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OVERGROUPSOF IRREDUCIBLE LINEAR GROUPS,II
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ABSTRACT. Determininghesubgroustructureof algebraigroupgoveranalgebraically
closedfield K of arbitrarycharacteristicpftenrequiresanunderstandingf thoseinstances
whenagroupY anda closedsubgroupG bothactirreducibly on somemoduleV, which
is rationalfor G andY. In this paperand[4], we give a classificationof all suchtriples
(G,Y,V) whenG is a non-connectedlgebraicgroupwith simpleidentity componen¥,
V is anirreducibleG-modulewith restrictedX-highweight(s),andY is asimplealgebraic
groupof classicatypeoverK sitting strictly betweenX andSL(V).
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1. INTRODUCTION

E. B. Dynkinin 1957[3, 2] classifiecthe maximalclosedconnectedgubgroup®»f sim-
ple algebraicgroupswhenthe underlying(algebraicallyclosed)field hascharacteristi®©.
Seitz([9, 10]) andTestermarf[13]) completedhe sameprogramin positive characteristic
in the 1980's. Their analysedor the classicabroupcasesverebasedorimarily on a strik-
ing result:If G is asimplealgebraiggroupand¢ : G — SL(V) is atensorindecomposable
irreduciblerationalrepresentatiorthenwith specifiedexceptionsthe imageof G is max-
imal amongclosedconnectedubgroupf oneof the classicalgroupsSL(V), Sp(V), or
SQ(V). Whatis moststrikingis thebrevity of thelist of exceptions.

Fromaslightly differentperspectie,the questiontheseauthorsansweredvas: Givena
closedconnectedubgroups of SL(V) for somevectorspaceV/, with G actingirreducibly
onV, find all possibilitiesfor closed ,connecteavergroupsy of G in SL(V).

This questiorof irreducibleovergroupsappearsn othercontextsaswell, sometimegor
non-connectedubgroupsHereandin [4] we presentesultsfor somesuchnon-connected
subgroups;namely thosewith simple identity components. The overall programis to
classifyall possibletriples (G, Y,V) with G andY both closedsubgroupof SL(V) acting
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irreduciblyonV, G < Aut(Y), Y # SL(V),SQV), or SpV), andY a simple group of
classicatype (the correspondingjuestiorfor Y of exceptionaltypeis alsoopen).We give
completeresultsfor the casewhenG is not connectedut hassimpleidentity component
X, andthe Ty-highweightandTx-highweightsof V arerestricted Specifically the papers
areconcernedvith theproof of Theoreml.

Theorem1. Let G bea non-connectedlgebraic group,over a field K of arbitrary char-

acteristicp > 0, with simpleidentity componenX. LetV beanirreducibleKG-module
with restrictedX-high weight(s).LetY bea simplealgebraic group of classicaltypesud

thatX <Y < SL(V) andG < Aut(Y). ThenV|y is irreduciblewith restrictedhigh weight
if andonlyif Y =SQV),Y = SpV), or (X,Y,V) appeasin Table1 (page41) or Table2

(page42).

If G hassimpleidentity componeniX, thenG < Aut(X). Sincewe requirethatG # X,
we thereforemayrestrictour attentionto X of type Am, Dm, or Eg. We assuméienceforth
thatY is simply connectedandthatX andY actonW, the naturalmodulefor Y.

The analysisis differentdependingon whetherX actsreduciblyor irreducibly on W.
We settledthereduciblecasein [4], andwe considertheirreduciblecasehere. Also, we
will assuméherethatthe involutory graphautomorphisnof X, if it is in G, alsoactson
W (thoughit neednotbein Y), aswe dealtwith the casewhenit doesnotactonW in the
final sectionof [4].

If V|x isirreducible thenwe arein thecaseexaminedby Seitzin [9], with theadditional
conditionthatX have anouterautomorphismwhichactsonV. We examineTablel of that
paper andfind that we have sucha situationin the examplestherelabelledl 4, |5, | for
n=3,1l1, S, Sg (in Sg we couldtake G = X(t), G = X(s), or G = X(s,t), wheret,s are
outerautomorphism®f X of order2 and3 respectrely), andMR,4. Theseexamplesare
collectedin Table1, andhenceforthwe shallassumehatV|x is reducible.

1.1. Notation and Conventions. All structuresare assumedo be constructedver the
samealgebraicallyclosedfield K, of characteristiqp > 0. Throughout,X will denotea
simplealgebraicgroupover K admittingan outerautomorphisn{so X is of type A, Dm,
or Eg). A fixed standardgraphautomorphisnof order2 will be denotedby t, andif X
hasanouterautomorphisnof order3 (i.e. if X = Dg4), we will fix oneanddenoteit by s.
ThusG is X{t) exceptpossiblywhenX = Dy, in which casewe alsoconsiderG = X(s)
andG = X({s,t).

For ary reductize groupH we considerwith fixed maximaltorusT, Z(H) will denote
therootsof H relativeto T. If ye Z(H), welethy : K* — T betheone-parametesubgroup
of T suchthata(hy(x)) = x<®¥> for ary a € Z(H) andx € K*.

We let Bx beafixedt-stableBorel subgroupof X, containinga fixedt-stablemaximal
torusTx. Define setsof simpleroots {B1,B2,...,m} = M(X) C Z(X) andfundamental
dominantweights{d,...,0m} with respectto Tx andBy, but with the oppositeof the
standaratonvention: Thesetof positiveroots= ™ (X) is definedby Bx = Ux Tx whereUx =
MU—q for a € £+ (X). Thenfor J C N(X), Px is the oppositeof the standarcbarabolic
correspondingo J. We assumehe §; arenumberedsothatd; correspondso (3; for every
i

ThegroupY will beasimplealgebraigroupoverK of classicatypeandrankn (A, By,
C, orDy), suchthatX < Y andG < Aut(Y). Let {a1,0dz,...,0n} =T1(Y) beasetof simple
rootsof Y, and{A;} the setof fundamentatlominantweightssuchthatA; correspond$o
a;. Notationandcorventionssimilar to thoseusedfor X areusedfor parabolicsubgroups
of Y.
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For agroupH actingon amoduleM, [M,H'] will denotethe|-fold commutatorof H
with M.

The K-vectorspaceV is assumedo be a restrictedirreducibleY-modulewith high
weightA = ¥ aA;, suchthatV is irreducibleasa G-modulebut not asan X-module(see
the commentat the endof the previous subsection) We assumehatthe Tx-high weights
of V arerestrictedaswell. Soif G = X(t), thenV|x = V1 &V, whereeachof Vi, Vz is a
restrictedrreducibleX-module.

The naturalmodulefor Y will bedenotedoy W. We assumehatW is irreducibleasan
X-module,andd will denoteits Tx-highweight. As in [4], we will alwaysassumehatY
is thesmallesof SL(W), SOW), Sp(W) containingX.

Finally, we assumehatG actsonW, asthe casewhenit doesnotwasconsideredn [4]

We label Dynkin diagramsfor the groupswe will be dealingwith asfollows, andwe
always numberfundamentatoots and fundamentabdominantweightsto agreewith this
labelling:

1 2 1-1]
Ale—e--- o—e
1 2 1-1]
B:eoe—e- - =0
1 2 I-1]

C.:o—e: - =2

Di:oe—e---
I

Es:

2
We will sometimesisethe standardpartialorderonweights:v = pif andonlyif v —u
is asumof positive roots.

2. Qx-LEVELS AND EMBEDDINGS OF PARABOLICS

In this sectionwe introduceimportantfactsaboutthe “commutatorseries”of amodule
of asimplealgebraiayroup.

Lemma?2.1. If H is a simplealgebraic groupwhoseroot systermhasonly onerootlength,
thenrestrictedirr educibleH-modulesare tensorindecomposablén particular, restricted
irreducibleX-modulesare tensorindecomposable).

Proof. Thisis partof 1.6 0of [9]. O

Lemma2.2. Let M be an irreduciblerestrictedH-modulewith high weighty for some
simplealgebraic groupH. Let P be a proper parabolic subgoup of H, with P = QL a
Levi decompositionThenM/[M, Q] is irreduciblefor L andfor L' = [L, L], with Ts-high

weightylT,, .
Proof. Thisis 1.7and2.10f [9]. O

LetH, M, y, andP beasin thelastlemma.Let {&;} bethe setof fundamentatootsof
H.
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Definition 2.3. Let p beaweightof M, sayp = y— Y cigj, with eachc; > 0. The Q-level
of pis y ¢j, wherethe sumrangesoverthosej for whichej € M(H) —M(L"). TheQ-level
| of M is thesumof weightspacedor weightshaving Q-level | andis denotedV,.

LemmaZ2.4. H, M, andP asabove If H is simplylacedor if p> 2 (p> 3for H = Gy),
then
1. [M,Q'] = ®M,, the sumtakenover thoseweightsu havingQ-level at leastl.
2. [M,Q]/M,Q**] =M
3. dim([M,Q'1/[M,Q"*1]) < s-dim([M,Q'~1]/[M,Q']), whee s is the numberof pos-
itive roots sud thatU_g < Q and = & + ' for someg; € M(H) —M(L"), with
' = 0 or a sumof rootsin M(L’).
4. dim([M,Q]/[M,Q*1]) < dim(Q) - dim(IM,Q~1]/[M,Q')).
Proof. Thisis 2.30f [9]. O
We will write M'(Q) for thequotientM, Q' ~1]/[M, Q'].

Lemma?2.5. LetH = A; letc beaninteger sudithat0 < ¢ < p; andletys, ...,y bethe
fundamentatlominantweightsfor H. TheirreduciblemoduleM havinghigh weightcy;
or cyi hasall weightspacesf dimensior; in particular, dim(M) = (I 4+ c)!/l!c!.

Proof. Thisis 1.140f [9]. O

We will occasionallyusetheWeyl characteformulafor dimensionof Weyl modules.
Finally, it wasshavn in [4] thatwhenX actsirreduciblyonW, we mayassuméV is in
factrestrictedasanX-module:

Lemma?2.6. If X actsirreduciblyon W, thenas an X-module W hasa restrictedhigh
weight.

Now let Px be a parabolicsubgroupof X, andPx = QxLx a Levi decompositiorwith
Tx < Lx (if Px is t-stable,chooselx to alsobet-stable). Now X actsirreducibly on W
with highweightd, whichis restrictedby the Lemmaabove. We gavein [4] thefollowing
constructiorof a parabolicsubgrou?, of Y (with Ry = Qv Ly aLevi decompositionuch
thatPx < Ry, Qx < Qy, Lx <Ly. LetZ=2Z(Lx)°.

Lemma2.7. Thestabilizerin Y of thecommutatoseries

W > [V\/)QX] > [VV7QX7QX] >-->0
is a parabolicsubgoupR, of Y satisfyingthefollowing:
1. Px <PRrandQx < Qv = Ry(Py).
2. Ly =GCy(2) is a Levi factor of By containingLx.
3. If Ty isamaximaltorusofY containingTy, thenTy < Ly.

Proof. Thisis 2.7 of [4]. O

We give moreinformationaboutthis embeddindor particulargroupsX andparabolic
subgroup$x belov andin subsequergections For thenext Lemmawe assumehatt € G
(wheret is thefixed outerautomorphisnof X) andV |x = V1 & Vo, with V4, V, irreducible
X-modules.ThisLemmawasprovedin [4, 2.8and2.9]:

Lemma2.8. If Py isat-stableparabolicsubgoupof X andPx is embeddeth a parabolic
subgoupPy, of Y asabove, then
1. R islikewiset-stable;

2. V/IV,Qv] =V/|V,Qx] = Va/[V1,Qx] @ V2/[V2,Qx] asLx-modules.
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Let Ry = LyQy beaparabolicsubgroupof Y. For eachy € M(Y) — M(L{), we definea
certainnormalsubgroup<¥ of Ry, asin [9, page44]: Let %,(Y) denotethe setof rootsin
2(Y) having y-coeficient —1 andzerocoeficient for otherrootsin M(Y) — M(L{). Then
let K{ be the productof thoseTy-root subgroupdg for B € Z7(Y) — Z7(LY) — Zy(Y).
Fromthecommutatorelationsit follows thatKy is normalin Py andwe let Q) = Qy /KJ.
This constructionalso appliesto a parabolicsubgroupPx of X. In particular if Px is a
maximal parabolicsubgroupcorrespondindo a € M(X), thensetQ§ = Qx /K%, where
K% is the productof thoseTx-root subgroupsorrespondingo rootshaving a-coeficient
strictly lessthan—1.

TheLemmabelon will beusedheavily in dimensionarguments.

Lemma2.9. If Px = QxLx is a maximalparabolic subgoup of X correspondingo a €
MN(X), and Px is embeddedn a parabolic subgoup Py of Y asin Lemma2.7, then

dim(V(Qy)) < dim(Q}) - dim(V(Qx)).
Proof. Thisis partof Propositior2.14in [9]. O

Lemma 2.10. If Px = QxLx is a maximalparabolicsubgoupcorrespondindo a € M(X),
then:

1. K¢ = [QX7QX]-
2. Q% isanirreducibleLy-modulewith —a asits Ty -highweight.
Proof. See3.2in [9] (rememberinghatX is of type Am, Dm, or Eg). O

Again assuméd € G. Let Px be a parabolicsubgroupof X (not necessarilyt-stable)
containingthefixedt-stableBorel subgroumByx. EmbedPx in a parabolicsubgroug?, of
Y via theabove constructionWrite L{, = L1 x --- x L, adirectproductof simplegroups.
By Lemma2.2,L}, actsirreduciblyonV(Qy) =V/[V,Qv]. ThenvV}(Qy) =V!i®--- @V’
wherefor eachi, V' is anirreduciblemodulefor L;. The embeddind_x — Ly givesan
embeddingof LY into L1 x --- x L, andvia the projectionsLy — L;, ary Li-module,in
particularV!, canberegardedasa modulefor LY.

SinceQx < Qv, wehave [V, Qx] < [V, Qv] andhence/ /[V, Qy] isaquotientofV/[V,Qx] =
V1/[V1,Qx] @ V2/[V2,Qx], with eachof thesesummandsrreducibleL} -modules. Since
Ly < LY, thisimpliesthateitherV /[V,Qy] isirreduciblefor LY, orV /[V,Qy] =V/[V,Qx] =
Vi/[V1,Qx] @ V2/[V2,Qx]. Lemma2.8tells usthatthelatterhappensvhenPy is t-stable.
Thefollowing wasprovedin [4, 2.11]:

Lemma2.11. If V, Px = LxQx, Ry = LyQy, andL; are as above with Px t-stable then
onlyonel; actsnontrivially onV /[V, Qv].

3. THE CASE X = An

As always,let X <Y be simplealgebraicgroupsover an algebraicallyclosedfield K
of characteristiqp (= 0 or a prime), with X admittinganinvolutory graphautomorphism
t which alsoactson Y, andY of classicaltype. Let {Bi} ({ai} = M(Y)) be the setof
fundamentatootsfor X (Y); {&i} ({Ai}) thecorrespondindundamentatlominantweights
for X (Y). Thefixedt-stableBorel subgroupByx of X containsa t-stablemaximaltorus
Tx. LetV =V(A) be a restrictedirreduciblet-stableY-modulewith high weight A =
S aiAi, suchthatV|X<t) is irreducible,but V|x = Vi & V», with V4, V- restrictedirreducible
X-modules.We denotethe Tx-high weightof V; by b1 + b2d2 + - - - + bmdm, sothe Tx-
highweightof V5 is byd + by—102 + - - - + b10m The naturalmodulefor Y isW.

Themainresultof thesectionis:



6 BEN FORD

Theorem 3.1. If X actsirreduciblyonW with highweightd, t actsonW, and X is of type
Am, thenp ¢ {2,3,5,7}, X = Az, Y = D1g, 0 = 282, andthe high weightsof V|,V |y are
asin Us of Table 2.

Notice thatsincet actson W, the high weightd = d181 + - - - + dmdm of W|x mustbe
symmetricj.e.d; = dy, d2 = dn_1, etc. Butthenby aresultof Steinbeg ([11, page226]),
X fixesa nondgyeneratdilinearform onW; theform is orthogonalf p # 2.

The stratgy we useto rule out mostpossibilitiesfor the high weight d is to shav that
theconstructior(outlinedin Lemma?2.7) of aparabolicsubgroupmf Y containingthefixed
(t-stable)Borel subgroupof X givesa contradictionin all but a few cases.After giving
theLemmawhich we usuallyuseto producethe contradictionwe will treatthe A, andAs
casedirst, followedby thegeneralrgument.

3.1. SomeFacts About R,. We usethe constructiorgivenin Lemmaz2.7 of a parabolic
subgroupPy <Y containingthefixedt-stableBorel subgroumBy. Namely Py is takento
bethestabilizerin Y of theflagin W givenby “Ux-levels”

We wantto useLemma3.2 below to producea contradictionin mostcaseswe will
shaw thatL{, hasafactorof type A; only understrongconditions.Beforeproceedingvith
thegenerabproof, we needsomefactsabouttheflagin W of which Py is the stabilizer

Recallthatfori > 0,W = Y ¢ ;e)+...mi Wos_e;p; —e,p,—...- theSumtakenoverej > 0. Each
spacel is Tx(t)-stableandif u e U_q, then

UG ey —esp—... © ) Woenps—epp—-mma-
m>0

(31 (2.

By Lemma2.4,W = [W,U!]/[W, U

Let| beminimalwith respecto [W, U)'<+1] = 0, andnaticethatl is thenthelevel of the
low weight —5. If Y = Sp(W) or Y = SQW), with the form denotedby ( , ), thenwe
notedin [4, proof of 2.7] that (u,v) = 0 for ue W, v e W unlessi + j <I. ThustheW
fori >1/2, alongwith a maximaltotally singularsubspacef W ,, (if | is even), spana
maximaltotally singularsubspacefW.

Letwt beanTx-high weightvectorof W. ThenWp = (w*), W = (wow*), andBy is
containedn thefull stabilizerR, of theflag

W=y W> W.z---zzvv.zmowﬂzo.
igo i; i>

SoBx (t) stabilizeseachfactor

Let Ry = LyQy bealevi decompositiorof Py; thenif u € Ux,w € Wy, we have uw—w €
Sisme1 W, soUx < Qyv. Wehave Tx < Ly = Cy(2) for Z = Z(Lx)°.

