useof thefollowing results.

Proposition6.1. [10] Let Γ beanabacusfor γ.
i. Thereis a 1-1correspondencebetweenrim p-hooksof γ andbeadsmof Γ such

that thepositionimmediatelyabovem (i.e. positionPΓ
�
m�?� p) is unoccupied

in Γ. Moreover, the abacusobtainedfrom Γ by moving such a beadm up
onepositionis an abacusfor the partition obtainedfrom γ by removing the
correspondingrim p-hook.

ii. γ is a p-core if andonly if whenever position f of Γ is occupied,all positions
of theform f � vp areoccupied(i.e. Γ � sΓ).

iii. sΓ is anabacusfor core
�
γ � .

Proposition6.2. [22] If γ is a p-regular partition thencore
�
m
�
λ ��� � core

�
λ � � (re-

call that “ � ” meansconjugation).

Notation. i. For any abacusΓ we denoteby " a $ Γ the numberof all (not just
proper)beadsin runnera of Γ.

ii. Let Γ beanabacusfor a p-core,cf. Proposition6.1(ii), andlet

d � max
a t5u 0 D p� " a $ Γ

�
WedefineanabacusΓ � via thefollowing:

(1) Γ � is anabacusfor a p-core;
(2) " a $ Γ � � d � " p � 1 � a $ Γ for all a � / 0 � p� .

Lemma 6.3. LetΓ beanabacusfor a p-core partition γ. ThenΓ � is anabacusfor
γ � .
Proof. Let Γ have T beads. Then Γ is constructedfrom the sequencesT

�
γ � �" s0 � s1 � ����� � sv � ����� $ of spacesandbeadsasexplainedin Section1.

If U is suchthatsv � “ � ” for any v � U , we definea new sequencesT DU � γ � �" t0 � t1 � ����� � tv � ����� $ by setting

tv �CB “ � ” if v � U or v � U � sU � v � “ ; ”

“ ; ” otherwise.
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Example. If γ � � 4 � 22 � 13 � � T � 7 � U � 15 then

sT
�
γ � � ; � ; ; ; � ; ; � � ; �

sT DU � γ � � ; ; ; ; � ; ; � � ; � � � ; �
It follows from thedefinitionsthatsT DU � γ � � sU � T

�
γ � � . Now it remainsto notice

that if U is minimal with respectto sv � “ � ” for any v � U andU , 0, thenthe
abacusconstructedfrom sT DU � γ � is Γ � .
Lemma 6.4. Let Γ beanabacuswith T beads,V of which areproper. Then# a # Γ � # a � 1 # Γ �wvxy xz

" a $ Γ � " a � 1 $ Γ � 1 � if T � V &, 0 � a , 0;" a $ Γ � " a � 1 $ Γ ' 1 � if T � V &, 0 � a , T � V;" a $ Γ � " a � 1 $ Γ � otherwise.

Proof. Theimproperbeadsof Γ occupy positionsfrom 0 to T � V � 1 in Γ. Soif
wewrite T � V � Qp ' Rwith Q � R �2- � 0 � R � p, then# a # Γ � B " a$ Γ � Q � if a , x with 0 � x � p � x � R;" a$ Γ � Q � 1 � if a , x with 0 � x � p � x � R�
Thelemmafollows.

Lemma 6.5. LetΓ1 � Γ2 betwoabacifor γ with T1 andT2 beads,respectively. Then# a # Γ1 � # a ' T2 � T1
# Γ2 for anya � / 0 � p� .

Proof. Assumewithoutlossof generalitythatT2 � T1. LetsT1

�
γ � � " s0 � s1 � ����� � sv � ����� $ ,

sT2

�
γ � � " t0 � t1 � ����� � tv � ����� $ . Thentv � “ ; ” for v � / 0 � T2 � T1 � andtv
 T2 � T1 � sv for

v � 0. Thelemmafollows.

Proposition6.6. Let Γ betheabacuswith Rbeadsfor a p-regular partition γ and
let Ω be theabacuswith S beadsfor m

�
γ � . Assumethat r beadsof Γ are proper

andsbeadsof Ω areproper. For anya � / 0 � p� , put â , R ' S � a. Then# â # Ω � # â � 1 # Ω �Ivxy xz
# a # Γ � # a � 1 # Γ � 1 � if a , R � r � r ' s &, 0;# a # Γ � # a � 1 # Γ ' 1 � if a , R ' s� r ' s &, 0;# a # Γ � # a � 1 # Γ � otherwise.

Proof. For any abacusΛ we let δΛ # a # � # a # Λ � # a � 1 # Λ andδΛ " a$ � " a$ Λ � " a �
1$ Λ

�
Note that it suffices to prove that δΩ # â # � δΓ # a # � " 0 �|{ 1 $ and that δΩ # â # �

δΓ # a # ' 1 is equivalentto a , R ' s� r ' s &, 0. Indeed,if this is proved thenap-
plying it to Γ andΩ interchangedwe have thatδΩ # â # � δΓ # a # � 1 is equivalentto
â , S ' r � r ' s &, 0, which is in turn equivalent to a , R � r � r ' s &, 0 (since
â , R ' S � a).

