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OVERGROUPSOF IRREDUCIBLE LINEAR GROUPS,II

BEN FORD

ABSTRACT. Determiningthesubgroupstructureof algebraicgroups(overanalgebraically
closedfield K of arbitrarycharacteristic)oftenrequiresanunderstandingof thoseinstances
whena groupY anda closedsubgroupG bothact irreduciblyon somemoduleV, which
is rationalfor G andY. In this paperand[4], we give a classificationof all suchtriples�
G � Y� V � whenG is a non-connectedalgebraicgroupwith simpleidentity componentX,

V is anirreducibleG-modulewith restrictedX-highweight(s),andY is asimplealgebraic
groupof classicaltypeoverK sittingstrictly betweenX andSL

�
V � .
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1. INTRODUCTION

E. B. Dynkin in 1957[3, 2] classifiedthemaximalclosedconnectedsubgroupsof sim-
ple algebraicgroupswhentheunderlying(algebraicallyclosed)field hascharacteristic0.
Seitz([9, 10]) andTesterman([13]) completedthesameprogramin positivecharacteristic
in the1980’s. Theiranalysesfor theclassicalgroupcaseswerebasedprimarily onastrik-
ing result:If G is asimplealgebraicgroupandϕ : G � SL 	 V 
 is a tensorindecomposable
irreduciblerationalrepresentation,thenwith specifiedexceptionsthe imageof G is max-
imal amongclosedconnectedsubgroupsof oneof theclassicalgroupsSL 	 V 
 , Sp	 V 
 , or
SO	 V 
 . Whatis moststriking is thebrevity of thelist of exceptions.

Fromaslightly differentperspective,thequestiontheseauthorsansweredwas:Givena
closed,connectedsubgroupG of SL 	 V 
 for somevectorspaceV, with G actingirreducibly
onV, find all possibilitiesfor closed,connectedovergroupsY of G in SL 	 V 
 .

Thisquestionof irreducibleovergroupsappearsin othercontextsaswell, sometimesfor
non-connectedsubgroups.Hereandin [4] wepresentresultsfor somesuchnon-connected
subgroups;namely, thosewith simple identity components.The overall programis to
classifyall possibletriples 	 G � Y � V 
 with G andY bothclosedsubgroupsof SL 	 V 
 acting
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irreducibly on V, G 
 Aut 	 Y 
 , Y �� SL 	 V 
�� SO	 V 
 , or Sp	 V 
 , andY a simplegroupof
classicaltype(thecorrespondingquestionfor Y of exceptionaltypeis alsoopen).We give
completeresultsfor thecasewhenG is not connectedbut hassimpleidentity component
X, andtheTY-highweightandTX-highweightsof V arerestricted.Specifically, thepapers
areconcernedwith theproofof Theorem1.

Theorem1. Let G bea non-connectedalgebraic group,over a field K of arbitrary char-
acteristic p � 0, with simpleidentitycomponentX. Let V be an irreducibleKG-module
with restrictedX-high weight(s).LetY bea simplealgebraic groupof classicaltypesuch
thatX 
 Y 
 SL 	 V 
 andG � Aut 	 Y 
 . ThenV �Y is irreduciblewith restrictedhighweight
if andonly if Y � SO	 V 
 , Y � Sp	 V 
 , or 	 X � Y � V 
 appears in Table1 (page41)or Table2
(page42).

If G hassimpleidentitycomponentX, thenG � Aut 	 X 
 . Sincewe requirethatG �� X,
we thereforemayrestrictourattentionto X of typeAm, Dm, or E6. We assumehenceforth
thatY is simplyconnected,andthatX andY actonW, thenaturalmodulefor Y.

The analysisis differentdependingon whetherX actsreduciblyor irreduciblyon W.
We settledthereduciblecasein [4], andwe considerthe irreduciblecasehere. Also, we
will assumeherethat the involutory graphautomorphismof X, if it is in G, alsoactson
W (thoughit neednot bein Y), aswedealtwith thecasewhenit doesnotactonW in the
final sectionof [4].

If V � X is irreducible,thenwearein thecaseexaminedbySeitzin [9], with theadditional
conditionthatX haveanouterautomorphismwhichactsonV. WeexamineTable1 of that
paper, andfind that we have sucha situationin the examplestherelabelledI4, I5, I6 for
n � 3, II1, S1, S8 (in S8 we couldtake G � X � t � , G � X � s� , or G � X � s� t � , wheret � s are
outerautomorphismsof X of order2 and3 respectively), andMR4. Theseexamplesare
collectedin Table1, andhenceforthweshallassumethatV � X is reducible.