‘Choosea basisfor eachW (with the basisfor W /2 chosenmaximally hyperbolic—
notethat\W] , = (Zizl/zwl) / (Zi>|/2W|) is the only possiblenon-singulalquotientin the
flag); the union of thesebasess a basisfor W. With respecto this basis,L{, consists
of block matrices,eachblock correspondingo W for somei. On the otherhand,each
W for 0 < i <1/2 correspondso a connecteccomponenbf the Dynkin diagramfor Ly.
Sotheonly possibilitiesfor an A, to appearasoneof the simplefactorsof L\, arewhen
dim(W) = 2 for somei < 1/2, or dim(W ;) < 4.
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To shav dim(W) > m, it sufficesto find m Tx-weightsof W which occurin W. By the
resultin [12], weightswhichappeain characteristi® alsoappeain characteristi. This
is theapproactwe useto obtaincontradictiongor mostembeddingX < Y.

For aTx-weightw of W, w+ ' = w—wpwis asumof roots,andwe let |, betheheight
of w+ ' in theroot lattice (the numberof summandsvhenwe expressw+ ' asa sum
of fundamentatoots).Sofor | asabove,| = |5 whered is the Tx-highweightof W.

The constructionsn this sectionalsoapplyto the embeddingf anarbitraryparabolic
subgroupPx = QxLx of X in a parabolicsubgroupR, of Y, using Qx-levelsin place
of the Ux-levels. The weightsappearingin W then are thoseof the form & — e;f3; —
--- — emPm Wherethe sumof the g; for B; € M(X) — M(LY) isi. Again by Lemma2.4,
W= (W, Qi ]/ (W, Q%)

Onemorefact: If Px is at-stableparabolicsubgroupof X (including Px = Byx), then
eachM isclearlyt-stable(sincethenWs_c g, _e,p,—...—anpm ISSENDYLOWs_o 8 6 18, —e1Bm)-
SoRy ist-stable Butthen[V, Qy] is Tx (t)-stable hencdV, Qy] = [V, Qx] ([V, Qx] < [V, Qy]
sinceQx < Qv, andwe getequalitybecaus®/ /[V, Qx] is anirreducibleTx(t)-moduleand
Tx < Lv). Soif Px ist-stablethenV /[V,Qy] is asumof two irreducibleL} -modules.

The following Lemmaprovidesthe basisfor the proof of the sections main result; it
will alsobeusedthroughouthepaper

Lemma3.2. If Py is a t-stableparabolic subgoup of Y sud that Bx < Py, Ux < Qy,
Tx < L\ (whee Ry = QvLy,Bx = UxTx aretheLevi decompositions}henat leastoneof
the simplefactors of L{, hastypeAs; andif this factor correspondgo a, thena; = 1. In
addition,a = O for o € M(LY), i # j.

Proof. Thisis Lemmab.2of [4]. O

3.2. The CasesX = Ay and X = As. We useLemma3.2heavily. As always,0 = d10; +
d2d + - - - is the Tx-high weightof W. Let  be a nonngative sumof fundamentatoots
of X, of heightj in theroot lattice. Notethatif — 3 is a dominantweightsuchthatthe
X-modulewith high weightd — 3 has> mweightsat level i, thenW has> m weightsat
level j +i. Soin ourattemptto prove thattherecannotbeaUx-level of dimension2 in W,
wewill proceeddy inductiononthe highweightd.

X = Ay: Sinced is symmetric,0 = ad; + ad, for somea > 0. Herewe will alwayshave
dim(Wy) = 2, sincethe only two weightspacesn level 1 ared — 31 andd — 32, both of
dimensionl; we will dealwith level 1 afterwe discusdevels?2 andhigher In evaluating
thenumbersof weightsat theselevels,we will first useaninductionto dealwith the case
a> 4, andthendealwith a= 3 anda = 2.

Assumea= 4. Thenl = |5 = 16,sowe mustcheckto level 8 (we mustlist threeweights
ateverylevel 2-7,and5 atlevel 8). We have theweightsin thetablebelow:

Level Weights

0—2B1,8—P1— P2, 8- 22

0—3B1,0—2B1— B2, 06— 3P

0—4B1,8—3B1— P2, 60— 4B

0—4B1— P2, 8—3B1—2P2, 8- 2P1— 3P

0—4B1—2P2, 6—3PB1—3B2, 0—2B2—4B2

0—5B1— B2, 8—4B1—3P2, 8~ 3B1—4B2

3 —6PB1— 2B2, d— 5B1 — 3B2, d— 4P1— 4B2, &— 3P1— 5Pz, 5 — 2B1 — 6P

SoL{, hasnofactorsof type A; exceptpossiblythefactorL; correspondingo W.
Assumea > 4. Thend— pB1— B2 = (a— 1)d1 + (a— 1) is dominantandby induction

0 hasenoughweightsat all levelsexceptpossiblyatlevels1, 2 and3. At level 2, we have

o~NO UL WN
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0— 2B1, d— B1— B2, andd — 23,; atlevel 3, 6— 31, d— 2B1 — B2, andd — 3B,. Soagain,
L1 is theonly possibleA;-factorof LY.

Assumea = 3. Thenl = 12; we mustcheckdimensiondo level 6. In levels2-5, we
have enoughweightsasabove. Sowe mustshav that\Ws hasdimensionat least5. The
weightsat level 6 are d — 4031 — 232, 6 — 331 — 3P2, andd— 231 — 4B3,. If p# 7, then
dim(Ws_zp,-3g,) > 3, sodim(We) > 5. Sounlessp = 7, hereagainwe have only the
L1 = Aq possibility

If a= 2, thenl =8 andwe mustcheckdimensiongo level 4. For level 2, we have
enoughweightsasabove. At level 3, we have d — 231 — B2 andd — 31 — 23,; if p# 5, each
hasdimensior2, sodim(\\s) > 3. At level 4, theweightsared — 3p31 — B2, d— 231 — 232,
andd— 1 — 3Bz. If p#5, thend— 231 — 2B, hasdimension> 3, sodim(Wj) > 5. As
above,unlessp = 5, we have only theL1 = A; possibility.

From the constructionof R, we canseethatin ary casecoveredabove (including
(a,p) = (2,5),(3,7)), thereis only onenodein the Dynkin diagrambetweertheL;, since
therearenoUx-levelsof dimensionl otherthan{w"). Also noticethatfromthea= 2 and
a= 3 casesbove we know theembeddingsn the caseqa, p) = (2,5),(3,7) (we simply
computethe dimensionof thelevels): If a= 2, p =5, thendim(W) = 19, soY hastype
By andR is the parabolicsubgroupof Y correspondingo theindicatednodes:

ST — O e D)

If a=3,p=7thendim(W) = 37,Y is of typeB1g, andPy correspondso:

Sothe possibilitiesare: 1) a, = 1, with thefirst simplefactorof L{, correspondingo

- ;2)a=2,p=5;3)a=3,p=7;4)a=1. By Lemma3.2,in themarking
for the highweightof V onthe Dynkin diagramfor Y thereis only onenon-zerdabelon
the nodesrepresentind.y, andthis non-zerolabel mustbe a 1 on a nodecorresponding
to an A1 factorof L{; call this nodey. By the commentabove, all nodesin the Dynkin
diagramareeitherin or adjacento M(Ly,) (exceptpossiblyin case4). Ouraimis to shav
thatall nodesexcepty have markingO.

As in theintroduction,let V2(Qy) = [V, Qv]/[V, Qv, Qv]; similarly defineV?(Uyx) and
V2(Ux) for i = 1,2. Recallthat A is the Ty-high weight of V. By Lemmaz2.4, the
weightsin V2(Qy) arethoseof the form (A — B)lt, wherep € >t (Y) andthereexists
€ € M(Y) —N(Ly) suchthatp —€ € Z(Ly). Thenby Lemma2.4,we have dim(V?(Qy)) <
dim(V3(Uy)) < 4.

First considerthe casea = 1. If p # 3, thendim(W) = 8 andY = Dy; if p= 3, then
dim(W) = 7 andY = Bz. In both casesgonstructing?, asusual,we have a; € M(LY),
sotheonly possibilityfor anA; factorof Ly to occuris M(L{) = {a2} (asall othernodes
adjoinay). For p # 3, if anothemodehasa non-zerdabel,sayags (all areequivalentby
symmetryfor this agument) thenin V2(Qy) we have the highweightsA — 0(3|TL,Y , giving

a compositionfactor of dimension3; andA — a2 — a1 andA — ap — 04 eachgiving one

of dimensionl. But this contradictsdim(V?(Qy)) < 4. SoA = A, giving anexampleof

1) above, which we dealwith below. If p=3 anday,az # 0, thenA — 0(1|TL, J A — (13|TL,
Y Y

eachgive a compositionfactorof dimension3 in V2(Qy), againa contradiction.Finally,
irreducibleBz-moduleswith high weightse\; + A2 or A2 + eA3 areall too largeto bethe
sumof two restrictedrreducibleA;-modulesunlesse = 0 (by countingweightsthatappear
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in the Weyl moduleof %k, (eh1+ A2) or Ue, (A2 + eAs); all theseweightsappeain V by
[8]). Soagain\ = A2, whichwe dealwith below.

For cased)-3),assumehereis an¢ € M(Y) whichadjoinsy andhasnon-zeramarking
m. If € is notanendnode,thenit alsoadjoinsanotherfactorL; of L{, by our comment
above thatthereare never two adjacentnodesoutsidel(L}); thenA — ¢ is an L{-high
weightin V2(Qy), andthe LY -highweightmoduleof this high weighthasdimension> 6
(A= z=,)|TL,Y = 2\j + A whereA; is the fundamentadominantweight correspondingo

y and A is the nodeof L; which adjoinse — the L{,-modulewith this high weight has
dimensionatleast2- 3 = 6). This contradictgdim(V?(Qy)) < 4.
If € isanendnode,it cannotbetheshortrootin a B, (thatrootisin M(L{) becausave
m 1 O

saw thatdim(W ) > 3in all cases)Thenwe have thepicture:€ Y . We
have highweights(A —€)|r, of dimensior8and(A —y—p)|r, of dimension> 2. Again,
Y Y

this contradictddim(V?(Qy)) < 4. Soall nodesadjoiningy have 0 label.

Assumethereis an € € M(Y) which doesnot adjoin y and hasnon-zeromarking m.
By Lemma3.2,e ¢ M(LY{); ande adjoinsM(L{ ) sinceevery fundamentatootis eitherin
M(LY) or adjoinsit. If yis notanendnode,we have the pictures(differentpiecesof the
Dynkin diagramfor Y):

0 1 0 m 0
e e ] e
a y B W € Vv

HereA —a —vly, isahighweightin V2(Qy), giving dimension> 1; A —y — Blv, gives
Y Y
dimension> 2; andA — € givesdimension> 2. Again, thisis a contradiction.The node
y canbe an endnodeonly in the cases(a, p) = (2,5), (3,7) (thesearethe only casesn
whichan /A, factorof L{, correspond$o anendnodeof the Dynkin diagramfor Y), with y
0O 0 1

the shortroot of a By; thenthe pictureis: H o y . Hereh —y— 6|Tu gives
Y
dimension> 4; andA —s|TL, gives> 1, againa contradiction.Soall nodesotherthany
Y

musthave labelO.

For both of the abore non-endnodecasessimilar algumentshold if thereis a double
bondin oneof therelevantpiecesof the Dynkin diagramfor Y.

Soy is theonly nodein the Dynkin diagramwith a non-zerdabel. We needonly shav
thatthefew remainingpossibilitiesdo not leadto examples.

Casel): V hashigh weight A,. ThenV = A2W by [7, 11.2.15]. RegardW asan
X-module. Remembethat d = ad; + ad; is the Tx-high weightfor W. Let v; € Wy be
a maximalvectorin W; 0 # vo € Ws_p,,0 # v3 € W5_p,. Thenvi AV, andvi Avs are
X-maximalvectorsin V, soKX(v1 Av2) @ KX(viAvs) =V.

We now considethedimensiorof KX (v4 Avz). Thevectorv, A v hasweight2d— 1 =
(2a—2)31 + (2a+1)32. Sodim(KX(vi AVz)) < dim(Weyl modulg = 1(2a— 1)(2a+
2)(4a+ 1) = 8a% + 6a% — 3a— 1. Also, dim(KX(v1 A v3)) = dim(KX(v1 AVy)) (sincet
interchangethem),sodim(V) < 16a®+ 12a® — 6a— 2.

On the otherhand,dim(W) > 3a? + 3a+ 1 (this is the numberof weightsthat appear
in the Weyl modulewith the sameTx-high weightasW; all theseweightsappeain W by

Lemmal.12),anddim(V) = dim(A?W) = (*"W) > (3az+233+1) = (3a’+3a+1)(3a+
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3a)/2= (9a*+ 18a3+12a% + 3a) /2. So09a* + 18a° + 12a% + 3a < 2(16a%+ 12a% — 6a—
2). But thishasno solutionsin positive integers.Sothis caseis ruledout.
Theonly casesotruledoutby theabove are:

: Jo
<@~

Case?): (a, p) = (2,5) (hereremembeY¥ = Bg). If A = A7 thenthepictureis
and\ —y—¢|,,A —y— Y|, eachgive dimension> 3. SoA # A7. If A = Ag, then
dim(V) = 2° = 512. But the dimensionof ary irreducible A,-modulewith high weight
cd1+ ddy (c,d < 5,¢ # d) is atmost90. SoV is too largeto be the sumof two restricted
irreduciblemoduledfor X.

Case3d): (a,p) = (3,7) (hereY = Big) with A = A1g. Heredim(V) = 28, Butc,d <
7,c#d; again)V istoolargeto bethe sumof two restrictedrreducibleX-modules.

SoX is notof type A;.

X = As: We usea similarinduction. Let & = ad; + bd, + ad3 be the Tx-high weight of
W. Firstwe eliminatethe caseb = 0 with the A factorof L{, (referredto in Lemma3.2)
correspondingdo a.

Assumed = ad; + adz andA = Ap+---. Let Px = LxQx be the maximalparabolic
subgroupof X correspondingo B3 € M(X), andembedPx in a parabolicsubgroupPRy
of Y via the constructionin Lemmaz2.7. Now L, (the simplefactorof L{, corresponding
to Qx-level 0 of W) is of type A, if a= 1, andtype A with | > 5if a > 1; andtheroot
systemof L; containsa;. (We determinethe rankof Ly by countingweightsthatappear
in Qx-level 0 of W, usingSuprunenk’s result[12] thatweightswhich appeaiin the Weyl
modulealsoappeaiin theirreduciblemodule.)

AssumeV /[V, Qv] is reducibleasanLx-module;thatis,

V/IV,Qv] =1y Va/[V1,Qx] & V2/[V2, Qx].

ThenZ < Z(Ly) sinceLy = Gy(Z). SoZ inducesscalarson V/[V,Qv] (anirreducible
Ly-module).

Z=

oo o
[oNeoNe

c 0
8 g | ce K*
0 0 c3

={hg, (0)hg, (A, (%) | c € K}

o

Now hg, (c)hg, (c?)hg, (c?) actsasmultiplicationby cP1+292+3bs ona highweightvector
v1 € V1, andasmultiplication by cPs+2%2+301 on g high weightvectorv, € Vo. But by our
assumptiony; andv, bothhave nonzeroimagesin V/[V, Qv]; becausén + 2b, + 3bs #
bs + 2by + 3b1, we have acontradiction(b; # bz becaus&/; #x Vo).

SoV/|V,Qv] isanirreducibleLx-module andthusanirreducibleL} -moduleby Lemma2.2.
Assume\//[\/, Qy] =X Vl/[\/l, Qx]

Now we arein the situationstudiedin [9]: V/[V,Qy] is anirreduciblemodulefor L%
(of type Az) andfor L;. As thereareno examplesmatchingthis setupin [9, Table1], we
know thateitherthe embeddind-} — L1 is anisomorphismor V/[V,Qy] is the natural
modulefor L;. Both possibilitiesareexcludedif a > 1, asthenL is of type A with | > 5
(soL1 2 LY), andaz = 1 (soV/[V,Qy] is not the naturalmodulefor L1). On the other
hand,if a= 1 thennecessarily} = L1 (asW/[W, Qy] thenhasL -highweightd,).
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SoV/[V, Qv] musthave Ly -highweighta; &1 + &, sinceit hasL1-highweightajA1+ A2
andthe embeddings anisomorphismBut V1 /[V1,Qx] alsohashigh weightb151 + b25,.
Soa; = by andby, =1

Now the argumentabove canbe repeatedvith the maximal parabolicsubgroupof X
correspondingo (31 insteadof 33, with the conclusionthatbs = a;. Butthenb; = bg, a
contradiction.

Soif d = ad; + ads, thena, =0

Everyweightof theform ad; + bd; + ads exceptd; + s, &2, and2d, hasoneof 26; +
283 or &1 + 02 + &3 asa subdominantveight. It is easyto check,asin the A; case that
the moduleswith theselatter two high weightshave enoughweightsat every level, so
we canproceedby induction: If b < 2 anda > 2, thenby inductiond— 1 — B2 — B3 =
(a—1)01+bd2+ (a— 1)03 hasenoughweightsatall levels;we needo checks-levels2-5.
As before thereareenoughweightsin eachof thesdevels,soby induction,L; is theonly
possiblefactorof LY, of typeAs.

If b> 2, thenby inductiond — 32 hasenoughweightsat all levels,andwe needcheck
only &-levels1 and2. If a= 0, thendim(W;) = 1, soL; istrivial; if a > 0, thendim(W,) =
3,soL; is of type Az. Again,thereareenoughweightsatlevel 2. Sothereareno possible
A, factorsof LY here.

Sothepossibilitieswhich have notbeenruledoutare: d = 81 + 03, d = &2, andd = 25,.
If &= 3y, thenX = SO(W) =Y, sothereareno exampleshere. If = &; + 83, we can
checkthedimension®f theweightspacesndfind thatdim(W) = 15if p# 2,andPy isthe
parabolicsubgroupf Y correspondingo thesubsefaz, a4, 05,07} of M(Y), asindicated
onthis pictureof the Dynkin diagramfor Y = B7: ® O ¢

If p=2,thendim(W) = 14,andin [9, page273]it is shavn thatX stab|I|zesaquadrat|c
form onW. Soin this caseY = D7 andcountingdimensionf Ux-levels,we seethatthe

parabolicsubgroupP, correspondso ‘—@—‘—Ei(the stabilizerof the 2-

dimensionalevel 3 is SO,, whichis atorus). SoLemma3.5rulesout this case.