By definitionwehave" a $ Γ � " a $~}Γ � d � " p � 1 � a $~}Γ � �
Hence

δ }Γ � " � a $ � δΓ " a$ �(3)
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By Proposition6.1(iii), sΓ is an abacusfor core
�
γ � . So Proposition6.2 and

Lemma6.3 imply that sΓ � is anabacusfor core
�
m
�
γ ��� . Let sΓ � haveU beads.Then

U ,�� RsincesΓ hasRbeads.
Let Ω1 beanabacusfor m

�
γ � havingV ,�� Rbeads.ThenbyProposition6.1(iii),sΩ1 is an abacusfor core

�
m
�
γ ��� having V beads.SinceV , U , we have, for any

b � / 0 � p� :
δ }Ω1 " b$ � δ }Γ � " b$ �(4)

Since " b $ Ω1 � " b$4}Ω1
, equations(3) and(4) give us

δΩ1 " � a$ � δΓ " a$ �(5)

Now weuseLemma6.4. Wehave

δΩ1
# � a # � vxy xz

δΩ1 " � a$A� 1 � if � R � s &, 0 � � a , 0;

δΩ1 " � a$g' 1 � if � R � s &, 0 � � a ,�� R � s;

δΩ1 " � a$ � otherwise;

(6)

and

δΓ " a$ � vxy xz
δΓ # a # ' 1 � if R � r &, 0 � a , 0;

δΓ # a # � 1 � if R � r &, 0 � a , R � r;

δΓ # a # � otherwise.

(7)

It followsfrom(5)–(7)thatδΩ1
# � a # � δΓ # a # � " 0 �|{ 1 �|{ 2$ . Moreover, δΩ1

# � a # �
δΓ # a # ' 2 if andonly if � R � s &, 0 � � a ,�� R � s andR � r &, 0 � a , 0, which is
impossible.Similarly δΩ1

# � a # � δΓ # a # � 2 is impossible.
Let usprove thatδΩ1

# � a # � δΓ # a # ' 1 if andonly if a , R ' s� r ' s &, 0. Then
thepropositionwill follow sinceδΩ # � a ' S � V # � δΩ1

# � a # in view of Lemma6.5,
and � a ' S � V ,�� a ' S ' R , â.

It follows from (5)–(7) that δΩ1
# � a # � δΓ # a # ' 1 if andonly if oneof the fol-

lowing conditionsholds.
(1) � R � s &, 0 � � a ,�� R � s� R � r , 0;
(2) � R � s &, 0 � � a ,�� R � s� R � r &, 0 � a &, 0 � a &, R � r;
(3) � R � s , 0 � R � r &, 0 � a , 0;
(4) � R � s &, 0 � � a &, 0 � � a &,�� R � s� R � r &, 0 � a , 0 �
Now it sufficesto remarkthat
(1) is equivalentto a , R ' s� r ' s &, 0 � a , r ' s;
(2) is equivalentto a , R ' s� r ' s &, 0 � a &, 0 � a &, r ' s;
(3) is equivalentto a , R ' s� r ' s &, 0 � a , 0;
(4) is impossible.

Corollary 6.7. Put â � A0 ' ε0 � a. Then# â # j � # â � 1 # j �Ivxy xz
# a # j � # a � 1 # j � 1 � if a , R0 � Rj � A j &, 0 � A j &,�� 1;# a # j � # a � 1 # j ' 1 � if a , R0 ' Sj � A j &, 0 � A j &,�� 1;# a # j � # a � 1 # j � otherwise.
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Proof. Recall that Rj ' Sj � A j ' ε j . Moreover, A j ' ε j &, 0 if andonly if A j &,
0 � A j &,l� 1. Now it sufficesto recallthatλ � j � (resp.m

�
λ � � j � ) is theabacuswith R0

(resp.S0) beads,Rj (resp.Sj ) of whichareproper, andapplyProposition6.6.

7. THE OCCURRENCE OF DEGENERATE BEADS FOR λ AND m
�
λ � .

Themainresultof thissectionsaysthatrunneraof λ hasadegenerategoodbead
if andonly if runnerâ of m

�
λ � does.Throughout,j � / 0 � z0 andâ , A0 ' ε0 � a.

Lemma 7.1. Letdj
�
a� � 0. Thend j � â� � dj

�
a�G� 1, andif d j � â� � dj

�
a�G� 1 then

j � z� a , R0 ' Sj 
 1 � A j 
 1 &, 0 � andA j 
 1 &,�� 1 �
Proof. If a , R0 � Rj andA j &, 0, thenit follows from Lemmas2.5, 2.6,and2.7
thatdj

�
a�A� 0, giving acontradiction.SoCorollary6.7implies# â # j � # â � 1 # j � # a # j � # a � 1 # j ' x

wherex � 1 if a , R0 ' Sj , A j &, 0, A j &,�� 1, andx � 0 otherwise.Again by 6.7
wehave # â # j 
 1 � # â � 1 # j 
 1 � � # a # j 
 1 � # a � 1 # j 
 1 �Z� " 0 �|{ 1 $ �
Summarizing,wehave d j � â� � dj

�
a�@� 1; andd j � â� � dj

�
a�@� 1 implies# â # j 
 1 � # â � 1 # j 
 1 � # a # j 
 1 � # a � 1 # j 
 1 ' 1 �

Therefore j ' 1 � z and, in view of 6.7, a , R0 ' Sj 
 1, A j 
 1 &, 0, and A j 
 1 &,� 1 �
Lemma 7.2. Letd j � â�A� 0. Thendj

�
a�>� 0, andif dj

�
a� � d j � â� theneither

a , R0 � Rj � A j &, 0 � andA j &,�� 1

or

j � z� a , R0 ' Sj 
 1 � A j 
 1 &, 0 � andA j &,�� 1 �
Moreover, if dj

�
a� � d j � â��' 2 thenbothof theaboveconditionshold.