1.1. Notation and Conventions. All structuresareassumedto be constructedover the
samealgebraicallyclosedfield K, of characteristicp � 0. Throughout,X will denotea
simplealgebraicgroupover K admittinganouterautomorphism(soX is of typeAm, Dm,
or E6). A fixed standardgraphautomorphismof order2 will be denotedby t, andif X
hasanouterautomorphismof order3 (i.e. if X � D4), we will fix oneanddenoteit by s.
ThusG is X � t � exceptpossiblywhenX � D4, in which casewe alsoconsiderG � X � s�
andG � X � s� t � .

For any reductive groupH we consider, with fixedmaximaltorusT, Σ 	 H 
 will denote
therootsof H relativeto T. If γ � Σ 	 H 
 , welet hγ : K ��� T betheone-parametersubgroup
of T suchthatα 	 hγ 	 x
�
�� x� α � γ � for any α � Σ 	 H 
 andx � K � .

We let BX bea fixedt-stableBorel subgroupof X, containinga fixedt-stablemaximal
torusTX. Definesetsof simple roots � β1 � β2 ��������� βm  � Π 	 X 
"! Σ 	 X 
 andfundamental
dominantweights � δ1 �������#� δm  with respectto TX andBX, but with the oppositeof the
standardconvention:Thesetof positiverootsΣ $%	 X 
 is definedby BX � UXTX whereUX �
∏U & α for α � Σ $ 	 X 
 . Thenfor J ! Π 	 X 
 , PX is the oppositeof the standardparabolic
correspondingto J. We assumetheδi arenumberedsothatδi correspondsto βi for every
i.

ThegroupY will beasimplealgebraicgroupoverK of classicaltypeandrankn (An, Bn,
Cn or Dn), suchthatX 
 Y andG � Aut 	 Y 
 . Let � α1 � α2 ��������� αn  � Π 	 Y 
 beasetof simple
rootsof Y, and � λi  thesetof fundamentaldominantweightssuchthatλi correspondsto
αi . Notationandconventionssimilar to thoseusedfor X areusedfor parabolicsubgroups
of Y.
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For a groupH actingon a moduleM, �M � H l � will denotethe l -fold commutatorof H
with M.

The K-vectorspaceV is assumedto be a restrictedirreducibleY-modulewith high
weightλ � ∑aiλi , suchthatV is irreducibleasa G-modulebut not asanX-module(see
thecommentat theendof theprevioussubsection).We assumethat theTX-high weights
of V arerestrictedaswell. So if G � X � t � , thenV � X � V1 ' V2, whereeachof V1, V2 is a
restrictedirreducibleX-module.

Thenaturalmodulefor Y will bedenotedby W. We assumethatW is irreducibleasan
X-module,andδ will denoteits TX-high weight. As in [4], we will alwaysassumethatY
is thesmallestof SL 	W 
 , SO	W 
 , Sp	W 
 containingX.

Finally, weassumethatG actsonW, asthecasewhenit doesnotwasconsideredin [4]
We labelDynkin diagramsfor thegroupswe will bedealingwith asfollows, andwe

alwaysnumberfundamentalrootsandfundamentaldominantweightsto agreewith this
labelling:

Al : ( ( ( ()�)�)1 2 l * 1 l

Bl : ( ( ( (+)�)�)1 2 l * 1 l

Cl : ( ( ( (
)�)�)1 2 l * 1 l

Dl : ( ( ( ((, , ,- - -)�)�)1 2 l * 2 l * 1

l

E6:
( ( ( ( ((1 3 4 5 6

2
We will sometimesusethestandardpartialorderonweights:ν . µ if andonly if ν * µ

is asumof positive roots.

2. QX-LEVELS AND EMBEDDINGS OF PARABOLICS

In thissectionwe introduceimportantfactsaboutthe“commutatorseries”of amodule
of asimplealgebraicgroup.

Lemma 2.1. If H is a simplealgebraic groupwhoserootsystemhasonlyoneroot length,
thenrestrictedirreducibleH-modulesare tensorindecomposable(in particular, restricted
irreducibleX-modulesare tensorindecomposable).

Proof. This is partof 1.6of [9].

Lemma 2.2. Let M be an irreduciblerestrictedH-modulewith high weightγ for some
simplealgebraic group H. Let P be a proper parabolic subgroup of H, with P � QL a
Levi decomposition.ThenM /0�M � Q� is irreduciblefor L andfor L 12�3� L � L � , with TL 4 -high
weightγ � TL 4 .
Proof. This is 1.7and2.1of [9].