If &= 2&,, againwe cancheckdimensionf all the weightspacego find dim(W) =
20(p# 2,3); dim(W) = 19(p = 3), andR is indicatedby thecirclednodesof theDynkin
diagramfor Y:

(P#2,3);

or

-] [ oo I O (p=3).

Noticewe neednotconsidem = 2 by Lemma2.6.
Sothe casesve mustdealwith are:

W|x Y andembeddingf Bx < Py

1) 1-—9—1- . @ o —o Q (p#2)
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2) e—eo—o (p#2,3)

==I= =I=I= =I Q(p:3)

In themarkingfor V on1(Y), thereis a1 ononeof thenodesj correspondingo anA;
factorof LY. Therecanbeno othernonzeromarkingon ary of theindicatednodes since
dim(V/[V,Qy]) = 2. Recallthat j # 2 by Lemma3.5; thus,aswe seefrom the pictures
above, j = nis the only possibility (or j = n— 1 in case2, but we mayassumeg = n by
symmetry).We claimthatay, is the only nodewith anonzerdabel.

Claim 3.3. In anyoftheabovecases\ = Ay.

Proof. SinceUx < Qy, wehave [V, Qy,Qy] > [V,Ux,Ux]. ThenbecauséV,Qv] = [V,Ux],
we have dim([V, Qv]/[V, Qy,Qv]) < dim([V,Ux]/[V,Ux,Ux]) < 6 by Lemma2.4. The
weightsthatappeain V2(Qy) = [V, Qv]/[V, Qv,Qy] arethoseof theform A — B, whereif
B = Y aa;, thenthe sumof the g for thosea; € M(Y) — M(L{) is 1. Let usconsiderthe
above casesRemembel = ¥ gA; is the Ty-highweightfor V:

1) Thenodeay haslabell (ay = 1). Considethepossibilitiesfor anothemnonzerdabel:
If a7 # 0, then\ — a1 is ahighweightin V2(Qy), giving acompositiorfactorof dimension
4. Anotherhigh weightis A — ag — a7, giving dimension6 sincep # 2. But abore we
notedthatdim(V2(Qy)) < 6. Soag = 0. If ag # 0, then\ — a3 givesdim(VZ(Qy)) > 12;
soaz = 0. If ag # 0, thenA — 0 givesdimensionl2 sincep # 2. Soag = 0.

2) If p# 3, we arein the caseY = Djg, with ajo = 1. If ag # 0, thenA — ag gives
dimensionl8in V2(Qy). If as # 0, then\ — a5 givesdimensionl8. If ap # 0, then\ —a
givesdimension6 andA — ag — dg givesdimension6. If a; # 0, thenA — ag — ag gives
dimensior6 andA — a1 dimension2. Soin facta; = 0 for all i # 9.

If p=3,thenY = Bg andag = 1. If ag # 0, thenA — ag givesdimension andA — og—
Og givesdimension> 1; soag = 0. If a5 # 0, A — 05 givesdimensionl8;if a; # 0,1 —a>
givesdimension6 andA — ag — dg givesdimension6. If a; # 0, thenA — ag — ag gives
dimension6 andA — a1 dimension2. Soa; = Ofor all i # 9. O

Lemma3.4. If A = A, (i.e. if wearein oneof theremainingcases)thenasan X-module
W hashighweight2&; andV is asin the statemenbf Theoem3.1.

Proof. We still haveto checkcasesl) and2) onpagellwith A = Ap:

1) AssumeW hasTx-high weight d; + 03 and p # 2. Considerthe embeddingn a
parabolicsubgroup® <Y of theparabolicsubgroupPx < X correspondingo {B1,B2} C
M(X). Checkingthedimensionsat differentQx-levelsasbefore ,we seethatfor ary char
acteristic,Ry correspondso {01, 02,04,05,06,07}. SinceA = Ap, dim(V/[V,Qv]) = 16
(V/[V,Qy] is isomorphicto a spin modulefor the simplefactorof L{, of type B4 corre-
spondingto {04,0s5,06,07}). The quotientV/[V,Qy] is alsoan irreducibleL}-module
(againby consideringhe actionof Z = Z(Lx)° on the two Tx-high weightvectorsof V);
but Ly = Ay, which hasnoirreduciblerepresentationsf dimensionl6in ary characteris-
tic. Sowe have no exampleshere.

2) AssumeN |x hashighweight25,. If p=3,thendim(W) = 19andY = By. UsingPx
correspondingo {f1,B2} asabove,we getanembeddingf Px in the parabolicsubgroup
Ry correspondindo MN(Y) — {ag}. SinceA = Ay, dim(V/[V,Qy]) = dim(spin(Bz)) = 8.
ButV/[V,Qv] is anirreducibleL}-module(by theactionof Z again),andL} = Az, which
hasno 8-dimensionalrreduciblerepresentations characteristi@.
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If p#£ 3thentake Px asabove;againP, correspond® M(Y) —{ag} anddim(V/[V,Qv]) =
dim(spin(D4)) = 8 =dim(Vi/[V;,Qx]) fori=1or2,sayi =1. Sob; =1,b, = 1.
Now let Px correspondo {B1,B3}. This Px ist-stable so
V/IV,Qv] =V/[V,Qx] = V1/[V1,Qx] @ V2/[V2, Qx].

TheembeddingyivesPy correspondingo M(Y) — {a1,05}. Sohere,

dim(V/[V,Qv])a= 16=dim(V/[V,Qx])
=2dim(V1/[V1,Qx])
=2(by1+1)(b3+1) = 4(bs+1).

Sobg = 3. Now dim(Vp,(An)) = 2% in ary characteristicdim(V (381 + &, + 83)) = 256=

3
22 whenp>7orp=0.SoV|x = o—%—}@ -
bility for p #2,3,5,7.
In this case consideragainthe embeddingof Bx in the parabolicsubgroupR, corre-

3
, V]y = spin(D1p) is a possi-

spondingto . We definesometemporaryno-
tation: LetAyj = (A1 — a1 —--- —aj)|7y. By theconstructiorof theembeddingwe know
that
M, = 6(=2%)
Ai=A1—a1)ly, = 06—P2

{M2,A 13,14} = {0—PB1—P2,0—PB2—B3,0— 202}
{AsA6,A17F = {0—PB1—2B2,6—2B2—B3,6—PB1—B2—Ba}
{AgA19,A100 = {0—2B2—2B3,8—2B1— 2B2,0— B1—2B2— s},

with (A — a1 —--- —dg)|1, = —((A1 — 01 —--- — O10)|7y) (SinNCEA1 — 01 —--- —0Olg =
—Ag+Ag+A10=—(A1—01—---—010)).

This givesenoughinformationto determinethe possibilitiesfor aj|t, fori=1,...,10.
We canwrite the Ty-high weightfor V, A1, in termsof the a;, andwe find that with ary
of the possiblechoicesmadeabove, {A10|7y, (Ao — A10)7 } = {301+ 02+ 33,01 + 62 +
303}. SoV containsAz-submodulesf these2 high weights;sincetheir dimensionsaddto
dim(V), we have the casestatedn thetheorem. O

This completeghe prooffor X = As.

3.3. WhenLemma3.2doesn'thelp. Usingourstandaratonstructiorof Ry (Lemma2.7),
theobvioussituationin whichtheLemma3.2is of nohelpis whend = ad; + bd;, i.e.when
Ux-level 0 hasdimensior?. In thiscasel; < LY is of typeAq, correspondingo az € M(Y).
Remembethatd mustbe symmetric sothatin factthefollowing is whatwe will need.

Lemma 3.5. Thesituationd = ad; + adm-i+1 (i < mM/2), a; = 1 doesnotgiveanyexamples
in theMain Theoemif m> 3.

Proof. With thegivend andwith Ry asin Lemma3.2,wehavea, € MN(L{) sincelevel 1in
the constructiorof P, hasdimension2. SoLemma3.2tells usthata; is theonly nonzero
coeficientonM(LY).
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Assumei > 1. Considerthe parabolicsubgroupPx of X correspondingo M(X) —

{B1,Bm}, asin thefollowing picture: "E" So LY is of type An_2, andif
we embedPy — Py by theusualconstructionthenlevel O (thatis, W/[W, Qx]) of theflag
whichresultsis totally singularandhasdimensior> 7 (thesmallesiV/[W, Qx] couldbeis
whenL} is of typeA, with alabelof 1 oneachnode;this hasdimensiori in characteristic
3anddimension8 in othercharacteristicsthusL, (thesimplefactorof L{, corresponding
to thequotientW/[W, Qx] in theflag) is of type Ay for somel > 6.

By Lemma2.11, only onelL; actsnontriially onV/[V,Qy]. SoV/[V,Qy] is anon-
trivial (thereis at leastone nonzerolabel on L; in the marking for the high weight of
V/[V,Qy], namely on the secondnode),irreducible L1-module,and as an L -module,
V/[V,Qv] is the sumof two irreducibles V1 /[V1,Qx] andV2/[V2,Qx]. The naturalmod-
ule for Ly is isomorphicto W/[W,Qy] andis irreducibleas an Ly -module. So unless
Vi/[V1,Qx] =2 V2/[V2,Qx], we arein the situationwe considerin this sectionandby in-
ductionno examplesarise(the singlecasewhich arisesbelow for X = Az doesnot arise
inductively becaus® doesnot have the form we areconsideringhere).

Let the Tx-high weightof V; be b1d; + b2d + - - - + bmdm (sothe high weightof Vs, is
bmd1 + bm-182+ ...). Assumeby = bm_1,b3 =bm_2,... (i.e.V1/[V1,Qx] = Va/[V2,Qx]).
Thisimpliesb; # by sinceVy 2 Vo. Now take Px to beanothemparabolicsubgroupof X,
correspondingo M(X) — {Bm}, andembedPx — Py via thesameconstructionAgainwe
haveW/[W, Qy] = W/[W, Qx] irreduciblefor L} andfor L.

We show thatin thiscaseV /[V, Qy] isirreducibleasanLx-module(in contrasto thesit-
uationwhenthe parabolicsubgroupof X is t-stablewhich forcesV /[V, Qy] to bethesum
of two irreducibledfor Lx): LetZ = Z(Lx)°. SinceLy =Cy(Z), wehaveZ < Z(Ly), soZ
inducesscalaronV /[V, Qy] (sinceLy actsirreduciblyonthismodule).Butif V/[V,Qy] is
reducibleasanLx-module thenV /[V,Qv] = V1/[V1, Qx] & V2/[V2, Qx], andwe shaw that
Z actsdifferentlyonthesetwo Lx-modules:

zZ = {diaga,...,a,aM]ae K"}
{hg,(@)hg,(a%)...hg (aM|a € K*}.
Thetwo X-modulesVy, V2 have highweightlabelling

by by bm-1 bm bm Pm-1 by by

o oo aNd 9 --- o—,
so hg, (a)hg,(a?)...hg, (a™) actsas multiplication by aPi+2P2++Mhn on g high weight
vectorv; € Vi andasmultiplicationby aPmt20m-1+--+mby o g high weightvectorv, € Va;
thesetwo exponentsarenotequal.Sincevj hasanonzerdmagein V;/[Vj, Qx], thisshavs
thatonly oneof theV;/[V;,Qy] canhave anonzeraimagein V/[V,Qy]. SoV/[V,Qy] is
irreducibleasanLyx-module.

AssumeéV; is the summandvhich projectsnontrivially to V /[V, Qy] (soVz C [V, Qv]).
Asnoirreduciblerestrictedepresentationsf Ay 1 aretensordecomposabley Lemma2.1,
L, istheonly simplefactorof L}, to actnontriially onV/[V, Qy]. Notethattherankof L,
is > 15, sincethis rankis onelessthanthe dimensionof W/[W, Qy]: With & of theform
we areassumingthe An_1-high weightof W/[W, Qy] is of theform (ad; + a6m_i+1)|TL, .
TheWeyl modulefor A1 with thishigh WeighthasatIeasthWeights,andthesaNeigﬁ(ts
all appeain theirreduciblemoduleW /W, Qy] by theresultin [12].

Sonow we areinductively in the situationexaminedin [9]: V/[V,Qv] is anirreducible
modulefor both Ly andLj, andit is notthe naturalmodulefor L; (sincein the labelling
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for the L1-high weight of V/[V, Qy], thereis a 1 on the secondnodeof M(L;)). Also,
Lk % L1 becausehe naturalmodulefor Ly, W/[W,Qy], hashigh weight 3|, andthus
X

hasdimensioniargerthanm, which is the dimensiorof the naturalmodulefor LY . Soary
examplesherewould appearin Table 1 of [9]; examiningthattable,we seethatin fact
thereareno examples.Thiscompleteghecase > 1.

Sowe needto consideronly thecasei = 1,i.e.d = ad; + adm, With A = Ao+ ---. Let
Px = LxQx be the maximal parabolicsubgroupof X correspondingo 3; € MN(X) and
embedPy in aparabolicsubgroupP?, = LyQy of Y via theusualconstruction Notice that
L, (thesimplefactorof L{, correspondingo the Qx-level 0 of W) is of type A, with | > 3
unlessm = 4 (we have taken careof the casesn = 2,3 in 3.2). We wish to shawv that for
atleastonechoiceof j, V/[V,Qv] is irreducibleasan Lx-module. We will againusethe
actionof Z = Z(Lx)° on Tx-highweightvectorsin V.

Z = {diaga™ I+ aM-i+0)  am=i+l) a-i =i a7l |aeK*}

j m—‘}+1
= {hg, (@™ D)hg, (@M I+
hg, (aj(m—J+1))th+l(aJ(m—J))th+2(ai(m—j—l))___th(aJ') laeK*}
If V/[V,Qy] is reducibleasan Lx-modulethenasabore, Z mustactasmultiplication

by the samescalaron a high weightvectorv; € Vi asonahighweightvectorvs € V,, and
we getthe equation:

(m=j+1b+2(m—j+1)bo+---+ j(m—j+1)b; +
j(m=bjti+ j(m—j—1bjyo+---+j-1-bm
=(mM—j+Dbm+2(m—j+1)bmg+---+j(m—j+1)bm_jr1+
j(m—j)bm_j+j(m—j—1)bmj_1+---+j-1-by

If we assumehatV /[V,Qy] is reducibleasan Lx-modulefor every j, thenwe have
a systemof equationswhich togetherimply b; = by, b, = by-1,.... For example,the
equationdor j =mandj =m-— 1are:

b1+ 2bp+ -+ (M- 1)bm_1+ mhy = by + 2bm_1+--- + miy

Twicethefirst equatiorminusthesecondyives(m+ 1)by, = (m+ 1)b;. Knowing by = by,
theequationdor j = mandj = m— 2 give by = by,_1; continuingin thismannemve obtain
b = bp-14+1 for everyl. But thisis impossible asit would imply thatV is reduciblefor
X({t). Sofor somej,1 < j <m,V/[V,Qy] is irreducibleasan Ly -module,whereLx, Qy
areasabove.

But thenagainwe are in the situationexaminedin [9]: V/[V,Qy] is an irreducible
modulefor Ly = Aj_1 x Am—j andfor L. Sooneof thefollowing occurs:

1. Theembeddind x < L, is anisomorphism.

2. V/V,Qy] is the naturalmodulefor Ly (which happennly for m= 3,4, sincel;
hasrank > 4 in othercasesve considerandthe L;-high weightof V /[V, Qy] hasa
nonzerdabelonthenodeasy).

3. V/|V,Qy] appearsn Tablel of [9].

We dealwith 3 first. Of theappearancesf theinclusionAj_1 x Am—j < A in Tablel of
[9], only one(case 7 there)givesthe correctrestrictionof the naturalmodulefor A to the

1)
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subgroup.Sothe possiblepicturehereis (LY = An_1; L1 = Ame+m—2)/2) the highweight
of W|x = 281 + 20m):

2 1 0 |bnm 01 0 0
Vi/[VL,Qx] =L *T* andV/|V,Qy]=*—"*—* " &T*

Now we look at yet anotherparabolicsubgroupof X: Let Px be generatedy Bx and
theroot subgroupgor 1 andpm; embedP in aparabolicsubgroupg?, of Y asusual.By
Lemma2.11,L; is the only simplefactorof L{, to actnontrivially onV/[V,Qy]. Notice
dim(W/[W, Qx]) = 9 (sinceW|x hasTx-highweight2d; + 20m), soL; hasrank8. Thus2-
3(m+ 1) = dim(V1/[Va, Qx]) +dim(Va/ [Vz, Qx]) = dim(V /[V, Qx]) = dim(V/[V, Qv]) =
(3) = 36, which tells us by = 5. This tells us that the only two Ty -high weights of

V/[V,Qv] are(251,58m) and (581,28y). Butin factV/[V,Qy] = A2(W/[W,Qy]) (p # 2
becauseof the 2 appearingin the picture abose and our assumptiorthat the Tx-high
weightsof V arerestricted) andtwo Ty, -high weightsof A(W/[W,Qy]) are (431, 28m)
and(261,4dm). Againwe have a contradiction.

Next consideritem 2. This canonly occurif dim(W/[W,Qx]) < 4 (sincethereis a
1 on the secondnodein the markingfor the high weight of V/[V,Qy] on L1); andthis
occursonly in the caseswve excluded(X = Az,Az) andthe caseX = A4, with j = 4 (or,
equialently, j = 1), d = 81 + 4. Butthisin factgivesaninstanceof item 1 (it impliesthat
W/[W,Qy] hasT,; -highweightd,).

Sowe areleft with item 1. Notethattheequationg1) holdfor all j # 1,m, sincein the
consideratiorof item 3 above we obtaineda contradictionto V /[V, Qy] beingirreducible
for Ly whenj # 1, m. We havethepictures

aa 1 a am1|bm
V1/[V1,Qx] = S B

Soa; =bj,1 =ay=by,...,an-1 = bn-1. Now let Px correspondo the indicated

nodes: "E" and embedit in a parabolicsubgroupof Y asusual. Then
V/[V, Qy] is thesumof two irreducibleL} -modules andthe simplefactorL; of L{, corre-

L Ls
spondso theindicatechodesatthebeginningof theDynkin diagramfor Y S T s el I ,
with L of rank2m— 3. But by the constructiorof Ry, we know theembeddind % — L»
here(the naturalmodulefor L, is Qx-level 1 of W andrestrictsto L} asthe sumof the
two irreduciblemoduleswith high Weight562|TL, and 6m—1|TLg<)' As this situationgave

no examplesin [4], we know by inductionthatei(ther: lag=ay=---=am2=0(.e.
V/[V,Qv] = thenaturalmodulefor Lp); or2) 1 = ap = am-1,83 = @m—2,--. (i.e.V/[V,Qy]
is reduciblefor L (t)).