Proof. If dj
�
a� � 0 thend j � â� � 0 by the previous lemma. So dj

�
a�Y� 0. The

remainderof thelemmafollows from Corollary6.7.

Lemma 7.3. If

a , R0 ' Sj � A j &, 0 � A j &,�� 1

thendj
�
a�>� 0 andeither

d j � â� � dj
�
a�

or

d j � â� � dj
�
a� � j � z� a , R0 ' Sj 
 1 � A j 
 1 &, 0 � A j 
 1 &,�� 1 �
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Proof. Wehave a , R0 ' Sj � R0 ' A j ' ε j � Rj � R0 � Rj ' A j ' 1, with A j &, 0.
Soby Lemmas2.8(iii) and2.9, we have dj

�
a�b� 0. The remainderfollows from

Corollary6.7.

Lemma 7.4. Let j � 0, a , R0 � Rj , A j &, 0, andA j &,�� 1. Thenoneof thefollow-
ing occurs.

i. dj � 1
�
a�>� 0 andeither

d j � 1 � â� � dj � 1
�
a�

or

d j � 1 � â� � dj � 1
�
a� � a , R0 � Rj � 1 � A j � 1 &, 0 � andA j � 1 &,�� 1 �

ii. dj � 1
�
a� � 0 andd j � 1 � â� � dj � 1

�
a� .

Proof. By Corollary6.7,we have d j � 1 � â� � dj � 1
�
a��' x wherex � 0 if a , R0 �

Rj � 1 � A j � 1 &, 0 � A j � 1 &,�� 1 andx � 0 otherwise.If dj � 1
�
a�b� 0 we get (i). Let

dj � 1
�
a� � 0. Wehave to show thatx � 0.

If onthecontraryx � 0, thena , R0 � Rj � 1, A j � 1 &, 0, andA j � 1 &,3� 1. Sinceby
assumptiona , R0 � Rj , wegetRj � 1 � Rj , 0. ThusA j � 1 &, 0, A j � 1 &, Rj � 1 � Rj ,
A j � 1 &, Rj � 1 � Rj � 1, anda , R0 � Rj . It follows from 2.8(ii) thatdj � 1

�
a� � � 1,

giving a contradiction.

Lemma 7.5. Let

j � 0 � a , R0 ' Sj � 1 � A j � 1 &, 0 � A j � 1 &,�� 1

and

a , R0 � Rj � A j &, 0 � A j &,l� 1 �
Thendj � 1

�
a� � � 2 andd j � 1 � â� � 0.

Proof. It follows from Corollary6.7 thatd j � 1 � â� � dj � 1
�
a�E' 2. If dj � 1

�
a� � � 2

thend j � 1 � â� � 0. But by Lemma7.1(appliedto m
�
λ � in placeof λ), d j � 1 � â� � 0

impliesdj � 1
�
a� � d j � 1 � â�?� 1, giving a contradiction.

In thefollowing two propositionswewrite dj for dj
�
a� andd j for d j � â� .

Proposition7.6. Letd0 � 0 and" j1 � ����� � j f $ � " j � / 0 � z0 # d j � dj $ �
For everyt � / 1 � f 0 , there exist eitherxt or yt or bothsuch that

i. 0 � xt � jt � dxt � dxt � dv � dv for all v � � xt � jt � ;
ii. jt � yt � z� dyt � dyt � dv � dv for all v � � jt � yt � , anddv � 0 for all v � � jt � yt 0 ;

iii. If d jt � djt � 2 thenbothxt andyt exist;
iv. If yt existsandt � f thenyt � jt 
 1. If xt existsandt � 0 thenxt � jt � 1.
v. If yt andxt 
 1 bothexist thenyt � xt 
 1, andyt � xt 
 1 impliesdyt � � 2 � dyt � 0.
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Proof. Let t � / 1 � f 0 . If djt � 0 thenby Lemma7.1,

d jt � djt � 1 � jt � z� a , R0 ' Sjt 
 1 � A jt 
 1 &, 0 � andA jt 
 1 &,l� 1 �
SoLemma7.3impliesthatdjt 
 1 � 0 andeither

d jt 
 1 � djt 
 1 �
in whichcaseweputyt � jt ' 1, or

d jt 
 1 � djt 
 1 � jt ' 1 � z� a , R0 ' Sjt 
 2 � A jt 
 2 &, 0 � andA jt 
 2 &,�� 1 �
Applying Lemma7.3repeatedlywefind anintegeryt suchthat

jt � yt � z� a , R0 ' Sv � Av &, 0 � Av &,�� 1 � dv � 0

for all v � � jt � yt 0 � dv � dv for all v � � jt � yt � � anddyt � dyt
�(8)

Now assumedjt � 0. Then jt � 0 (sinced0 � 0 by assumption),andd jt � 0. By
Lemma7.2,either

a , R0 � Rjt � A jt &, 0 � A jt &,�� 1

or

jt � z� a , R0 ' Sjt 
 1 � A jt 
 1 &, 0 � A jt 
 1 &,�� 1 �
andbothof theseconditionshold if d jt � djt � 2.

If the latter conditionholdsthenapplyingLemma7.3 repeatedlyasabove we
show that(8) holds.

If theformerconditionis truethenby Lemma7.4wehave either

d jt � 1 � djt � 1 �
in whichcaseweputxt � jt � 1, or

d jt � 1 � djt � 1 � 0 � a , R0 � Rjt � 1 � A jt � 1 &, 0 � andA jt � 1 &,�� 1 �
Theassumptiond0 � 0 now implies jt � 1 � 0. Applying theseargumentsrepeat-
edlywefind anintegerxt � 0 suchthat

a , R0 � Rv � Av &, 0 � Av &,�� 1 for all v � � xt � jt 0 �
dv � dv for all v � � xt � jt � � anddxt � dxt

�(9)

Assumethat yt exists for somet � f . Sincedv � dv for any v � � jt � yt � and
dyt � dyt , wegetyt � jt 
 1. Similarly xt � jt � 1.

Assumethatbothyt andxt 
 1 exist. Thendv � dv for any v � � jt � yt ��f � xt 
 1 � jt 
 1 � ,
dyt � dyt , anddxt � dxt imply yt � xt 
 1.

Finally notice that if yt � xt 
 1 � : u then it follows from (8) and(9) that a ,
R0 ' Su � Au &, 0 � Au &,3� 1 anda , R0 � Ru
 1 � Au
 1 &, 0 � Au
 1 &,�� 1. Soit suffices
to applyLemma7.5to completetheproofof theproposition.

Proposition7.7. Assumethat Sh : � d0 ' d1 ' ����� ' dh � 0 for anyh � / 0 � z0 . Then
Sh : � d0 ' d1 ' ����� ' dh � 0 for anyh � / 0 � z0 .
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Proof. Sinced0 � S0 � 0 wemayapplyProposition7.6.Let" j1 � ����� � j f $ � " j � / 0 � z0 # d j � dj $
andxt � yt beasin 7.6.

First,weprove by inductiononh thefollowing intermediatefact.

( � ) Sh � Sh � 1, andif Sh � Sh � 1 thenh � / jt � yt � for somet suchthatyt

exists.

If h � 0 andd0 � S0 � S0 � d0 thenLemma7.1impliesS0 � S0 � 1. Moreover,
wehave j1 � 0 and,by Proposition7.6,y1 exists.

Let h � 0 andassumethatSh � Sh.
If h &� " j1 � ����� � j f $ , i.e. dh � dh, thenSh� 1 � Sh � 1. By the inductive hypothesis

we have Sh� 1 � Sh� 1 � 1, and h � 1 � / jt � yt � for somet suchthat yt exists. If
h � 1 � yt � 1 thenh � � jt � yt � , hencedh � dh andSh � Sh � 1,h � / jt � yt � , asdesired.
If h � 1 � yt � 1 thenh � yt , dh � dh, andSh � Sh, contraryto ourassumptionthat
Sh � Sh.

Now assumethath � jt for somet � / 1 � f 0 .
We first show that if xt exists then Sh � 1 � Sh � 1. Indeed,we prove first that

Sxt � Sxt . By Proposition7.6,wehave thatoneof thefollowing holds:= yt � 1 doesnotexist;= yt � 1 � xt ; or= yt � 1 � xt � dxt � 0 � dxt � � 2.

In thefirst two casesxt � 1 &� / jv � yv � for any v in view of 7.6. Soby theinductive
hypothesiswegetSxt � 1 � Sxt � 1 or xt � 0. Sodxt � dxt impliesSxt � Sxt . In thethird
caseby theinductivehypothesiswegetSxt � 1 � Sxt � 1 � 1 or xt � 0. Sodxt � dxt ' 2
impliesSxt � Sxt again. Now, sincedv � dv for any v � � xt � jt � we concludethat
Sh � 1 � Sh � 1.

If d jt � djt � 2 thenby Proposition7.6 both xt andyt exist and it remainsto
noticethatSh � Sh � 1 ' d jt � Sh � 1 ' 1 ' djt � 2 � Sh � 1.

Let d jt � djt � 1. If xt exists then it follows from Sh � 1 � Sh� 1 that Sh � Sh.
Assumethatxt doesnotexist. Thenby Proposition7.6yt exists,andwehave only
to prove thatSh � Sh � 1. NotethatSh � 1 � Sh� 1 by theinductive hypothesissince
h � 1 &� / jv � yv � for any v suchthatyv exists.Indeed,if onthecontraryh � 1 � / jv � yv �
then jt � h � � jv � yv 0 whenced jt � djt , giving a contradiction.Now Sh � Sh � 1
follows.