We notedthat all the equations(1) on pagel5 hold for j # 1,m. The equationfor
j=m-—1is:

2by +4by+ -+ 2(m—1)bm—1+ (M— 1)by = 2bm+ 4bm—1+ -+ - + (M—1)bs.
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Now if 2) above holds,we know thatby = by-1,b3 = bm—2,... (remembethata; = b; for
1 < i < m), whichtogethemwith theabove equatiorgivesb; = by, whichis acontradiction.
S02) doesnotoccut

If a3 =--- = agm—2 = 0, i.e. 1) holds,thenonceagainwe examinethe equationabove
andseethatnow it reduceso 2b; + 4+ (m— 1)bm = 2by+ 2(m— 1) + (m—1)b; (remem-
beringa; = b; for 1 <i < manda, = by = 1), or by, — by = 2. Let Px bethe parabolic
subgroupof X correspondingo {B1,Bm}. ThenL; is of type As, L; is the only factorof
LY actingnontrivially onV/[V,Qv] by Lemma2.11,andthepictureis:

b byt 2 bp 1 O
Vi/ Vi, Q] =g @ e S and V/V, Q] 2 S22 |

By the Andersen-Jantzesumformula ([1]), the Az-modulewith the high weight pic-
turedaboreis in factthe Weyl moduleexceptwhenb; = p— 2. But p > by, = bs + 2 here,
sothedimensiorof V /[V, Qv] is thedimensiorof theWeyl module whichis (b; +1)(by +
3)(b1+4)/2. Ontheotherhand dim(V /[V, Qy]) = dim(V /[V, Qx]) = 2dim(V1/[V1, Qx]) =
2(by+ 1) (b1 + 3). Thesetwo equationgogetheimply by = 0.

Sonow all the b; areknown: by = 1, by, = 2, andall othersare0. Sinceone of the
coeficientsis greatethanl, weknow p # 2. And sincetheTx-highweightof W is &; + &,
we know dim(W) = m(m+ 2) or m(m+2) — 1. We claimthatdim(V) > dim(A?W) (this
is clearif A = A,, asthenV = AW sinceY = D, andp # 2).

TheTy-highweightA of V hasaA,-coeficientof 1, andW is orthogonal We claimthat
ary By, or D, weightof thisform hasoneof A2, Az, or Ay asasubdominantveight. For By,
every fundamentalveightexceptA, is asumof roots,and2\,, is a sumof roots,soarny A
with aA»-coeficientof 1 hasA; or A, asa subdominantveight. For Dy, ary fundamental
weightAy for evenk < n— 2is asumof roots;for oddk with 1 < k < n— 2, A differsfrom
asumof rootsby Az. Theweight2Ay, or 2\,,_1 is eithera sumof rootsor differsfrom one
by Az; finally, A1 + A2 hasAz asa subdominantveight. Sothe claim holds.

SayA > Ai. Thenby theresultin [8], every weightwhich appearsn the Weyl module
with Ty-highweightA appearsn V. So

dim(V) > card {wis aweightoccurringin Vi (Ai) })
+ card Weyl group-orbitof A)
; 2
>( (d'mz(w)) — dim(W)) + dim(W) = dim(/\W).

Now we have achainof inequalitiegthe secondine is acomputatiorof thedimension
of theWeyl modulewith the specifiechigh weight, usingthe Weyl dimensiorformula):

dim(V) = 2dim(Va,(A2+2Am))

< 2((m=1)m(m+2)(m+3)/4)
= (m*+4m*+n?—6m)/2
< (m*4+4m*4+n? —6m+2)/2
_ (m(m+2)—1>
2

dim(W
< ("2")
< dim(V),
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whichis acontradiction.Sowe have ruledoutall possibleconfigurationsandthe proof of
theLemmais complete. O

3.4. The General X = A Case. We mustprove thatthereareno triples (X,Y,V) with
X actingirreducibly on W andt actingon W, for X of type Ay, with m > 3. We use
the sameargumentasin the A, andAz casedo limit the possibilitiesfor the embeddings
X <Y, relyingonLemma3.2. Lemma3.5tells uswe neednotworry aboutlevel 1 in the
computatiorof dimensionof Uy -levels.

As in the smallcasesthe methodwe useto generataveightsthatappeain arepresen-
tationis simple: If pis aweightin the X-moduleM and (i, 3;) > a > 0, thenu— a; is
anothemeightappearingn M.

Every symmetricweightfor X = An exceptds + Om haseitherd; + dm-1 O §(my1)/2 @s
a subdominantveight (& + dm-i+1 is a sumof rootsfor ary 1 <i < m). It is relatvely
simpleto find enoughweightsin eachlevel for & = & + dm—1: Thelevel |5 of the low
weight —d in this caseis 2(m+ (m—2)) = 4(m— 1), sowe mustshawv thereareat least
threeweightsatlevel j for 2 < j < 2(m— 1), andatleast5 atlevel 2(m— 1); thisis easy
Unlessotherwisestatedthelevelswe discussareUx-levels.

The cased = d(n..1)/2 (M odd) is considerablymoredifficult. At Ux-level 2 thereare
only thetwo weightsd — B(ms1)/2 — Bim-1)/2 @ndd — Bmy1)/2 — B(m+3)/2; SOLemma3.2
is of no helphere. We have Is = (m+ 1)2/4, soif we canshaw thatthereareat least3
weightsat eachlevel 3 < j < (m+ 1)2/8, andat least5 atlevel (m+ 1)?/8 (whenthisis
integral), we will only have level 2 to worry about.

Notice that for any weight &, the dimensionsand numbersof weightsof Ux-levels
of the X-modulewith high weight & are symmetricaboutlevel I5/2. In otherwords,
dim(W) = dim(W,_;) andthe samenumbersof weightsappeain thesetwo spacessince
W interchangeshem. So, for instancejf Vu, (8) hasat least3 weightsat all levels j for
i < j<ls/2,thenit hasatleast3 atall levelsj fori < j <ls—i.

Form=5,7,it is easyto seethatthereareenoughveightsatlevels3 throughls /2 (three
ateverylevel exceptlevel 8 for m= 7, in which casethereareat leasts weights).We pro-
ceedby inductiononm (consideringhesubsystengroupof X of typeAm_2, corresponding
to M(X) — {B1,Bm}): Assumed = dy.1),2 for m> 9. Noticethatdr — &my1)/2 + Om is

m-1

) = (m—1)?/4, andthatif &m1)/2 — ; ciBi is aweightat

aweightatlevel I(éml)/zhwz

=

m-1
level j in the Am—2-modulewith high weightdmy1)/2, thendmy.1y/2 — % CiBi is aweight

i=
atlevel j in W for & = d(my1) /2. So,usingthecommenin thelastparagraptandby induc-
tion from the A,_» caseW hasatleastthreeweightsatlevels 3 through((m— 1)2/4) — 2.
But ((m—1)?/4) — 2 > (m+ 1)2/8 for m> 7, which shavs thatthe only possibilitiesfor
asimplefactorof L, of typeA; aretheabose-mentionedactorcorrespondingo Ux-level
2, andlevel (m+ 1)?/8 whenthis numberis integral.

We needto shav thatthereare at least5 weightsat level (m+ 1)2/8 when4jm+ 1
andd = d(my1)/2- It is easyto write down 5 suchweightsfor m= 7, asnotedabove; in
particularin this casetherearetwo at this level which are symmetric(with respecto the
graphautomorphism).Soassuman > 11 and considerthe Ay 4-subsystensubgroupof
X, correspondingo M(X) — {B1, B2, Bm-1,Bm}. Assumethereareatleasttwo symmetric
weightsat level (m— 3)2/8 for the Am_4-modulewith high weightdm,1)/2; asin thelast
paragrapheachcorrespondso a weightof W atlevel (m— 3)2/8. Lety be oneof these
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weightsof W. Writey= 98— 2{';52 CiBi. For any symmetricweightof W expressedn this
form, either:

1) Cmr1)/2 = Cm-1)/2 + 1 (= Cmy3)/2+ 1); OF

2) Cmy1)/2 = C(m-1)/2 (= C(my-3)/2)-

If ysatisfiesl), theny—Bo—Bz—---— B(m—l)/Z — 28(m+1)/2 - B(m-}—3)/2 —--—PBm-1isa
symmetricweightof W at level (m— 3)?/8 + m— 1= (m+ 1)?/8 which satisfie2); if y
satisfie2), theny— 1 — B2 — - — Bm-1)/2 — B(mt+3)/2 — - - — Bm is sucha weightwhich

satisfiesl). Sinceof thetwo symmetricweightsatlevel 8 for m= 7, one(d4 — 1 — B2 —
B3 —2B4—Bs— Bs — B7) satisfiesl) andtheother(ds — B2 — 2B3 — 2B4 — 235 — Bg) satisfies
2), we concludethatthe two symmetricweightsat level (m+ 1)?/8 we obtainarein fact
distinct. At the sameélevel we have theweightsy— 1 —--- — Bm—1 andy— B2 —--- — Bm.
Sofrom eachof the two symmetricweightsat level (m— 3)?/8, we obtain3 weightsat
level (m+ 1)2/8; the six weightsoccurringareall distinct. Sothereare no possibleA;
factorsof LY, here.

Note thatd = dmy1)/2 is the only possiblehigh weightof W which doesnot have at
least3 weightsatlevel 2. Now theinductionis muchthe sameasfor X = Az: Recallthat
0=73didi. If dmy1)/2 > 1,thend—PBm.1)/2 is lowerin thepartialorderandstill hasone
of & + 0m-1, dm+1)/2 asa subdominantveight,so by inductiond hasenoughweightsat
levels4 through(ls/2) — 1, andwe caneasilychecklevels1, 2, and3.

If dim+1)/2 <1 o0rmiseven,thenlet k besuchthatdg # 0 butdi =0 forall k<i <
(m+1)/2. Thend— Bk — Bx+1— - — Bm—k+1 (atlevel m— 2k + 2) is lower in the partial
orderandstill hasoneof & + 0m-1, Om-1),2 @sa subdominantveight, so by induction
0 hasenoughweightsat levels m— 2k + 4 andhigher Onceagain,the missinglevelsare
easyto check.

Sothe caseshot ruled out by theinductionare: d = 81 + dm, andd = d(m.1)/2 atlevel
2. For thefirst, we caneasilywrite down enoughweightsin levels 2 throughm—1 =
(I5/2) — 1. At level mthe only weightis O, but thedimensiorof its weightspacds mor (if
p|m+ 1) m— 1. Sotheonly possibilitiesfor a Ux-level of dimensior4 or lessarem = 4,
orm=5with p=2or3.

Considethecase = O(my.1),2 (M > 5). In thelabellingfor theY-highweightof V, there
is a1 on the third nodeof the Dynkin diagram. Let Px correspondo M(X) — {B1,Bm}.
Thendim(W/[W,Qx]) > 6, so the correspondingsimple factor L, of L is of type A
for somel > 5, andV/[V,Qy] is anirreducibleL;-modulewhosehigh weighthasa As-
coeficientof 1 (L, is the only simplefactorof L to actonV/[V,Qv] by Lemma2.11).
Thenaturalmodulefor L isisomorphicto W/[W, Qv] andis irreducibleasanLi -module,
while V/[V, Qy] is the sumof two irreduciblemodulesfor L, interchangedy t. Since
V/[V,Qvy] ¢ the naturalmodulefor L3 andno caseswith this configurationappearedor
X = Ag, by inductionwe know thatV /[V, Qy] mustnotbeirreduciblefor L (t). Sob, =
bmn-1,b3 = bm», etc. (V1|X = VAm(b151 + -+ + bmdm)).

Now let Px correspondo M (X) — {Bm}. By thesameconstructior(usingtheactionof Z
onhighweightvectors)ason pagel4,V/[V, Qy] is irreducibleasanL} -module. Therank
of Ly is atleast9 (sinceW/|W, Qv] = the Am_1-modulewith high weightA ,, 1/2), and
V/[V,Qv] isirreducibleasanLi-module with a1 onthethird nodeof the Dynkin diagram
in its high weight labelling (L is the only factorof L{, actingnontriially onV/[V, Qy]
sinceno restrictedirreducibleAy_1-modulesaretensordecomposable)So we areagain
in thecaseexaminedin [9]. ExaminingTablel there,we seethatthereareno examplesof
theconfigurationwe obtain.So0d = dy,.1)/» doesnotoccur
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The two caseghatremainare: 1) m= 4, d = &; + &4, with the Ty-high weight A of
V having a Ay-coeficient of 1 (Y hastype D12 (p # 2,5), B11 (p = 5), or possiblyCi»
(p=2));and2) m=5, p=15, d =91 + 85, A with aAi7-coeficientof 1 (Y hastypeD17).
In boththesecasesye canusethefactthatdim(V2(Qy)) < mdim(V1(Qy)) (Lemma2.9)
to concludethatin factA = A; i.e.V isaspinmodulefor Y.

For 1), wefirstlet Px correspondo {B2,Bs} C INM(X), andconcludethatb, = bz asthe
resultingconfigurationdoesnot appearin [4]. Next let Px correspondo M(X) — {B4}.
Thenagainthe constructionon pagel4 usingthe actionof Z tells usthatV/[V,Qy] is
irreducibleasanL}-module andwe arebackin the situationexaminedin [9]. Examining
Tablel of [9], we seethatthereareno examplesof modulesrreduciblefor bothAg < Dsg.

For 2), we usethesameconstructionandconcludethatto have anexample theremust
beanexampleof theform A4 < D12 in Tablel of [9]; thereis none.Sothisfinal possibility
is ruledout.

This completeghe proof of thetheorem. O

4, THECASE X =Dn

In this sectionwe establishthe main resultfor the caseX = Dp,, G = X{t). Section3
includedthe basecaseof X = D3 = As. Sothroughouthis sectionX = Dy, for m> 3 and
G = X(t). We assumehatt actsonW, the naturalmodulefor Y.

All notation(X <Y, V, V1, Vo, A, 9, etc.)is asin previoussectionsRecallthatM(X) =
{Bi} is the setof simplerootsof X; M(Y) = {a;} is thesetof simplerootsof Y; andn is
therankof Y. Themaintheoremof this sectionis:

Theorem4.1. If X actsirr educiblyonthe natural moduleéw for Y andX is of typeDp, for
m> 3, thenp= 2, Y = Cy, or By, W is thenatural modulefor X andY; andV is the spin
modulefor Y, the sumof two spinmoduledor X.

Proof. AssumeX is of type D, Let d bethe X-highweightof W. Sincewe areassuming
t actson W, we have thatd is symmetricwith respecto t, soby [9, 1.8], X stabilizesa
non-degyeneratdilinearform onW. SoY is of typeB,,C,, or D.

Let Px bethemaximalparabolicsubgroupf X correspondingo B1. ThenL is of type
Dn-1, andwe embedPx in Py, a parabolicsubgroupof Y, via the constructiondetailed
in Lemma2.7. ThenQx C Qy andL} C L{ for Ly = Cy(Z(Lx)°). By Lemma2.8, Ly
is t-stable.Write L\, = L1 x --- x L,y whereeachL; is simple. By Lemma2.2,V/[V, Qy]
is irreducibleasan L{, -modulewith high Weight)\|TYﬁ|_ry; also,Lemma2.11tells usthat
only onel; actsnon-trivially on V/[V,Qy]. Note that sincePx is t-stable,Lemma2.8
tellsusthatV /[V,Qy] = V/[V, Qx] = Vi1/[V1,Qx] & V2/[V2,Qx] is asumof two irreducible
L% -modulesneitherof thesely, summandss trivial, sincethatwould imply thatVy = V.

Knowing this, we canlist the possibilitiesfor Li, (V/[V, Qv])|v;, (V/[V,Qy])|; based
onourinductive knowledgeaboutLy (whichis of type Dm_1):

1. V/[V,Qy] = thenaturalmodulefor L;.

2. (Usz in Table 2) The naturalmoduleW for L; is reducibleas an L% -moduleand
differentfrom V1(Qy) = V/[V,Qy], with L; of type Dm, (V/[V,Qy])|L, = spin(L),
and(V/[V,Qy])|, = spinLy) @ spinLy) (oneof thetwo casesn which X = D,
occursin thesituationexaminedin [4]).

3. Theothercasefrom [4] (U2 in Table2): Sameas?2 above, exceptherel; is of type
Bm-1and(V/[V,Qv])|u;, (V/[V,Qy])|, areasin thestatemenof [4, Theorem3.3].

4. W isirreduciblefor LY.

Hereis alemmato simplify thingsconsiderably:
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Lemma4.2. In all ofthefourcasesabove if a € M(Y) and(a,M(L;)) =0, then(A,a) =0.

Proof. Nodesin L; for j # i musthave 0 labelsinceL; actstrivially onV1(Qy). Assume
(A, a) # 0 for somea € M(Y) with (a,M(Ly)) = 0 (i.e.a doesnotadjoin(Ly)). Define
K¢ asin thediscussiorfollowing 2.9. ThenQy /K¢ hasdimensionl by [9, 3.1] (indeed,
Qv/K{ = U_g). It hasan Lx-submoduleQx Ky /K¢ = Qx /(Qx NKY) by [9, 3.3]. By
Lemma2.10(i),Qy = KP1 = (Ug | B € 27(X),By-coeficientof f < —1) = 1 (sinceDn, has
no rootswith a 3;-coeficientlessthan—1). Thenby part(ii) of thesameLemma,Qx =
QX/KBl = Q" is anirreducibleLx-moduleof high Weight—Bl|TL>< (andthusdimension
2(m—1)). But Qx N K¢ is a submodulesinceKy is normalin Ry > Px > Lx andsince
Z = Z(Lx)° inducesthefull groupof scalarson Qx. SoeitherQx < Ky or QxKY /K¢ =2
Qx/(Qx NKY) = Qx/Q% = Qx hasdimension2(m— 1); the latter is impossible(it has
dimension0 or 1). So[V,Qy] = [V,Qx] < [V,K{]. But theweightspaceV,_, appearsn
[V,Qv] andnotin [V,KJ]. Thisis a contradictionsoin fact(A,a) = 0 for a notadjoining
M(Ly).