Thus( � ) is completelyproved.

Now assumethat thereexistssomeh with Sh � 0. If Sh � 0 thenSh � Sh ' 1
impliesSh � 0, giving acontradiction.SoSh � 0, Sh � 1, andh � / jt � yt � for some
t suchthat yt exists. Then by Proposition7.6(ii), h ' 1 � z, dh
 1 � 0, whence
Sh
 1 � 0, againgiving acontradiction.

Corollary 7.8. Runnera of λ containsa degenerategoodbeadif andonly if run-
ner â of m

�
λ � containsa degenerategoodbead.
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Proof. It follows from Proposition7.7 that∑h
i : 0di

�
a� � 0 for any h � / 0 � z0 if and

only if ∑h
i : 0di � â� � 0 for any h � / 0 � z0 . Now it sufficesto applyCorollary5.8.

8. PROOF OF THE MAIN THEOREM

In this sectionwe first translatesomeof the resultsobtainedabove from the
languageof abacito the languageof Youngdiagrams,and thenprove the main
theorem.

Werecallsomenotionsfrom [17]:
For apartitionγ � � l1 � l2 �������]� lm � 0� weconsiderits Youngdiagramasthe

subset

γ � " � i � j �a�1-�;�- # 1 � i � 1 � j � l i $\S�-�;�- �
wherewe imaginethe i-axisincreasingdownwardandthe j-axisincreasingto the
right.

All elements
�
i � j �Y��-	;2- arecallednodes, while the elements

�
i � j �Y� γ are

callednodesof thediagramγ.
If A � � i � j � is a nodewe denotetheresidueclass

�
j � i � � mod p� by resA and

call it theresidueof A.
If A � � i � j � andB � � i � � j ��� arenodeswesaythatB is aboveA (or thatA is below

B) if andonly if i � � i. In this casewewrite A � B.
Youngdiagramsµ andν aresaidto have thesameresiduecontentif andonly if

for any residueα modulop thenumberof nodesof residueα in µ is equalto the
numberof nodesof residueα in ν.

If l i � l i 
 1 thenthenode
�
i � l i � is calledaremovablenodefor γ (lm
 1 is interpreted

as0).
We call

�
i � j � an indentnodefor γ if i � 1 and j � l1 ' 1, or if i � 1, l i � l i � 1,

and j � l i ' 1.
If A � � i � l i � isaremovablenodefor γ wedenoteby γA thepartition

�
l1 � ����� � l i � 1 � l i �

1 � l i 
 1 � ����� � of n � 1 whoseYoungdiagramof is γ % " A $ .
Definition 8.1. Let A bea removablenodefor γ. Set

MA � " B # B is anindentnodefor γ � A � B � resB � resA $ �
Wecall A normalif andonly if for any B � MA thereexistsaremovablenodeC

�
B�

suchthatthefollowing threeconditionshold:
(1) A � C

�
B�`� B;

(2) resC
�
B� � resA;

(3) # " C � B� # B � MA $ # � #MA
# .

We call thenodeA goodif it is normalandA � D for any normalnodeD with
resD � resA.

We call a goodnodeA for γ degenerate if andonly if
�
λA � � 1� � λ � 1� . Otherwise

wecall it non-degenerate.

Lemma 8.2. Let γ be a p-regular partition and let Γ be an abacusfor γ with R
beads.AssumeB1 � ����� � Bq areall theremovablenodesfor γ andC1 � ����� � Cq
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are the top q indentnodesfor γ (there are q ' 1 indentnodesfor γ). Thenthere
existq endsandq beginningsfor Γ.

Moreover, let k1 � ����� � kq andl1 � ����� � lq beall thebeginningsandends,respectively,
for Γ, with PΓ

�
ki �[� PΓ

�
ki 
 1 � and PΓ

�
l i ��� PΓ

�
l i 
 1 � for i � / 1 � q� . Thenfor any

i � / 1 � q0 thefollowinghold.

i. Γ
�
ki � is anabacusfor γBi ;

ii. ki � � a� Γ if andonly if resBi � a � R;
iii. l i � � a � 1� Γ if andonly if resCi � a � R;
iv. ki is a normalbeadfor Γ if andonly if Bi is a normalnodefor γ;
v. ki is a goodbeadfor Γ if andonly if Bi is a goodnodefor γ;

vi. ki is a degenerategoodbeadfor Γ if andonly if Bi is a degenerategoodnode
for γ.

Proof. If werepresentγ in thecanonicalform (1) from theintroduction,thenk � q
andwecanwrite

γ � � να1
1 � ����� � ναq

q � � ν1 �������5� νq � 0 � αi � 0 �
The numbersof beginningsand endsfor Γ are both equalto the numberof

stringsof properbeadsin Γ which in turnequalsq.
Part (i) follows immediatelyfrom thedefinitions.
Notethat

Bq
 1� i � � α1 ' ����� ' αi � νi �
and

PΓ
�
kq
 1 � i � � � R � � α1 ' ����� ' αq �@� 1�E' νi ' � αi 
 1 ' ����� ' αq ��' 1� R ' νi � � α1 ' ����� ' αi � �

This implies(ii), and(iii) is obtainedsimilarly. Theremainingpartsof thelemma
follow from (i)–(iii) andthedefinitions.