Now assume(A, a) # 0 for somea € M(Y) —M(Ly) suchthat{(a,M(L;)) = 0. By
the above, thereis somej # i suchthat (a,M(L;)) # 0. TheweightA —a is a weight
in [V,Qv] = [V,Qx] but notin [V,KY], so Qx < K{ givesa contradictionasabove. So
Qx £ K9. ThenQxK$/K$ # 0 andasabore QxKZ/KZ = Qx/(Qx NKY) = Qx/KPr is
anirreducibleL}-moduleof dimensior2(m—1). SoQy /K{' = Vi, (—a) isanirreducible
L{,-moduleof dimension> 2(m—1).

Let p=A—a. Theny|; = Al (whereT; is a maximaltorus of L;); andVLg((u) =
VL (A) @V, (—a), of dimension> dim(V1(Qy))(2m—2). Butby Lemma2.9,dim(V(Qy)) <

dim(V1(Qv))(2m— 2), andVy (W) < V2(Qy). ThisforcesVa(Qy)(= Vi, (W) = V2(Qv);
but thereis somee € M(Y) —M(L;) suchthat(g,M(L;)) # 0, andVg(Qy) # 0. Fromthis
contradictionwe have thatin fact(A,a) = 0 for all a notin or adjoining(L;). O

We now look ateachof thecasesl — 4 in turn.

4.1. Casel.
Claim 4.3. V1(Qy) 2 thenatural modulefor L;, socasel on page 20 doesnotarise

Proof. Assume\/l(Qy) is isomorphicto the naturalmoduleW for L;.
Thereare several possibilitiesfor the type of L;. Call the nodein L; with a non-zero
labela;. If L is of type B, Cx, or Dy, thenit correspondso a subdiagranof the Dynkin

y a Li

diagramfor Y atthe“end” of thatdiagram;the pictureis: *** ’_|__°i| . Theonly
nodein MN(Y) adjoiningL; adjoinsay; call it y. Now W = V1(Qy) = V(Qx) @ V4(Qx),
andthesearethe only two Lx-submodule®f V1(Qy). They areinterchangedby t. Also,
Qv /K is anL{,-moduleof highweight—y; QxKY /K is anon-zerd-stablelx-submodule
(Qx < K¥ givesa contradictionasin the proof of the lastlemma). But we just saidthat
the naturalmodulefor L; hasno t-stableLx-submodulesthis forcesthereto be anL;
adjoiningy suchthatL} projectsnon-triially to L;. Thusthe naturalmodulefor L; has
dimension> 2(m—1). But thenif y hasnon-zerolabel, we have a compositionfactor
of high weight (A —y)|TL,Y in V2(Qy), of dimension> 2(m— 1)dim(V(Qy)). And if
y haslabel 0, we have A —y— qay, alsogiving dimension> 2(m— 1)dim(V1(Qy)). By
Lemma2.9,this is a contradiction.Note thatthis sameargumentholdswheneer thereis
anodein N(Y) —M(L;) adjoininga; via asinglebond. SoL; mustbe of type Ay, with no
nodeoutsidell(L;) adjoininga; via asinglebond.
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By Lemma4.3,all nodesn M(Y) notadjoiningl(L;) have marking0. Thereis nonode
outsidell(L;) adjoininga; via a singlebond. The otherpossibilitiesfor nodesadjoining
L; arethefollowing, whichwe will considerin turn:

L a y

2 [

L; a Yy
by @ e=g=
Yo 0j_1

C) °... —o |

o] Y
dyle--- ==

o] Y
e)le ==

ql yll
f) ®--- o—o

o] Y
g) -

a) Qv /K = V1(Qy); asabove, thisforcesthereto beanL j adjoiningy, whichis absurd.
b) Therankof L; isk, sodim(V1(Qy)) = k+ 1. We thenhave k+ 1 = dim(V1(Qy)) >
2™1 > dim(QP1). (The dimensionof V1(Qy) is at least2™ ! sincethe high weight of
Vll(Qx) is not symmetricwith respecto the graphautomorphisnof Dy,_1; thusthe Weyl
grouporbit of theTL/X—highweightofvll(Qx) containsatleast2™ 2 weights.)In particulay
k+1> 8 sincem> 4. Notealsothatdim(V(Qy)) is even(sokis odd)becausé is thesum
of two Ly -modulesof equaldimension|f y hasanon-zerdabelin themarkingfor A onY,
thenV2(Qy) hasacompositiorfactorwith highweight(A —vy) |TL,Y , giving dim(V?(Qy)) >
dim(Vi; (A = )|%)) = 3(dim(V*(Qy)) +2)(dim(V}(Qy)) + 1)(dim(V}(Qv))) > 2(m—
1)dim(V(Qv)), which is a contradictionto Lemma2.9. If y haslabel 0, thenthe high
weight(A —a) — )|TL’ =N\ 1+)\|)|T, appearsThisweighthask(k+ 1) conjugatesand

the subdominantveight(A_2) ha56k+1) conjugatesBut for k > 6, k(k+ 1) + éﬁjlz))'. >

(k+1)%2 > 2(m—1)dim(V1(Qy)), againa contradiction.Sob) doesnot arise.
c) Take k asin b). If y hasnon-zeramarking,thenV2(Qy) hasa compositiorfactorof
highweight(A —y)[r, = (M—1+M/)l1, , andwe have a contradictionasabove. If y has
Y Y

marking0, thenwe have thehighweight(A —a; —aj_1 — V)|Tu = )\|_2|TL, , whichhas,as
Y Y

above, Mg(k_l) conjugatesFor k > 8, Mg(k_l) > (k+1)2 > 2(m—1)dim(V(Qv));
thisis acontradictiorto thesameresult.If k = 7, thendim(V; (A1_2)) = (3) =56> 6-8=
dim(QP1) dim(V1(Qy)), andagainwe have a contradiction.
d)-g)Letk+1=dim(V1(Qy)) asabove. In ary of thesecasesif y hasanon-zerdabel,
thenV2(Qy) hasa compositiorfactor(givenby the highweight (A —) lTL’Y) of dimension

greatetthandim(QP1) dim(V1(Qy)), giving a contradictionasabove. If y hasa zerolabel,
thenV = the naturalmoduleW for Y, which is impossible sinceX actsirreduciblyon\W
butnotonV. O
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4.2. Case2.
Claim 4.4. Case2 on page 20doesnotarise

Proof. We have the picturebelow, with the boxed diagramson the left of type Dy,—1 and
ontheright of type Dp,.:

1 Y | 9 an

with j = n—m+1 (n is therank of Y, asalways). If y hasa non-zerolabel, thenin
the characteristi® case dim(V2(Qy)) > dim(\,(Qy)) > dim(Vp,,(Aj +An-1)) = (2m—
1)dim(V1(Qy)) > dim(QP1)dim(V1(Qy)), againa contradictionto Lemma2.9. Theonly
problemhereis whentheirreduciblemoduleVp,,(Aj + An-1) is nottheWeyl module.

We canusethe Andersen-Jantzesumformulato checkthatin thosecharacteristic$or
which the Weyl moduledoesreduce,it reducesonly by 2™1, makingthe boundsharp:
In thesecasesdim(Vp,,(Aj +An-1)) = (2m—2)dim(V1(Qy)). Soif thereis arything
elsein V(Qv), VZ(Qy) will againbe too big. So assumehe Dp-moduleV'! with high

1
1
weightmarkinge—e - - < (of highweightAj +An_1 = \’) doesreduce.Then

thedimensiorof theweightspace/)\l,_aj_m_anil inV(\') ism—2 (thisdimensiorism— 1

1
a
in the characteristi® case).Butin V, which hasmarking - - - \-/—o < , the

dimensiorof theweightspacedor theweightA —y—aj —--- —ap_1 is mor m— 1; andthis
weightspaces in Vy(Qy). Soif V(A\") reducesthenthereis somethingelsein \,,(Qy), and
againwe getthatV2(Qy) is too large. Soin facty haslabelO (i.e. (\,y) = 0), and,since
we have alreadyshovn thatnodesnot adjoiningL; have 0 label,V is the spinmodulefor
Y.

Now look atadifferentparabolicsubgroumf X: Let Px = Lx Qx correspondo M(X) —
{Bm-1,Bm}. Usethe standardnotationfor a basisof the Lie algebraof X: For a sim-
ple Lie algebrawith root system® having basis{ay,...,am}, usethe Chevalley basis
{eq, fa,hija € ®1,1 < i < m}, satisfyingtheusualrelations— in particular [ey, fq;] = hi.
TheneachV; (i = 1,2) is spannedy vectorsof the form w = fq... vai+, wherev?’ is
a maximal vector Order the roots in Z(X) so that the last f, applied correspondto
rootsin £(X) — Z(L). Now V>(Qx) is spannedy vectors fow wherew = fg... fovit
suchthatall the rootsp,...,e arein Z(LY) anda hasQx-level 1 (i.e. o hasBm-1- or
Bm-coeficient —1 andthe other0). If we take a maximallinearly independentet of
suchw, we have a basisof V/}(Qx); andthereare2(m— 1) rootsa of Qx-level 1. So
dim(VA(Qx)) < 2(m— 1)dim(V}(Qx)). This gives dim(V*(Qv)) < 2dim(V(Qx)) <
2(2(m~— 1) dim(V}(Qx))) = 2(m~ 1) dim(V1(Qy)).

If e= 0 (with ethelabellingon 31 asin thepictureatthe beginningof the proof), then
V|x is asumof two spinmodules.Sodim(V) = 2(2™1) = 2™ SinceV is aspinmodule
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forY, dim(V) = 2"-1. SoX = D,_;. Butthe naturalmodulefor Y hasdimensior2n, and
Dp—1 for n > 5 hasnoirreduciblerestrictedmodulesof thisdimension.Soe # 0.

V is thespinmodulefor Y, andthe parabolicsubgroud@, of Y in which we embedhis
new Px mustcontainbothof therootgroupscorrespondingo thenodewith alabelof 1 in
themarkingfor theY-highweightof V (sincee # 0). Sincethis1 is theonly non-zerdabel
in the marking, the L; which containsit is the only L actingnon-trivially onV /[V,Qy].
Now LY is of type Am—2, andV1/[V1, Qx] hashighweighted;.

Therearetwo possibilitiesfor thetype of L;: D), for somel > 3, andA. If L; is of
typeDy 1, thendim(V/[V,Qy]) = 2' is apowerof 2. By Lemma2.5,dim(V1/[V1,Qx]) =
(™2+), which is not a power of two unlesse= 1 or m= 3. But m> 4, sothis forces
e= 1. Thendim(V/[V,Qy]) = (m—2) + 1= 2. A groupof typeD,,; for | > 3 doesnot
containagroupof typeA, _,, however, soL; is notof type D)4 for | > 3.

If Lj is of typeA, thenby Lemma2.5wehavel + 1 = 2dim(Vy1/[V1, Qx]) = 2(™27) >
4. Theroot a,, (seethe pictureatthe beginning of the proof) is not containedn the setof
rootscorrespondindo Ly (sincel > 3), soV?(Qy) containsa compositionfactorof high
weight (A — an_1 — Op_2 — 0p) |7, , Of dimension('gl). Thenwe have (1 + 1)I(1 - 1) <
dim(V2(Qy)) < 2(m—1)dim(V1(Qy)) = 2(m—1)(I + 1), with | givenin termsof m and
eabove. Thisis impossiblein all casesxceptm=4,e=1andm=5,e= 1. Sotheonly

1 1
1 1
two possibilitiesleft hereareVi|x = »—< andVy|x = >—¢—< .

RemembethatV is the spinmodulefor Y, sohasdimensiona power of 2. SoV; has
dimensiorapower of 2. Theonly time whenoneof theabove two moduleshasdimension
a power of 2 is the Ds moduleof high weight 8, + &4 in characteristic, of dimension
27, Sodim(V) = 28 andY is of type Dg. But Ds hasno 18-dimensionairreducible
representationis characteristi®. Sol; is notof typeA;. O

4.3. Cases.

Claim 4.5. Thesituationoutlinedin case3 on page 20 doesnotarise

. : . a @& éam-1 1 L
Proof. HereV hashigh weight marking--- e——e --- &=, restrictingto Dy,—1 and

with ap, ..., am = 1 relatedasin [4, 3.3], andwith labelsto theleft of a; all 0. Let Px be
the parabolicsubgroupof X correspondingo M(X) — {Bm}. As always,embedPx in a
parabolicsubgroup, of Y via the constructiorgivenin theintroduction,sothatQx < Qy
andLy < Ly.

As in the proof of Lemma3.5, we shaw thatin this caseV/[V,Qy] is irreducibleas
anLyx-module:Let Z = Z(Lx)°. By constructionZ < Z(Ly) (whereLy = Cy(Z)), soZ
inducesscalaronV /[V, Qy] (sincely actsirreducibly).Butif V /[V,Qv] is notirreducible
for Lx, thenV/[V,Qv] = V1/[V1,Qx] & V2/[V2,Qx], and Z actsdifferently on thesetwo
Lx-modules:

Z = {diaga...,a,a%,...,a ) |aecK"}
= {diag@?,...,a%a?,...,a %) |ac K*}

= {hg,(@)hg,(a%)...hg_ (@™ g (@™ ?)hg (@) |ae K*}.

m—l(
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Thetwo X-modulesvi, Vs have high weightlabelling

1
a o am-1 a, a am-1+

—e - and e—e ---

am-1+1 am-1

sohg, (@®)hg,(a%)...hg (@XM 2)hy (@™ 2)hg (a™) actsdifferentlyon a highweight
vectorv; € Vp thanon a high weight vectorv, € V,. Sincev; hasa non-zeroimagein
Vi/[Vi, Qx], this shavs thatonly oneof theV;/[Vi,Qx] canbein V/[V,Qvy]. SoV/[V,Qy]
isirreducibleasanLx-module.AssumeV; is the summandvhich projectsnon-trivially to
V/IV,Qv] (soV2 C [V, Qy)).

IrreduciblerestrictedAn_>-modulesaretensorindecomposablé_emma?2.1), so only
one of the simple factorsL; of L{, actsnon-trivially onV/[V,Qy] = V(Qy). Thetwo
possibilitiesfor thetype of L; areBy andAy. If L; is of typeB, thenvl(Qy) = thenatural
modulefor L;, sincethereareno overgroupsof A; of type By appearingn [9, Table1].
But we know ay, = 1, sotheonly possibility hereis L; of type B, = C,, andV(Qy) = the
naturalmodulefor Cy, of dimensiond. Thenm= 4, L}, = Az, X = Dy, andVll(Qx) is of
Lx-highweightds or d;. If &3, thenthepictureis

1 0 Li
0 0 0 0/ "o 1
(&) = ... o—o—T——9 |,

N0 N1

sodim(V) = dim(Vy) 4+ dim(V2) = 16. Sincean = 1, the Ty-highweightof V hasat least
|W|/|Wa, .| = 2"nl/nl = 2" conjugateswhere W/ is the Weyl group of type B, and
Wh, , thatof type An_1. Son < 4; sinced =m< n, wehaveY = By. Butthenif p # 2,
dim(W) =9, andD4 hasnoirreduciblerepresentationsf dimensior9. If p =2, thenwe
have oneof thesituationsstudiedalreadyin [4], which doesgive the examplelistedin the
theorem.

If theTLrX-high weightof V4 /[V1, Qx] is 01, thenthe pictureis

1

0

0

1

0

N1

N0

L

In this case sincedim(V) = 2dim(V1), we have dim(V) = 112if p# 2, dim(V) = 96 if
p = 2. ButY cannothave type B4 unlessp = 2 (in which case[4] tells us thereareno
examplesof thistype)asabove,andnoirreduciblerestrictedB;-module,for | > 5, whose
highweighthasanA,-coeficientof 1, hasdimensionl12or 96. Sol; is not of type By.

Sol; is of type Ac. Theargumentsn Lemmad4.3 shaving thatnodesnot adjoiningL;
have markingO fail here,since[V,Qv] # [V,Qx]. Sowe neednew arguments. Assume
y is anodein M(Y) which hasnon-zerolabelanddoesnot adjoinM(Ly). The agument
in the proof of Lemma4.2 that Qx < KJ is still valid here,soVy_y ¢ [V,Qx]. We have
V/V,Qv] = M@ V2)/ (V2@ [V,Qx]), soif we canshaw thatV,_, ¢ V> we will have a
contradictionsinceVy_y € [V, Qy].
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Since(y,M(Ly)) = 0, we know thatAlr, = (A—Y)|r, , thusht, = A—V)l1, - If v
Y Y X X
is the Tx-highweightof V;, thenA|r, = for i = 1 or 2; we have thepictures:

am-1 am-1+1
a a a a
V1: ._./ ;Vz: 0—0.\/.

\arn—1+1 \am—l

ASSUME\|T, = Vi. Theny1|TL,>< = )‘|TL;< = O‘_V)|TLg< istheTL/X—highweightofvl/[\/l,Qx].
Thento have the weight (A —y) |1, in V> would imply we could subtractroots from y»
and obtain a weight € which hasthe samelabellingasy; on M(Lx). Saywe subtract
cB1. To balancethis (the labellingon 31 is the samefor y; asfor y»), we mustsubtract
2cf32,3cBs, - .., (M—2)cPm—2. Saywe subtracdPm,_1 andeBy,. To balancehe dm_» coef-
ficient,we need2(m—2)c— (m— 3)c—d—e= 0. To getam_1 asthedmn_1 coeficient,we
need2d — (m—2)c= 1. Thesegivee= (m— 1)c—d andd = ((m—2)c+1)/2.

Now [9, 3.6iVv)] givesy|z = Bm|z. SosinceZ < Tx and(A —y)|t, = (Y1 —Y)|7x, we
havee|lz = (A =VY)|z= (y1 —V)|z = (Y1 — Bm)|z. We computedZ abore and

(Vl - Bm) (hBl (az) hBZ(a4) e th—Z(aZ(m_Z))th—l (am—Z) th(am)) = a-A_4

whereA=2a; +4ay + -+ + 2ap—2(M—2) + am-1(M—2) + (am-1 + 1)m. Soe mustact
onZ asa® 4. Let the dy-coeficient of € be al,; we know all the othercoeficientsof €
(they areay,...,am-1). Sinces mustactasa’* ontheelemenbf Z givenabove, we have
A—4=2a;+4ay+- -+ 2am—2(M—2) + am-—1(mMm—2) + a,m, or a;m= (am-1+ 1) m—4.
But aj,, = am—1 — 2e+ (m— 2)c (we subtractedm— 1)cfm—2 andeBm). Sol— (4/m) =
—2e+ (m—2)c=2¢(m—2) —2c(m—1) + 1. Thisgives4/m= 2c, or 2/m=c. Butm> 4,
s02/m= c hasnointegersolutions.Thisis a contradiction.

If AT, = Y2, similar computationslsogive 2/m= ¢ anda contradictionasabove. So
all nodeswith non-zerdabelsmustbein M(L;) or adjoinl(Ly).

Now lety = ap bethe“end” nodeof the Dynkin diagramfor Y, which hastypeB,,. We
know ap hasalabelof 1 (andap ¢ M(L;) becausd; doesnot have type By); so, by the
above,ap adjoinssomell(L;). If j #i, thenwemayassumé.x projectsnon-trivially to L
(elsewe cantake Py suchthatLy, =Lq x --- x IfJ X ... andstill have aparabolicsatisfying
all the hypothesesve usedabove; thena, would not adjoinM(Ly) andthe abose would
give a contradiction).SoL; hasrankatleastm— 1; but thenall labelsto theleft of L; are
0 andthereis no roomfor L;, which actsnon-trivially onV /[V, Qy]. Soin factay adjoins

L 1
M(L;). Sothepictureis " [0 ep=e

Thepossibilitiesare: LY, LY,V /[V, Qv] appeain Tablel of [9]; V/[V, Qy] is thenatural
modulefor L;; or L; is of type Am—1, with theembeddind.y, — L; anisomorphismThere
areonly 2 possibilitiesarisingfrom Table1 of [9]; they give easycontradictiongo thefact
thatmostof the (possibly)non-zerdabelsfor the Tx-high weightsof V coincidewith the
correspondingabelsfor the Ty-highweightof V.

AssumethatV1(Qy) is isomorphdo the naturalmodulefor L. Let k betherankof L;.
If thepictureis

1 2 L
e e I

N2 N1

e O

nH
d
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thenwe know that p = 5 (asthis is the only characteristian which this configuration
arisesin [4, 3.3]) andthatthereareno non-zerolabelsto the left of L; (sinceat mostthe
endm labelsare non-zeroas mentionedat the beginning of the proof, andk > m). Let
Vi be the Lx-modulewhich projectsnon-trivially to V /[V,Qy] (not necessarilythe first
summandpicturedabove). HereQx < K$‘” (sinceotherwiseQy /Ky" = V/[V,Qy] hasan
Lx-submoduleQx K¢" /K" = Qx /KPm, which it doesnot sinceV/[V,Qy] is irreducible
for L), so againwe will have a contradictionif we canshav thatVy_q, Z V2, since
[V, Qv] = [V1,Qx] + V2, Va—a, Z [V1,Qx], andVy _q, C [V, Qv].

Call the two Tx-high weightspicturedabove p andv respectiely. If e = 0, we know
from the main resultof [4] that dim(V4) + dim(V2) is the dimensionof the Bn,-module
(wherem = therankof X = Dyy) with high weightAm—1 +Am. Soif n(= therankof Y)
is greaterthanm, the dimensionof V is strictly largerthandim(V1) + dim(V2), which is
a contradiction. Soif e = 0, thenn = m andwe mustbe in the D, < B, case. Assume
e> 0. We have (A — c>(n)|TL,Y = )\|TL,Y —H\n_1|TL,Y = 2)\|TL,Y, Assumel|t, = M (i.e. the
first summandpicturedabove is the onethat projectsnon-trivially to V/[V,Qy]). Then
“'TL;( = A, istheT -highweightof V/[V,Qv]. To have the weight (A — on)|r, in V2
would meanwe couldsubtractrootsfrom v andobtainaweighte whichrestrictsto Ty in
the sameway as2A does;i.e. theremustbeintegersc,...,d, f suchthat2ed; + 28m_1 +
adm = €31 + 20m-1+ Om — (CB1 + -~ + dBm-1 + fPBm) for somea. If we subtractcfy,
we mustsubtract(2c+ €)Bo, (3c+ 2€)Bs, - - -, ((M— 2)c+ (m— 3)e) Bm—2. Saywe subtract
dBm-1 and fBy. Thensincethe coeficients of dy_2,0m-1 remainunchangedye have
(m=3)c+ (m—-4)e+d+ f =2((m-2)c+ (m—3)e)) and(m—2)c+ (m—3)e = 2d.
Thesetogethemive f = (m(c+¢€) —e)/2

Lemma3.6iv) in [9] givesan|z = Bm|z. SO — )|z = (U— Bm)|z. We computed?
above,and

(M= Bm) (hg, (@)hg, (@%)... hg,, ,(@*™?)hg, (@™ ?)hg,,(a"))
— Ze+(m—2)+2m—4‘

Soe mustacton Z asa2eH(Mm=2+2m-4 Byt o)\ actsas

a4e+2(m—2)+(1—2f+(m—2)c+(m—3)e)m‘

Sothesetwo exponentanustbeequal.Usingthe above expressiorfor f, this simplifiesto
m(e+ c) = e+ 2, whichhasno solutionsin non-ngativeintegerswith m> 4. SoA|t, # .
If A1, = v, thensimilar calculationgyive 2f = m(c+e) —e—3andm(e+c—3) =¢;
this systemalsohasno solutionsin non-neyative integerswith m> 4,e > 1.
Sothepictureabore doesnotoccur
If thenon-zerdabelis ontheotherendof L;, thenthepictureis

0 1 L
e / e / 1 0

N1 N0

Therankof L is dim(V1(Qy)) — 1; we know thatthe nodein the Dynkin diagramfor Y

with alabelof 1 mustbewithin m nodesof theend(it mustbea; fori > n—m), asnoted
atthebeginningof this proof. If thesecondsummandn thepictureis theonethatprojects
non-trivially toV1(Qy), thisforcese = 0; but thenV hasdimensiortoolargeto bethesum
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of the two spinmodulesfor Dy, If the first summandorojectsnon-trivially, e = 1 for the
samereasorandLl; hasrankm— 1.

If thereis anodeto theleft of L; (i.e.if n > m), let R, bethe parabolicsubgroupof Y
correspondingo the endm nodesof the Dynkin diagram. ThenV|L§ hasa composition
factor(notall of V) whichis isomorphicto the B, modulewith highweightA1 + Am. This
Bm-modulehasDm-high weightsd; + dm-1 anddy + dm (for the Dy < LY in the natural
way); thusV is too largeto bethe sumof two Dy-modulesof thesehigh weights.Sothis
casedoesnot occut If thereis nonodeto theleft of L; thenY = By, andwe arein oneof
thecasesstudiedin [4], whichtells usthereareno examples.

Sowe areleft with the casewhenthe embeddind -} < L; is anisomorphismsoL,; is
of type An—1 andthelabellingof thehighweightof V /[V, Qv] onT(L;) is thesameasthe
labellingon (LY ). Thetwo possiblepicturesare:

1)
L.
— 1 [
ar a /aml a; a /am_ﬁ_ 0 |ag am-1]|1
Seam1+1 e a1 8
with thefirst summandprojectingnon-trivially to V1(Qy); or
2
1 Li
aQ .\/am_l o | @ /am_l _ 0 |b amo2 af 1
*—=o--- *~—=o --- = o—fo—9: - &0,
\Oam—l-i-l \am—l 0

with b = am—1 if thefirst summandprojectsnon-trivially to V/[V,Qy], andb = am-1+ 1
if it is the secondsummandwhich projectsnon-trivially (asnotedat the beginning of this
proof, all labelsto the left of the highlightednodesof the Dynkin diagramfor Y in the
picturesabove are0).

If we have picture (1) above, thenthe questionis whetheror not & exists. The By-
modulewith high weightajA1 + - -- + am-1Am-1 + Am (Wherethe A; arefor the moment
the fundamentatlominantweightsof this Levi factorof Y of type By,), whenconsidered
as a modulefor the Dy, sitting in By, in the usualway, hashigh weightsaid; + --- +
am-10m-1+ (@m-1+ 1)dm andasds + - -- + (@m-1 + 1)dm-1 + am-10n (this wasnotedin
the proofof [4, 3.3]). Soif & exists,thenV is too largeto be the sumof two D,-modules
of thesehigh weights. SoY in facthastype By,; but thenwe arebackin the situationof
[4], whichtellsustheonly possibilityhereis the onein the statemenof thetheorem.

If we have picture(2) above, thentherelationshipbetweerthe a; which we know from
[4] tellsusthata; = am_2,a3 = am_3, ..., andthereforea; = ayn_1. If thefirst summand
projectsnon-trivially to V1(Qy), thenwe in facthave aninstanceof picture(2), which we
coveredabove.

So we may assumewe have picture (3), with the secondsummandprojectingnon-
trivially, i.e. theisomorphismLy — L; is givenby the graphisomorphismsendingB; —
Om-1, B2 = Qm-2, --- ,Bm—1 — a1 (hereandbelaw, the a; arethefundamentatootsof Y
correspondingo the“end” m nodesof the Dynkin diagram with the A; thecorresponding
fundamentatiominantweights).

We now definea normal subgroupof R, which is the “one level down” analogueof
KY (seeLemma2.10andthe paragraptpreceedingt). For arooty € M(Y) —M(Ly), let
>v(y) bethesetof rootsin Z~(Y) which have y-coeficient —1 andcoeficient O for other
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fundamentatootsnotin M(Ly). Thenasin the introduction,KY is the productof root
groupsg for B € (Z7(Y) — 27 (Ly) — Zy(y)). Analogouslylet >y (2y) bethesetof roots
in =~ (Y) having y-coeficient —2 andcoeficient 0 for otherrootsin M(Y) — M(Ly). Then
let Kfy be the productof root groupsUg for B € (Z7(Y) —Z7(Ly) — Zv(y) — Zv(2y)).
K2 is normalin P, by the commutatorrelations,and K¥ < KY. We have previously
consideredhe quotientQy /KY; now we wishto look atKY /KZ". Lety = ap, betheshort
fundamentaloot of Y. Then K$’“/K3°‘m = theirreducibleL;-modulewith high weight
—(20m+ am—1)|TLi = )\m—2|TLi .

ConsiderQPm = Qx /KPm, whereKPm is the productof thoseTx-root groupsuy for
y € = (X) with By-coeficientlessthan—1 (which in this caseis trivial, asthereareno
suchrootsin aroot systemof type D). By Lemma2.10,QP is an L -modulewith high
Weight(—Bm)|Tﬁ>< = 6m_2|-|—|_rx andthusdimension(?).

By|[9, 3.1], Qy/K\?m is anirreducibleL{,-modulewith highweight—O(m|TL,Y = )\m_1|TL,Y ,
which impliesthat Qy /K¢™ hasdimensionm. It hasan Lx-submoduleQxK{™/Ke™ (by
[9, 3.3]). If Qx £ Ky™, thenQxK{™ /K™ = Qx /(Qx NKY™) = Qx/Q = Qx/KPm has
dimension(%y) > m, whichis impossible.SoQx < K¢™. ThenkPm = Q4 < K™ < KZem,
andwe can projectQx /KPm — K\?m/K$°‘m. If this maphasnon-zeroimagethenit is
in factanisomorphismsinceQy /KPm is anirreducibleL} -moduleanddim(Qx /KPm) =
dim(K&™/KZ%m), But thenk$™ /KZ2®™ hasL, -highweightm_», whereasve know, by the
factthattheisomorphismlLy — L; is givenby thegraphisomorphismsending31 — am-1,
Bo — Om_2, ... ,Pm-1 — 01, that K&m/K\%"m musthave L -high weight &, (sinceit has
L{-highweightAyn-2). S02=m-2,i.e. X is of typeDa.

Ontheotherhand,if Qx < K$“’" (i.e.if themapaboveis notanisomorphism)thenwe
notethattherootsf whosecorrespondingoot subgroupgppeain Kf“m all involve some
fundamentatoot in M(Y) — M(Ly) otherthanan, (since3any, appearsn no root). So if
welet P} = (Py,ULq,,), we have anew parabolicsubgroupof Y satisfyingQ} > Qx, LY >
Lx,PE > Px. If now V/[V,Q}] is irreducibleas an L -module,thenthe first part of the
proof of this lemmagivesa contradiction.If VV /[V, Q%] is the sumof two irreduciblesfor
L% = Lj, thenwe have a contradictiorbecausehis casewould have to appeain [4], andit
doesnot.

Sowe areleft with the picture

a b sa+1l a b »a

\oa \a+1

with the first summandprojectingnon-trivially to V1(Qy). In facttherearethreepossi-
bilities: a= (p—3)/2,b=(p+1)/2;a=0,b=(p—5)/2;ora=b=0. If a=b=0,
thenthe Ty-high weightof V hasatleast32 conjugatesmakingV toolargeto bethesum
of two D4-modulesof dimensiorB. We mayassumeank(Y) = n > 5, sinceotherwise{4]

tellsusthereareno examples.

Supposea = 0,b = (p—5)/2. ThenV; hasDs-high weight p7_562 + 94, andV has
dimensiorat leastthe dimensiorof the Bs-modulewith highweightA1 + p%‘r’)\z + A4 (the
Aj referto the fundamentalweightscorrespondingo the end four nodesof the Dynkin
diagramfor Y). ThusV, asa modulefor the obviousB4 < Y, hasa compositiorfactorV’

a+1 b a| 1

S X=Nm

ap Oz 03 04
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of highweightA; + %5)\2 + A4, andanotherV”, of high weight %3’)\2 + Mg (if Py isthe
parabolicsubgroupf Y correspondingo theendfour nodesthenV?(Qy) hasanLy-high
weightA — & — a1, with theabove restrictionto T|_r ). As amodulefor theDy4 < By, V' has

high weightsd; + 2528, + 84 andd; + 2528, + 3, while V" hashighweights %525, + 34
and 235, + 3. 50 dim(Vv) > 2d|m(VD4(61+ P25, + 34)) + 2dim(Vp, (252 352+54)).
UsingtheAndersen-Jantzes;umformula([l, 6]), we seethat

. _5 . _5
dim(Vo, (31 + pT52 +84)) = dim(Wh, (81 + pTaﬁ 52))

_ —9
— dim(Wb, (51 + pT52 +5)),

and

. -3
dlm(VD4(pTéz +82)) = dim(Wb, (=35, + 52))
—dim( 4( 62+64))
whereWp, () denoteshe Weyl modulefor D4 with high weight3 (the secondermson

the right handsidesof the above equalitiesappearonly if p—9 > 0). Calculatingthese
dimensionswith theWeyl characteformula,we find that

dim(v) > 2(dim(VD4(61+p%

. -5
> 2dim( 4(p752+54))

552 +34)) + dim(VD4(p—;35z +84)))

2dim(VD4(p%562+64))
= 2dim(Vq) = dim(Vy) + dim(V5).

Thisis acontradictionsoin factthis casedoesnotoccut

Finally, if a# 0 # b, thenwe take yet anotherparabolic:Let P« bethe parabolicsub-
groupof X correspondingo {B1,Bs,Ba} C M(X). ThenlLy is a productof threeAs’s.
Here P is t-stable,so whenwe embedPx in a parabolicsubgroupR, of Y, asusual,
we have [V,Qy] = [V,Qx]. We denoteTL;(-weightsby (a1,a3,a4), whereg; € Z is the
value of the weight on the torus correspondindo B;. The high weight of V1/[V1,Qx] is
(a,a+1,a); thatof Vo/[V2,Qx], (a,a,a+1). The weightswhich appearn V1/[V1,Qx]
have the form (a— 2bj,a+ 1 — 2bz,a— 2bs), andthosein V2/[V2,Qx] have the form
(a—2c1,a— 2cz,a+ 1—2c4). The weight spacesn Vi/[Vi,Qx] all have dimensionl,
andnoweightcanappeain both. Sotheweightspacesf V/[V, Qy] have dimensionl.

Thosemodulesfor simple algebraicgroupswhich have all weight spacesof dimen-
sion 1 are classifiedin [9, chapter6]. We have dim(V1/[V1,Qx]) = (a+ 1)%(a+ 2), so
dim(V/[V,Qy]) = 2(a+ 1)2(a+ 2). With thelabellingonY known, we cancomparethe
variouspossibilitiesfor thefactorsof L, which actnon-trivially onV(Qy) (remembering
thatthey mustappeain [9, 6.1]) with theknown dimensiorof V1(Qy), andwe geta con-
tradictionin every casebut one: p = 13, with the highweightsandtheembeddingf Px in
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Ry asin this picture:

5 7 5 5 7 6 0O 0 6| 7

1

5
/R
7
6 5

But now the LY, -module Qy/KY hasdimension2, while Qx/Q} hasdimension8; this
forcesQx < KY (otherwiseQxKY /KY = Qx /Q is asubmodulef dimensiors of Qy/KY,
whichis impossible)but thenV,_, ¢ [V,Qx] = [V, Qv], whichis absurdsincey hasanon-
zerolabel.

Sowe getho exampleshere. O

4.4. Case4d. We areleft with case4 on page20.

Lemma4.6. If W is irreduciblefor Ly thenp =2, X = Dy, andY =B, or G, withV a
spinmodulefor Y anda sumof two spinmodulesfor X.

Proof. We are backto the situationwherePx is the maximal parabolicsubgroupcorre-
spondingto M(X) — {B1}. Inductively we needonly checkthe casewherep = 2, L{ =
Dm-1, andLj = Bm—1 or Cm—1, with V/[V, Qy] aspinmodulefor L; anda sumof two spin
moduledor L ; andthesinglecasewhichoccurredn section3: Lj = D1, (V/[V, Qy])|y, =
spin(Li), Ly = D3 = Az,V1/[V1,Qx] of Lx-highweight383+ 62 + 81, p # 2,3,5,7.

If we arein thefirst setup,thenthe argumentsof the lastsubsectiorcarry over andwe
have only theexamplesin the statemenbf the Lemma.