Let λ bea p-regularpartitionof n. RecalltheMullineux symbols

Gp
�
λ � � 8

A0 A1
����� Az

R0 R1
����� Rz9 andGp

�
mn
�
λ ��� � 8

A0 A1
����� Az

S0 S1
����� Sz 9 �

Lemma 8.3. i. If A is a non-degenerategoodnodefor λ of residueα thenthere
existsa goodnodeC for λ � 1� , with resC � α and

�
λA � � 1� � � λ � 1� � C. Moreover,

in thiscasethefirst columnof theMullineuxsymbolGp
�
λA � is

8
A0

R0 9 .

ii. There existsa degenerate goodnodeof residueα for λ if and only if there
existsa degenerategoodnodeof residue� α for m

�
λ � .

iii. If A is a degenerate goodnodefor λ thenthe first columnof the Mullineux

symbolGp
�
λA � is equalto

8
A0 � 1
R0 � ξ 9 where ξ � 0 or ξ � 1.

iv. LetA bea degenerategoodnodefor λ andξ bedefinedasin (iii) . ThenA0 , 1
impliesξ � 1, andA0 , 0 impliesξ � 0.

v. If there existsa goodnodeof residueα for λ � 1� thenthere existsa goodnode
of residueα for λ.
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Proof. Accordingto Lemma8.2,thereexistsagoodnodeof residueα for λ (resp.,
λ � 1� ) if andonly if thereexistsa goodbeadin runnera � α ' R0 of thecanonical
abacusfor λ (resp.,abacuswith R0 beadsfor λ � 1� ). By thesamelemma,this good
nodeis degenerateif andonly if thecorrespondinggoodbeadis so.

Similarly, to a(degenerate)goodnodeof residue� α for m
�
λ � therecorresponds

a (degenerate)goodbeadin runner � α ' S0 of thecanonicalabacusfor m
�
λ � .

Noticethatâ , R0 ' S0 � a ,�� α ' S0. Now part(i) follows from Lemma4.3(i)
and(iii); part (ii), from Corollary 7.8; part (iii), from Lemma4.3(iii); part (iv),
from Lemma4.3(iv); and,finally, part(v) follows from Corollary3.3.

In theproofof 8.7weshallneedthefollowing threeresults.

Lemma 8.4 ([12, 2.7.41]). Supposethatν andµarepartitionsof thesameinteger.
Thencore

�
ν � � core

�
µ� if andonly if theYoungdiagramsof ν andµ havethesame

residuecontent.

Lemma 8.5. Let ν andµ be p-regular partitionswith

Gp
�
ν � � 8

A0 A1
����� Az

R0 R1
����� Rz9 � Gp

�
µ� � 8

A0 A1
����� Az

R0 � 1 R1
����� Rz9 �

If A0 &, 0 thencore
�
ν �Y&� core

�
µ� .

Proof. Wehave ν � 1� � µ� 1� . SinceA0 &, 0 wegetfrom 1.1thatR0 � 1 � R1 � 0, or
R0 � R1 ' 2. Let A0 � pd ' r, with d � r �1- , r � � 0 � p� .

Any p-segmentof lengthp containsexactly onenodeof every residue.More-
over, thebottomp-segmentsof bothν andµcontainr nodes.SinceR0 � R1 ' 2, the
bottomp-segmentof ν containsnodesof residues� � R0 � 1��' x � x � / 0 � r � , while
the bottom p-segmentof µ containsnodesof residues� � R0 � 2�P' x � x � / 0 � r � .
Since0 � r � p, we concludethat ν and µ have distinct residuecontents. An
applicationof Lemma8.4completestheproof.

Lemma 8.6. Let γ be a p-regular partition, and α bea residuemodulop. Then
thenumberof nodesin γ of residueα is equalto thenumberof thenodesin m

�
γ �

of residue� α.

Proof. By Proposition6.2, core
�
m
�
γ ��� � � core

�
γ ��� � . So the numberof the nodes

of residue� α in core
�
m
�
γ ��� is equalto the numberof the nodesof residueα in

core
�
γ � . Now it remainsto noticethatany rim p-hookcontainsexactly onenode

of every residue.

Notation. If

8
B0 B1

����� Bz

T0 T1
����� Tz 9 is theMullineux symbolof a p-regularpartition

γ, thenfor any i � / 0 � z0 wewrite:

ε
�
Bi � � B 0 � if p #Bi �

1 � otherwise;

f
�
Bi � Ti � � Bi ' ε

�
Bi �?� Ti

�
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Thenby definition 8
B0 B1

����� Bz

f
�
B0 � T0 � f

�
B1 � T1 � ����� f

�
Bz � Tz � 9

is theMullineux symbolfor m
�
γ � .

Theorem8.7. SupposeA is a good nodefor a p-regular partition λ of n, with
resA � α. Thenthereexistsa goodnodeB for m

�
λ � with resB � � α, andm

�
λA � �

m
�
λ � B.

Proof. We prove the theoremby inductionon n. If n � 1, it is trivial. Assume
n � 1 andthetheoremhasbeenprovedfor all n� � n. Put

Gp
�
λ � � 8

A0 A1
����� Az

R0 R1
����� Rz9 � Gp

�
λA � � 8

B0 B1
����� Bx

T0 T1
����� Tx 9 �

Then

Gp
�
m
�
λ ��� � 8

A0 A1
����� Az

S0 S1
����� Sz 9 � Gp

�
m
�
λA ��� � 8

B0 B1
����� Bx

U0 U1
����� Ux 9

whereSi � f
�
Ai � Ri � for i � / 0 � z0 , andU j � f

�
B j � Tj � for j � / 0 � x0 .

Supposefirst that A is non-degenerate.Then, in view of Lemma8.3(i), there
is a goodnodeC for λ � 1� , with resC � α and

�
λA � � 1� � � λ � 1� � C. By the induc-

tive hypothesisthereis a goodnodeD for m
�
λ � 1� � � m

�
λ � � 1� , with resD � � α

and m
���

λ � 1� � C � � m
�
λ � 1� � D. According to Lemma8.3(v), thereis a good node

B for m
�
λ � with resB � � α. In view of 8.3(ii), B is non-degenerate.Therefore�

m
�
λ � B � � 1� � � m� λ � � 1� � D. Let

Gp
�
m
�
λ � B � � 8

C0 C1
����� Cy

V0 V1
����� Vy 9 �

Since

m
���

λA � � 1� � � m
���

λ � 1� � C � � m
�
λ � 1� � D � � m� λ � B � � 1� �

wehavex � y andBi � Ci � Ui � Vi for i � / 1 � x0 . By Lemma8.3(i),B0 � A0 � T0 � R0

andC0 � A0 � V0 � S0. SoB0 � C0. It sufficesto usetheequalitiesU0 � f
�
B0 � T0 �

andS0 � f
�
A0 � R0 � to prove thatU0 � V0. ThusGp

�
m
�
λ � B � � Gp

�
m
�
λA ��� , hence

m
�
λ � B � m

�
λA � .

AssumethatA is degenerate.By Lemma8.3(ii), thereis adegenerategoodnode
B for m

�
λ � with resB � � α.

By definition,
�
λA � � 1� � � λ � � 1� . So x � z, Bi � Ai , and Ti � Ri for i � / 1 � z0 .

Moreover, it follows from Lemma8.3,parts(iii) and(iv), thatB0 � A0 � 1 � T0 �
R0 � ξ whereξ � " 0 � 1 $ , andA0 , 1 impliesξ � 1, A0 , 0 impliesξ � 0. Thus,

Gp
�
m
�
λA ��� � 8

A0 � 1 A1
����� Az

f
�
A0 � 1 � R0 � ξ � S1

����� Sz 9 �
Similarly

Gp
�
m
�
λ � B � � 8

A0 � 1 A1
����� Az

S0 � η S1
����� Sz 9



40 BEN FORD AND ALEXANDER S. KLESHCHEV

whereη � " 0 � 1$ , andA0 , 1 impliesη � 1, A0 , 0 impliesη � 0.
Weconsiderthreecases.

(a) A0 , 0. Then

ξ � 0 � η � 0;

S0 � f
�
A0 � R0 � � A0 ' ε

�
A0 �@� R0 � A0 � R0;

f
�
A0 � 1 � R0 � ξ � � f

�
A0 � 1 � R0 � � A0 � 1 ' ε

�
A0 � 1�@� R0� A0 � 1 ' 1 � R0 � A0 � R0 � S0 � η �

ThusGp
�
m
�
λ � B � � Gp

�
m
�
λA ��� , i.e. m

�
λ � B � m

�
λA � .

(b) A0 , 1. Then

ξ � 1 � η � 1;

S0 � f
�
A0 � R0 � � A0 ' ε

�
A0 �@� R0 � A0 ' 1 � R0;

f
�
A0 � 1 � R0 � ξ � � f

�
A0 � 1 � R0 � 1� � A0 � 1 ' ε

�
A0 � 1�?� � R0 � 1�� A0 � 1 � R0 ' 1 � A0 � R0 � S0 � η �

ThusGp
�
m
�
λ � B � � Gp

�
m
�
λA ��� , i.e.m

�
λ � B � m

�
λA � .

(c) A0 &, 0, A0 &, 1. Then

S0 � f
�
A0 � R0 � � A0 ' ε

�
A0 �@� R0 � A0 ' 1 � R0;

f
�
A0 � 1 � R0 � ξ � � f

�
A0 � 1 � R0 � ξ � � A0 � 1 ' ε

�
A0 � 1�?� � R0 � ξ �� A0 � 1 ' 1 � R0 ' ξ � A0 � R0 ' ξ �

Thus

S0 � η � f
�
A0 � 1 � R0 � ξ ��' 1 � η � ξ �

whichgives

f
�
A0 � 1 � R0 � ξ �?� 1 � S0 � η � f

�
A0 � 1 � R0 � ξ ��' 1 �

Wehavecore
�
m
�
λA ��� � core

�
m
�
λ � B � in view of Lemmas8.4and8.6.Now

Lemma8.5impliesS0 � η � f
�
A0 � 1 � R0 � ξ � , i.e.Gp

�
m
�
λ � B � � Gp

�
m
�
λA ��� ,

or m
�
λ � B � m

�
λA � .