Sothepictureis:

1 3 1
3 1 Y

Assumey hasa non-zerolabel (in the marking for the Y-high weight of V). Then
W(Qv) hasanL{ -highweightgivenby thelabellingontheboxednodesaborewith a1 on
thenodeto theright of y andthe 1 ontheendnodeaspictured. Thedimensionof this D1o-
moduleis at leastthe numberof conjugatef the high weight,whichis 2°- 10. But then
dim(V2(Qy)) > dim(V(Qy)) > 2°-10> 6-2° = 6dim(V1(Qy)) = dim(Q%) dim(V1(Qy)),
whichis acontradictiorto Lemma2.9. Soy haslabel0. By Lemma4.3,all theothernodes
in thediagramfor Y have labelO, soin factV is aspinrepresentatioof Y.

Now switch parabolics:Let Px correspondo {f1,B2} < M(X). As always,embedPx
in a parabolicR, of Y, via the usualconstruction(givenin Lemmaz2.7). SincePx is t-
stable,we againhave in this case[V, Qv] = [V,Qx] by Lemma2.8. SinceV/[V,Qx] # O,
thesubsebf MN(Y) towhich R, correspondsustcontainthenodea thathasalabell. Let
L; bethesimplefactorof Ly thatcontains(Uy).

TheirreducibleLy-moduleV: /[V1,Qx] hashigh weight (ed; + 62)|TLI>< . Its dimension

is(e+1)(e+3)ife#p—2, andw if e= p—2. Recallthatdim(V/[V,Qv]) =

2(dim(V1/[V1,Qx]))-
If Lj hastype Dy, thendim(V1/[V1,Qx]) is apower of 2. Thedimension(e+ 1)(e+ 3)

is a power of 2 only whene= 1, and w is never a power of 2. Sothe possibility

hereise=1, p# 3.
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If Lj hastype Aj ande > 0, then| > &2(‘*6) — 1 (which is always > 6, soM(L;)
doesnotcontainbothay, anday,_1). ThenV2(Qy) hasacompositiorfactorof highweight
A—v —y|_1—o()|TLY (wherey;_1,y; aretheendnodesof L;, anda thenodeattheendof Y
whichis left outof L;), of dimension('t"). Sowehave ('£) < 6dim(V1(Qv)) = 6(1 + 1)
(usingLemma2.9again).But ('§*) < 6(1 + 1) is acontradictiorfor | > 6, andl < 5 only
fore=0.

We areleft with somecasedfor e=1 ande= 0. ButV is a spin modulefor Y, so
dim(V) is a power of 2; the only time whenV; as above hasdimensiona power of 2
is for e=1andp > 11 or p = 0, in which casedim(V;) = 215, But this would imply
thatdim(V) = 216, soY hastype D17. But X = D4 hasno irreduciblerepresentationef
dimensior34 (= dim(W)) whenp > 11or p=0. O

This completeghe proof of the Theorem. O

5. THECASE X =Eg

Here we establishTheorem1 for the casewhereX = Eg and G = X({t). Again we
assumehatt actson W, the naturalmodulefor Y. Notation(X <Y, V, Vi, Vo, aj, A) is
aspreviously;in particular {B1, ..., Bs} is thesetof simplerootsof X, with {34, ...,0} the
setof fundamentatiominantweights labelledsothat(&;, 3j) = &;. Themaintheoremis:

Theorem5.1. If X actsirreduciblyon the natural moduleW for Y thenX is not of type
Es.

Proof. Sincet actsonW, the Tx-highweightd = d11 + - - - + dgdg 0f W mustbe symmet-
ric; thatis, dy = dg andds = ds. We will write & = ad; + dd, + bdz + cds + bds + adg, SO

a b ¢ b a
thepictureof the X-highweightof W is: . We usethe samemethod

asin section3, basedon Lemma3.2. As in the ca%ex = Am, we will investigatethe
embeddingof the fixed Borel subgroupBy of X in a parabolicsubgroupR, of Y, via the
constructioroutlinedin the proof of Lemma2.7. In thefirst subsectionywe will shaw that
thereareonly afew casesn which afactorof type A; mightappeain LY ; following that,
we dealwith thesefew casedy investigatingheembeddingsf otherparabolicsubgroups
of X.

5.1. The Almost-Everywhere Argument. The agumentwill againbe aninductionon
thepartialorderontheweightlattice;for the basecaseof theinductionwe need:

Lemmab5.2. If X is of typeEg andd # &, thend - &1 + 3.
Proof. Thisis aneasyexercise(usingthefactthatd is symmetric). O

Notice that 0 is a weight of V(81 + d6) at level 16 by the expressiorfor 81 + 6 in
termsof roots (see[5], for example). Soto begin our inductionwe mustshov thatin
Vg (81 + 86) = VE,(9) thereareat leastthreeweightsin every Ux-level i for 2 <i < 16,
andatleast5 atlevel 16. Thisis easyto do; we illustrateby giving threeweightsin each
of levels 2-4. Herewe are usingthe usualrulesto determinethata weightappearsif pu
is a Tx-weightsuchthatW, # 0, and(l, i) = | > 0, thenW,_jg, # O forevery1 < j <1I.
Thisdepend®n theresultin [8], which saysthatweightswhich appeaiin characteristi®
alsoappeatin characteristiq, andthefactthatin characteristi®, the 3;-stringthroughp
is connectedthe setof weightsis saturated— see[5, p. 114]).
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Level 2: &—PB1— B3, 6— Bs— Bs, d— B1— Be;

Level 3: d—PB1—B3— B4, 0—PBs—Bs—Pa, d— PB1— Bz —Be;

Level4: &—PB1—PB3—PBa—Ps, d—PBe—PBs—PBa—Ps, d—P1—PBs—Pa—Pe;

etc.

If = 0, thenwe checkall levels andfind thatthe only possibilitiesfor an A;-factor
of L{ arelevel 3 andlevel 11 (thelevel of the 0 weight). The weightspacefor theweight
0 hasdimensionat least5 in all characteristicsso level 11 is large enoughto precludea
correspondingy-factorof LY. We will dealwith level 3 later.

Sinced is symmetric,it hasthe form a(d; + &) + b(ds3 + 85) + ¢d4 + dd, for some
nonngative integersa, b,c,d. Now for theinduction: Assumed >~ 01 + 8 (andd # 01 +
0s). Thenatleastoneof thefollowing mustbetrue:1)d > 2;2)c>2;3)b>0;4)a > 0;
or5) & € {84,082 + 04}. We considereachof thesepossibilitiesin turn.

1)If d > 2,thend— 32 isadominantweight,still greatethand; + dg in thepartialorder
andby inductiond hasenoughweightsat all levels 3 andhigher Sowe needto check
levels1 and2. Level oneis 2-dimensionalf a=b = 0,c # 0; otherwisedim(W;) = 1 or
dim(W) > 3. At level 2, if a= b= c= 0,wehavejustthetwo weightsd— 23,, d— B2 — B4;
sothisis a casewe mustconsidetbelow.

2) If ¢ > 1, thend— B4 is a dominantweight, still greaterthand; + & in the partial
order andby inductiond hasenoughweightsat all levels 3 andhigher Sowe needto
checklevels1 and2. As above, level oneis 2-dimensionalf a=b=0,d # 0. At level
two arethethreeweightsd — 34 — B3, 0 — B4 — B2, andd — B4 — Bs.

3) If b> 0, thend — B3 — B4 — Bs is adominantweight, still greaterthand; + 8, and
by inductionwe mustchecklevels 1-4. Level oneis 2-dimensionabnly if a=c=d = 0;
level 2 hasatleast5 weightsin it; level 3 atleast5; andlevel 4 atleast5. Sofor b # 0 we
needto considemnly level 1witha=c=d = 0.

) If a> 0andd # &1 + 8, thend— B1 — B3z — P2 — Bs — Bs is adominantweight,and
we needto checklevels1-6. Level oneis 2-dimensionabnly if b=c=d = 0; level 2 has
atleast5 weightsappearinglevel 3 atleast4; level 4 atleast5; level 5 atleast5; andlevel
6 atleast5. Sofor a # 0, we have only to considedevel 1withb=c=d = 0.

5) The weightsthatarent coveredabove are: d = 84, 8 = &, + &4, andd = &,. Notice
thatds — B3 — B2 — 2PB4 — Bs = 01 + &6, SOWe needto checklevels 1-6;in this casejevel 1
hasdimensionl, andlevels2—6all have dimensioratleast3. So0d = &, givesno A;-factors
of L{. If 8= &2+ d4, thend— B4 — B2 is a dominantweight, so we needto checkonly
levels1-3. Level onehasdimension?, somustbe consideredlevels 2 and3 areboth big
enough.

So the only embeddingdor which an A; factorof L{, might appearare the onesthat
give anohviouslevel of dimension2:

1. Level1for d=ad; + adg; 6 = bd3+ bds; ord =cds+dd (a#0#b, c#0#£d).
2. Level 2 for 6 =dd, withd > 1.
3. Level 3for & = 9,.

5.2. The Remaining Cases.We treatthe casedistedabovein reverseorder:
3. Sayd = &,. Thenthepictureof theembeddingf the Borel subgroupof X is

1 a

alaz%es
7

with all simplefactorsof L, to theright of the picturehaving rankatleast2, all separated
by only asinglenode.
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By Lemma2.4,wehavedim(V2(Qy)) < dim(V?(Qx)) = 2dim(VZ(Qx)) < 2-6dim(V{(Qx)) =
12. No nodeotherthanay of the Dynkin diagramfor Y whichfallsin M(L{) canhave a
nonzerolabelin the labellingfor A onY, sincedim(V1(Qy)) = 2. Supposesomenode
a; € M(Y) —M(Ly) fori> 7 hasa nonzerolabel. Then(A — c>(i)|TL,Y is a high weightin

V2(Qy), giving a compositionfactorof dimensionat least9 (sincethe two simplefactors
of L, whichit adjoinshaverank > 2). But A — a4 — a3 (if a3 = 0) or A — a3 (if a3 > 0) is
anothehighweightin V2(Qy), giving afactorof dimensioratleastl; andA — a4 — o (if
as = 0) or A — a5 (if as > 0) is anotheygiving oneof dimensionat least3. Adding these
up, we seethatdim(V2(Qy)) > 13,whichis a contradiction.

Sog = 0fori > 5. Now embedhemaximalparabolicsubgroud®x of X corresponding
to B2 into a parabolicsubgroupP, of Y by the sameQx-level construction.Herelevel 0
hasdimensionl andlevel 1 hasdimension20. Now L hastype As andthefactorL; of
LY, correspondingo level 1, hastypeAsq. Sincea; = 0fori > 5, L istheonly factorof LY,
actingnontrivially onV/[V,Qy]. By Lemma2.8,V/[V,Qv] = V1 /[V1,Qx] & V2/[V2, Qx].
But thenwe arein the situationof section3, with V/[V, Qy] anirreducibleAs(t)-module.
Sincetherewereno exampleghereof this setup,inductively we have nonehere.

2. If 8= dd, with d > 1, thentheembeddingf the Borel subgroupof X in a parabolic
subgroupf Y is

a 1

a 2834

with, asabove, all simplefactorsof LY to the right of the picture of rank at least2, all
separatedtby only asinglenode.We continueexactly asin case3, finding no examples.

1. We have 6 = ad; + adg, 6 = bdz + bds, or & = cd4 + ddz. Theembeddingf By in a
parabolicsubgroupf Y is aspicturedin

with thesecondsimplefactorof L, having typeA for | > 2 andall simplefactorsof LY, to
theright of the picturehaving rank at least2, all separatedy only a singlenode. By the
sameargumentsasabove,a = 0 fori > 4.

We againembedthe maximalparabolicsubgroupof X correspondingo (3, in a para-
bolic subgroupof Y; now level O is large, with dimensionat least20. Becauses; = 0 for
i > 4,thefactorL, of L{, correspondingpo thislevel 0 is theonly simplefactorof L{, acting
nontrivially onV/[V,Qy]. As abore,we arebackin the situationof section3, which tells
usthatonceagainthereareno examples.

SoG = Eg(t), with Eg actingirreduciblyonW, givesno examples. O

6. THE CASEX =Dy, [G: X] >3

In this sectionwe treatthe casesG = D4(s) andG = Dq(s,t), wheres is a graphau-
tomorphismof D4 = X of order3 andt is oneof order2. As mentionedearliet since
G < Aut(Y) we have s€ Y, asno simplealgebraicgroup properly containingD4 hasan
outerautomorphisnof order3. We assumeahats actson W andthatW is irreducibleas
anX-module.ThecaseG = D4(t) wascaoveredin sectiond. All notationis asbefore.The
mainresultis:

Theorem6.1. If X actsirreduciblyon the natural moduléw for Y, thenweare notin the
situationwheie X = D4 with G = X{s) or G = X({s;t).
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Notice thatthe assumptiorthats actson W forcesthe Tx-high weightd of W to be of
theform ad; + bd, + ads + ad4, whichimpliesthatt actsonW. In addition,it impliesthat
X fixesa nondgenerateilinear form on W, which is orthogonalif p # 2 ([11, Lemma
79)).

If V|x = V1@ V2@ V3 with eachv, irreducibleandrestrictedasan X = D4-module then
spermutegheV; andV is irreducibleasan X{s)-module;in this casewe mayassumehat
G = X{s). Soif G = X(s,t), wemayassumehatV hassix simplefactorsasanX-module.

We basedthe agumentsfor X = A, and X = Eg on Lemma3.2. We will needan
analogousesultfor thecaseave considetere.Recallthatls is theUx-level of the Ty -low
weightof W. Let Py be the parabolicsubgroupof Y containingByx = UxTx, constructed
via Ux-levelsasoutlinedin Lemma2.7,with R, = Qv Ly theLevi decompositioryivenin
thatconstruction.

Lemma6.2. If Ry isasabove thendim(V/[V, Qy]) = 3if G=X{(s), anddim(V /[V,Qv]) =
6if G=X(st). If G=X(s), eitherdim(W,) = 4 or there is Ux-levelin W of dimension
3or2.1f G=X(st), therisani suc that2 < dim(W) < 6.

Proof. It sufiicesto provethestatementi thefirst sentencesinceAs, Az, andA; x A; are
theonly groupsunderconsiderationwhich have simplemodulesof dimension3, andonly
thosegroupswhosenaturalmoduleshave dimensiorat most6 have anirreduciblemodule
of dimensior6.

The constructionvia Ux-levels of the parabolicsubgroupR, of Y clearly givesans
stablesubgroup,ass actson W andon eachUx-level in W. The quotientV /[V,Qy] is
anirreducibleL{ -moduleby [9, Lemma2.10]. By anargumentsimilar to that usedto
prove Lemma2.8, herewe have (V/[V, Qv]) |, = V1/[V1,Ux] & Va/[V2,Ux] & Va/[Va,Ux]
(®Va/[Va,Ux] @ Vs/[Vs,Ux] ®Ve/[Vs,Ux], if t € G). Buteachof these_x-modules/ /[V;,Ux]
hasdimensionl by Lemma2.4. This provesthefirst statemenof theLemma.

Recallthat Py is the stabilizerin Y of theflag0 <W <W ®W_; < ---, wherel is
minimal with respecto [W, U)'<+l] = 0. EachfactorL; of L, correspond$o aUx-level W.
Sincel, hasanirreduciblemoduleof dimensionj = 3 or 6, theremustbeasimplefactorof
Ly of ranklessthanj. For j = 3, this canhapperif i = I5/2 anddim(W, ») = 4 (we could
havethemiddlelevel I5/2 giving a productof two groupsof typeA; if Y = Dy); otherwise,
thishappen®nly if dim(W) < j. This provesthe secondassertiorof theLemma. O

Now if we canshaw thatfor aparticularTx-highweightd of W, all Ux-levelsof W have
dimensiorbiggerthanj (with j asabore),andin the G = X(s) casedim(W, ) > 4, then
theLemmawill imply thatthereareno exampleswith thisembeddingf X into Y.

Lemma6.3. AssumeX = Dy, s€ G, andX actsirreduciblyon the natural modulew for
Y. If dim(W) < 3wheeW is theUx-leveli of W, thenoneof thefollowing holds:

1. i =1andeitherd = bd, or d = ad; + adz + ads for someb # 0 # a.

2. 0=20p, 6 =28, or = &1 + &3+ Oa.

If dim(W) < 6 thenoneof thefollowing holds:

3.i=1

4. i = 2 andeitherd = bd, for someb # 0 or d = &1 + 82 + &3+ 04.

5. 0=20p, 6=20,0rd= 01+ 03+ &4.
Finally, if dim(W,,2) < 4, thend = &,.
Proof. We wish to induct on the heightin the weightlattice of , asin the X = A, and

X = Eg caseslet
O =ad; +bd +ad3+ ads



36 BEN FORD

be the Tx-high weightof W. Sinced; + 83+ 04 = 231 + 32 + 2B3 + 2B4 andd, = B1 +
2B2+ B3+ B4 aresumsof roots,everyweightwhich hastheform of 3 hasd; + &, + 83 + 04
asasubdominantveight,exceptdy, 202, andd; + &3 + 4.

Soto begin our inductionwe mustinvestigatethe numbersof weightsat variousUx-
levels of the D4-modulewith highweightd; + & + &3 + &4. Theweight0 appearsn this
moduleatlevel 14,sowe mustcheckthenumberof weightsatlevelsi with 1 <i < 14. 1t is
nothardto do this (againusingtheresultin [8] thatweightswhich appeain characteristic
0 appeaiin characteristiq); we find thatthereare4 weightsat level 1, 6 at level 2, and
10 or moreat every level 3-14. We will excludelevel 1 from the discussiorbelow, since
it is clearthatdim(\Wy) = 1 if a= 0 andb > 0; dim(W;) = 3if a> 0 andb = 0; and
dim(Wy) =4ifa#0#Dh.

Assumed = ad; + bd; + ads + ad4 asabove, with b > 2. Thend— 32 is a dominant
weight,lessthand in the partial orderandstill having d; + 6, + 03 + 84 asa subdominant
weight,soby inductiond — 32 hasenoughweightsat all levels 3 andhigher Sowe must
checkd-levels2 and3. Thereare4 weightsatlevel 2 if a =0, and7 otherwise.Thereare
at least7 weightsat level 3. Sothe only possibilityfor a level of dimension6 or lessis
level 2, with a= 0.

If b=2anda> 1,thenagaind— 3, is dominantandlowerin thepartialorder; still with
01 + 02 + 03 + &4 asa subdominantveight,so by inductiond — 3, hasenoughweightsat
all levels3 andhigher Here,level 2 has7 weightsandlevel 3 hasatleast7. Sowe have
no possibilitiesarisingfrom this embeddingotherthanlevel 1).

Finally, if b=1anda > 1, thend— 31 — B3 — B4 is dominantandlower in the partial
order; so by inductionwe mustcheckd-levels 2, 3, 4, and5. At all four of theselevels
therearemorethansevenweights. This completeghelisting of all possibilitiesfor levels
of dimensionat mostthan6, exceptfor thethreeweightsd,, 282, andd; + &2 + d3.

The last statemenbf the Lemmais proved by noting that by the sameargumentas
above, every symmetricdominantweight exceptd; hasd; + 03 + &4 asa subdominant
weight,andd; + &3 + &4 hasmorethan4 weightsat level 9, whichis its middlelevel. O

We seein the proof thatthe only possibilitiesfor 1-dimensionaUx-levelsarelevel 1
whend = bdp, andlevel 0. Soasin theagumentdor earliercaseswe have thatfor ary
0, therearenever 2 consecutre weightsin the Dynkin diagramfor Y which lie outsideof
M(L), exceptfor o anday in thecased = bd,.

Fromthis point,we will considerthetwo possibilitiesfor G separately

6.1. G = X(s). Herewe needto find alevel of dimension3 or 2. By the previouslemma,
we needto considemnly level 1 for d = ad; + ad3 + ads4, andthethreepossibled thatwere
notcoveredby theinductionthere: &y, 25,, andd; + &3+ 4. We cancheckthesdastthree
directly andfind thatthe only possibilitiesfor a factorof LY, of type A; or A, arethose
correspondingo level 1 for 6 = &1 + 83 + 04, andlevels2, 3 and5 for & = &;.

Sowe mustconsidetthefollowing:

W|x Embeddingpf Bx

a o°° A 8 ifa>1
1) o—fo—ol o fo—o—o—o- Withl= . ’
5 ifa=1

a
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0 1<O
2) If p£2
0

o—o—|—o—0—|—o—|—o—o—|—o—|—o—o—<[/ Ifp=2

1) Assumed = ad; + adz + ad4. By the last Lemma, dim(V/[V,Qy]) = 3, so either
a; = 1 or ag = 1, with all othera; = 0 for aj € M(L). By Lemma2.4,dim(V?(Qy)) <
dim(V2(Ux)) = 3dim(VZ(Ux)) < 3(4dim(V{(Ux))) = 12. If ag = 1, thenin V(Qy) we
have eitherA — a4 (if a4 # 0) or A — a3 — a4 (if a4 = 0) asa highweightin V2(Qy). The
L{-moduleswith thesehigh weightshave dimensiongreaterthan12, however, soin fact
az=0.

If a» = 1, thensimilar calculationgyive contradictiongo dim(V2(Qy)) < 12if 0#£ a; #
p—2orag # 0for somei > 2, orif a> 1anda; # 0. Sotheonly possibilitieshereare
ay=1witha =0fori#2(.e.A=Ap),anda=1,a; = p— 2, a; = 1 with gy = 0 for
i >2(s0A=(p—2)A1+A2).

Assumep = 2. Then,sinced is restrictecby Lemma2.6,0 = &; + 03+ d4. In character
istic 2, the D4-modulewith this highweighthasdimensior?94,soY hastypeCj470r D147.
By the previous paragraphwe have a; = 0. But then\ = A, has(2147-1471)/(2- 2145.
145!) = 2-147-146= 42 924 conjugatesSodim(V) > 42 924. The Tx-high weightsof
V arerestrictedaswell andnot symmetricwith respecto s, sothe possibilitiesfor these
arevery limited. In fact,any D4-modulewith sucha high weighthasdimensionat most
840; but then42,924 < dim(V) = 3dim(V1) < 3-840givesa contradiction.So we may
assumep # 2.

Assume\ = A,; this impliesV = A?W ([7, 11.2.15]). If we Ws, wy € Ws_g,, W2 €
Ws_p,, andws € Ws_g,, thenwA wy, wAW,, andw A ws are Tx-high weight vectorsin
A?W, of weights(2a— 2)3; + 8, + 2ad3 + 2ads, 2ad; + 5, + (2a— 2) 53+ 2ad4, and2ad; +
02 + 2ad3 + (2a— 2)d4. Sincewe areassuminghereareonly threesuchTx-high weights,
V mustbethe sum(asX-modules)f thethreeD4-moduleswith thesehigh weights.

Now switch parabolicsandembedthe parabolicsubgroupPy of X correspondingo
{B1,Bs, B4} in aparabolicsubgrou?, of Y via the Qx-level constructionThenthefactor
L, of LY, correspondingpo level 0 is theonly simplefactorto actnontrivially onV /[V,Qy],
andis of type A/ with | = (a+1)3— 1. Now V/[V,Qv] 2, A*(W/[W,Qv]) = A*(the
naturalmodulefor L3), and (V/[V,Qv])|x hasthe threehigh weights (2a— 2, 2a, 2a),
(2a,2a— 2,2a), and(2a, 2a,2a— 2). But this gives

((a21)3> = dim(A 2(W/[W,Qy])) = 3dim(V1/[V1,Qx]) = 3((2a—1)(2a+1)?),

andthis equationin a hasno solutionsin the positive integers.SoA # As.

Finally, assumea = 1 andA = (p—2)A1+ A2. ThenAq|t, = 81+ O3 + 04 andasabove
we may assumehatAz|t, = (2A1 — 01) |1, = 2(81 + 83+ 04) — Bi for somei = 1,3, or
4. S0 Aoty is oneof & + 203 + 204, 281 + & + 204, Or 201 + & + 283. In ary case,
Aw = ((P—2)A1+ A2)1y = (P— 2)A1|1y + A2l IS a Tx-high weightof V which is not
restrictedcontraryto ourassumptionThis eliminateshefinal possibilityfor casel.
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2) If & = &y, thenPRy correspond$o theindicatednodesof the Dynkin diagramfor Y, and
the possibilitiesarethatthereis alabelof 1 on oneof thenodesn anA; factorof LY, or a
labelof 2 on oneof the nodescorrespondingo anA; factor We have dim(V2(Qy)) < 12
by Lemma2.4,andthe samesortsof agumentsasabove give contradictiongo this bound
for ary of thesepossibilitiesexceptay = 1 andaz = 1; evenfurther, we getcontradictions
to theboundunlessa) A = ajA1 + axA2+ Az, Orb) A = Ag4.

a) Suppossd = & andA = aiA1+axA2+Az. ThenAq|t = &2, Aojty = (2A1 — 1)1y =
20 — B2 = &1+ 03+ 04, E:’lr]d)\3,|'|'>< = (3)\1 — 201 — 0(3)TX € {261 + 203,203 + 204,201 +
204}. SOA restrictsto Tx asapd; +a102 + (a2 +2) 03+ (a2 + 2) 84 or oneof its s-conjugates.

If we now embedheparabolicsubgrouPx of X correspondingo {B1, B3, B4} C M(X)
in a parabolicsubgroupPy = QvLy of Y, thenthe first nontrial factorL; of L{ cor
respondgo {a,0s,...,ag} C M(Y) (sinceQx-level 1 hasdimension8). Herel) is a
productof threegroupsof type A1, and (V/[\/,Qy]),_;( is the sum of threesimple LY -
moduleswith highweights(ap,ap+ 2,82+ 2), (a2 +2,a2,a2+ 2), and(az + 2,a2 + 2, a).
Sodim(V(Qv)) = 3(az + 1)(az + 3)2. On the otherhand,V1(Qy) is isomorphicasan
Li-moduleto the Az-moduleM with high weighty = aoy1 + Y2, wherethey; arethe fun-
damentaldominantweightsfor A;. Assumethata, > 15. Theny has(ay —6)y; asa
subdominantveight, andthe Az-modulewith high weight (a, — 6)y; has (ngé) nonzero
weightsby Lemma2.5. Sodim(V}(Qv)) > (£73), and ($275) > 3(az + 1)(a2 + 3)? for
ap > 15, whichis acontradiction.

If a, < 15, we cancheckeachcaseindividually, finding morethan3(a, + 1) (az + 3)2
weightsin M, arriving atthe samecontradiction.So(a) is ruledout.

b) Suppose& = &, andA = A4. As above, we have A4|r, = (4A1— 301 — 200 —d3)T, €
{462—3[32— Bj - Bk|j,k: 1,30r4,j# k} = {351+53+54,61+353+54,61+53+354}.
Whenwe embedheparabolicsubgrouPx of X asabove,wenow ha/edim(vl(Qy)|L/X) =

3(2-2-4) = 48 ontheonehand,anddim(V1(Qy)) = (3) = 56 ontheother(sincevV(Qy)
is isomorphicto the Az-modulewith high weightys). Againwe have a contradictionand
(b) is eliminated.

Sothereareno exampleswith G = D4(s).

6.2. G=X(s,t). AssumeX = D4 with G = X{(s,t). Lemma6.2tells usthatwe musthave
a Ux-level in W of dimension6 or less. Lemma6.3 shows that thereare few Tx-high
weightso of W which allow suchalevel (otherthanlevel 1). We mustconsiderevel 1 for
all §, level 2 for & = bd, or & = 81 + &, + 83 + 04, andthe threepossibled not coveredby
theargumentin the proof of thatLemma(d;, 20,, andd; + d3 + &4).

As above,by Lemma2.4we have heredim(V2(Qy)) < 4dim(V1(Qy)) = 24. Thisrules
out mostof theremainingpossibilities.

Assumed = 01 + 03 + 84. Thenwe checkthe dimensionf the levelsdirectly. With
W denotingUx-level i of W, we have dim(Wp) = 1, dim(W,) = 3, dim(\W,) = 6, and
dim(W) > 7 fori > 3. SoR, correspond#o theindicatednodesin the Dynkin diagranfor
Y in this picture:

Q a3 as adg

Lemmas.2 tells us thatdim(V1(Qy)) = 6; the waysin which this canhappergiven the
dimensionsof Ux-levels above area) a = 2 anda; = 0 for i # 2, a; € M(Y) — M(LY);
b)as =2anda =0fori#3,a; e N(Y)-TN(L}); c)as=1anda =0fori #5,a; €
ney) —n(L,); andd) ag =1 anda; = 0 for i #9, aj € N(Y) —MN(L{). We consider
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eachpossibility in turn (the agumentsbeloy must be modified slightly in somesmall
characteristics):

a) If a = 2, theneitherA — ay (if a3 # 0) or A — a2 — a; (if a3 = 0) is a high weight
in V2(Qy), giving acompositiorfactorthereof dimensionat least7, andeitherA — oy (if
as #0)orA —a — a3 — 0y (if a4 = 0) is anotheygiving afactorof dimensiorat least18.
This contradictdim(V?(Qy)) < 24. Sothis casedoesnot arise.

b) If ag = 2, thenA — ay (if a4 # 0) or A — a3 — 04 givesacompositiorfactorin V2(Qy)
of dimensionatleast42; this againis a contradiction.

c) If as = 1, theneitherA — a4 (if a4 # 0) or A — a4 — a5 (if a4 = 0) is ahighweightin
V2(Qy), giving dim(V2(Qy)) > 45. This againcontradictddim(V2(Qy)) < 24.

d) Similarly, herewe obtaina contradictionsinceeitherA — a9 or A — g — 01g iS a
highweightin V2(Qy), giving dim(V2(Qy)) > 105.

Sotheembedding = &; + 83 + 84 givesno examples.

Almost identical agumentsrule out all possibilitiesfor 6 = 25,, so this embedding
givesno examples.

For 6 = &, therearemary morepossibilitiesfor thelabellingof A onM(LY). Herethe
pictureof Ry is

for p#2,and

N
o—o—E+|—o—o—|+|—o—o—<[
~

for p= 2 (in [9] it is calculatedhat this embeddings actuallyinto D13, notC;3). Once
again,however, agumentdik e thoseabove give contradictiongo dim(V3(Qy)) < 24 for
all possible\ exceptperhaps\ = ajA1 + apA2 + 2A3, with aja; = 0. Sowe mayassume\
hasthis form, andp # 2 sinceA hasAz-coeficient2.

If a3 = 0+# ap andA = apA2+ 2\ 3, thenwe usethes-stableminimal parabolicsubgroup
Px of X correspondindo {B2} C M(X). We embedPx in a parabolicsubgroupP, of Y
correspondingo theindicatednodesn thepicture

Now by Lemma2.4, we have dim(V2(Qy)) < 6dim(V1(Qy)) = 36. But A — a, andA —
a3 — 04 — a5 arehigh weightsin V2(Qy), giving compositiorfactorsof dimension20 (if
p # 3) and18, respectiely; thisis a contradiction(if p = 3, thereis anothercomposition
factorof highweightA — a2 — a3 which we mustincludeto obtainthe contradiction).

If a = 0anda; # 0 (SOA = a1A1 + 2A3), thenwe canexaminethe embeddingf the
s-stableparabolicsubgroumf X correspondingo {B1, B3, B4} C M(LY) in aparabolicsub-
groupRy = QyLy of Y. Now thefirst nontrivial factorL, of L{, correspond$o {as, ...,0ag}
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(asQx-level 1 hasdimension8), andthe secondfactorL, correspondso {a1o, ...,014}.
Thefirst, Ly, is the only oneto act nontrivially on V1(Qy), which is isomorphicto the
Az-modulewith high weight2y, (wherey; arethe fundamentalominantweightsof Ay).
We find (usingthe Weyl characteformula andthe Andersen-Jantzesum formula) that
dim(V1(Qv)) = 336if p# 3, anddim(V(Qy)) = 266if p= 3. By Lemma2.4, we
have dim(V2(Qy)) < 8dim(V1(Qy)). With A asabove, thetwo high weightsA — a; and
A —az—---—0g in V3(Qy) give, for p # 3, two compositionfactors,eachof dimen-
sion 1680;andfor p = 3, thesetwo compositionfactorshave dimension1624and 1120,
respectiely. This contradictsdim(V2(Qy)) < 8dim(V1(Qy)).

The remainingpossibility is A = 2A3. We know thatAq|r, = 82, d1|r, = B2 by [9,
3.4(i)], anda|w, = Bi fori = 1,3 or 4, by thesameargumentsisedin theproofof [9, 3.4].
SinceAz = 3\1 — 201 — Ay, this givesAs|t, of theform 24; + 29; for (i, j) = (1,3),(1,4),
or (3,4). But we have notedthatthe 8-, 8-, andd4-coeficientsof A|y, mustbedistinct
in this caseG = D4(s,t), sinceV isirreducibleasa G-module.Sothecased = &, doesnot
occur

Remainingo beconsideredrelevel 1 for all 3, andlevel 2 for 6 = &1 + 32 + 03 + 04 OF
0 = bd, (with b > 1, asthe cased = & wasexaminedthoroughlyabove).

First we considerlevel 2. If d = 81+ &2 + 83 + &4, thenWs, in fact hasdimension9
unlessp = 3, in which caseit hasdimension6 andwe have the possibilitiesag # 0 and
aj0 # 0. But thesecasesareeasilyruled out by agumentsbasedon dim(V(Qy)) < 24,
asin severalcasesbove. If & = bd, thendim(W,) = 4 andwe have thepossibilityas # 0;
thisis againruledout by the samesortsof alguments.

Finally, assume\ hasa nonzerocoeficientfor afundamentalveightcorrespondingo
somea; in M(L1), wherelL; is the simplefactorof L{, correspondingo the Ux-level 1 of
W (in otherwords,we arein theremaininglevel 1 case).Thenif a# 0# b, dim(\W;) = 4
andwe have the possibility az = 1. If a# 0= b, thendim(W;) = 3 andwe have the
possibilitiesa; = 2 andaz = 2. Theseall fall quickly to agumentshasedon the factthat
dim(V2(Qy)) < 24 asabove. If b # 0 = a, thendim(W;) = 1 andL is trivial, sowe do
nothave a possibility Thisrulesoutlevel 1.

We have eliminatedall possiblehigh weightsd for W. This completeshe proof of
Theorem6.1,whichin turn completeghe proof of Theoremi. O
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TABLE 1. Examplesarisingfrom the connectedtase

No. X Y W|>< V|>< V|Y ChaI(K)
1
|4 Dn A2n_1 61 *——= ... 0 ... .—.C(. *——o p#z
(n=4) B k
n—1>k>2
1 1
Is Dn Aon1 &1 —o - < 0—00(0 ——o p#£2
n-1
(n>4) .
1 1 1
le As As O —o o — oo oo p#2
1 1 1
1 As Cio &3 —o—o—o— — o9 =2 D#£2
2 2 2
SS A Bs 01+0 e—e —o—xe p=3

1
1 1 1
S As D7 &+3% e—e—e o—o< p=2
11 1 1
Sg Dy Diz & -~ o - p=2
(stey) 1

Ch—
ct C Cn-2 i C Ci-1 0
MR4 Dy, Ca o1 —o - — o - o= p=2
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No.

Uy

U,

Us

Uy

Us

Us

Uz
Usg

Ug

N

X Y
A1 Aq
(n odd)
Dn Bn
Dn Dny1
Az Dy
Az Dio
DI’T'I Cm; BI’T'I
(m>3)
A As
Az Ag
Ay Ag

BEN FORD

TABLE 2. New Examples

WIx Vi|x Vly charK)
1 1
usual e...—o... @ —o...0...0—2 gy
Bn—l Onya
2 A
ap ay @n-2 On-1 a; a an-1 1
usual — o --- —o - e—xe below
an_1+1
with a; +a; =i —j (mod p) wheneer a anda; arenon-zerocoefi-

cientswith only 0’s betweerthemandi < j < n; and2a = —2(n—i) —
1 (mod p) for & thelastnon-zeracoeficientbeforea, = 1.

1 1
usual o—e - < —o - ary

1
1
0 P03 e—eo—e ary
1
3
20 .—1-—1- — o p#235,7
1 1
ol — o -- —9... —e p=2
3
201 —e o—o—}—o—o p#23
2 2 1
201 —+o— —o—o0—0—0—0—0—0—0 p#25
o E—o—}—o o—o—o—o—%—o—o—o—o p;é 2,5
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