Thuswehave provedConjecture3. Now theMain Theoremfollows from The-
orem4 (cf. Introduction).



A PROOF OF THE MULLINEUX CONJECTURE 41

REFERENCES

1. GeorgeE. Andrews andJørnB. Olsson,Partition identitieswith an applicationto grouprepre-
sentationtheory, J.ReineAngew. Math.413(1991),198–212.

2. ChristineBessenrodtandJørnB. Olsson,On Mullineuxsymbols, J. Combin.TheorySer. A 68
(1994),340–360.

3. RichardDipperandGordonJames,Representationsof Heckealgebrasof general linear groups,
Proc.LondonMath.Soc.(3) 52 (1986),20–52.

4. StephenDonkin,OnSchur algebrasandrelatedalgebras,II , J.Algebra111(1987),354–364.
5. StephenR. Doty andGrantWalker, Truncatedsymmetricpowers andmodularrepresentations

of GLn, Math.Proc.CambridgePhilos.Soc.119(1996),231–242.
6. Ben Ford, Irreduciblerestrictionsof representationsof the symmetricgroups, Bull. London

Math.Soc.27 (1995),453–459.
7. BenFord,Irreduciblerepresentationsof thealternatinggroupin oddcharacteristic, Proc.Amer.

Math.Soc.125(1997),no.2, 375–380.
8. JamesA. Green,Polynomialrepresentationsof GLn, LectureNotesin Mathematics,vol. 830,

Springer-Verlag,Berlin/Heidelberg/New York, 1980.
9. GordonD. James,Therepresentationtheoryof thesymmetricgroups, LectureNotesin Mathe-

matics,vol. 682,Springer, New York/Heidelberg/Berlin,1978.
10. , SomecombinatorialresultsinvolvingYoungdiagrams, Math.Proc.CambridgePhilos.

Soc.83 (1978),1–10.
11. , Therepresentationtheoryof thesymmetricgroups, TheArcataConferenceon Repre-

sentationsof FiniteGroups,Proc.Sympos.PureMath.,no.47,Amer. Math.Soc.,1987,pp.111–
126.

12. Gordon D. Jamesand Adalbert Kerber, The representationtheory of the symmetricgroup,
Addison-Wesley, London,1981.

13. JensCarstenJantzenandGaryM. Seitz,On therepresentationtheoryof thesymmetricgroups,
Proc.LondonMath.Soc.(3) 65 (1992),475–504.

14. AlexanderS. Kleshchev, On restrictionsof irreduciblemodularrepresentationsof semisimple
algebraic groupsandsymmetricgroupsto somenatural subgroups,I, Proc.LondonMath.Soc.
(3) 69 (1994),515–540.

15. , Branching rules for modularrepresentationsof symmetricgroups.I, J. Algebra178
(1995),493–511.

16. , Branching rulesfor modularrepresentationsof symmetricgroups.II , J.ReineAngew.
Math.459(1995),163–212.

17. , Branchingrulesfor modularrepresentationsof symmetricgroups.III. somecorollaries
anda problemof Mullineux, J.LondonMath.Soc.(2) 54 (1996),25–38.

18. StuartMartin, Ontheordinaryquiverof theprincipal block of certainsymmetricgroups, Quart.
J.Math.OxfordSer. (2) 40 (1989),209–223.

19. , Ordinary quivers for symmetricgroupsII , Quart.J. Math. Oxford Ser. (2) 41 (1990),
79–92.

20. , Schur algebrasandrepresentationtheory, Tractsin Math.,no.112,Cambridge,1993.
21. GlenMullineux,Bijectionsof p-regular partitionsand p-modularirreduciblesof thesymmetric

groups, J.LondonMath.Soc.(2) 20 (1979),60–66.
22. , Onthe p-coresof p-regular diagrams, J.LondonMath.Soc.(2) 20 (1979),222–226.
23. JørnB. Olsson,Combinatoricsand representationsof finite groups, FachbereichMathematik,

Essen,no.20,UniversitatEssen,1993.
24. Matthew J.Richards,Somedecompositionnumbersfor Heckealgebrasof general linear groups,

Math.Proc.CambridgePhilos.Soc.119(1996),no.3, 383–402.
25. G. Walker, ModularSchur functions, Trans.Amer. Math.Soc.346(1995),569–604.



42 BEN FORD AND ALEXANDER S. KLESHCHEV

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WASHINGTON, BOX 354350, SEATTLE,
WASHINGTON 98195-4350, U.S.A.

Currentaddress: Departmentof Mathematics,CaseWesternReserveUniversity,Cleveland,Ohio
44106,U.S.A.

E-mailaddress: bjf6@po.cwru.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OREGON, EUGENE, OR 97403, U.S.A.,
and INSTITUTE OF MATHEMATICS, ACADEMY OF SCIENCES OF BELARUS, M INSK , BELARUS

E-mailaddress: A.Kleshchev@pmms.cam.ac.uk