Let H, M, γ, andP beasin thelastlemma.Let � εi  bethesetof fundamentalrootsof
H.
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Definition 2.3. Let µ bea weightof M, sayµ � γ * ∑ciεi , with eachci � 0. TheQ-level
of µ is ∑c j , wherethesumrangesover thosej for whichε j � Π 	 H 
5* Π 	 L 16
 . TheQ-level
l of M is thesumof weightspacesfor weightshaving Q-level l andis denotedMl .

Lemma 2.4. H, M, andP asabove. If H is simplylacedor if p
+ 2 (p

+ 3 for H � G2),
then

1. �M � Ql �7� ' Mµ, thesumtakenover thoseweightsµ havingQ-levelat leastl .
2. �M � Ql �8/0�M � Ql $ 1 �79� Ml

3. dim 	��M � Ql �8/0�M � Ql $ 1 �:
;� s ) dim 	��M � Ql & 1 �:/<�M � Ql �:
 , where s is thenumberof pos-
itive rootsβ such that U & β � Q andβ � εi = β 1 for someεi � Π 	 H 
>* Π 	 L 1�
 , with
β 1?� 0 or a sumof rootsin Π 	 L 1�
 .

4. dim 	��M � Ql �8/0�M � Ql $ 1 �:
@� dim 	 Q
 ) dim 	��M � Ql & 1 �8/0�M � Ql �:
 .
Proof. This is 2.3of [9].

We will write Ml 	 Q
 for thequotient �M � Ql & 1 �8/0�M � Ql � .
Lemma 2.5. Let H � Al ; let c bean integer such that 0 
 c 
 p; andlet γ1 �������#� γl bethe
fundamentaldominantweightsfor H. TheirreduciblemoduleM havinghigh weightcγ1

or cγl hasall weightspacesof dimension1; in particular, dim 	 M 
��A	 l = c
 ! / l !c!.

Proof. This is 1.14of [9].

We will occasionallyusetheWeyl characterformulafor dimensionsof Weyl modules.
Finally, it wasshown in [4] thatwhenX actsirreduciblyonW, wemayassumeW is in

factrestrictedasanX-module:

Lemma 2.6. If X acts irreduciblyon W, thenas an X-module, W hasa restrictedhigh
weight.

Now let PX bea parabolicsubgroupof X, andPX � QXLX a Levi decompositionwith
TX � LX (if PX is t-stable,chooseLX to alsobe t-stable). Now X actsirreduciblyon W
with highweightδ, which is restrictedby theLemmaabove. We gave in [4] thefollowing
constructionof aparabolicsubgroupPY of Y (with PY � QYLY aLevi decomposition)such
thatPX � PY, QX � QY, LX � LY. Let Z � Z 	 LX 
�B .
Lemma 2.7. Thestabilizerin Y of thecommutatorseries

W
+ �W � QX � + �W � QX � QX � + )�)�) + 0

is a parabolicsubgroupPY of Y satisfyingthefollowing:

1. PX � PY andQX � QY � Ru 	 PY 
 .
2. LY � CY 	 Z 
 is a Levi factorof PY containingLX.
3. If TY is a maximaltorusofY containingTX, thenTY � LY.

Proof. This is 2.7of [4].

We give moreinformationaboutthis embeddingfor particulargroupsX andparabolic
subgroupsPX below andin subsequentsections.For thenext Lemma,weassumethatt � G
(wheret is thefixedouterautomorphismof X) andV � X � V1 ' V2, with V1 � V2 irreducible
X-modules.ThisLemmawasprovedin [4, 2.8and2.9]:

Lemma 2.8. If PX is a t-stableparabolicsubgroupof X andPX is embeddedin a parabolic
subgroupPY of Y asabove, then

1. PY is likewiset-stable;
2. V /<�V � QY �<� V /0�V � QX �0� V1 /<�V1 � QX � ' V2 /0�V2 � QX � asLX-modules.
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Let PY � LYQY bea parabolicsubgroupof Y. For eachγ � Π 	 Y 
5* Π 	 L 1Y 
 , wedefinea
certainnormalsubgroupKγ

Y of PY, asin [9, page44]: Let Σγ 	 Y 
 denotethesetof rootsin
Σ 	 Y 
 having γ-coefficient * 1 andzerocoefficient for otherrootsin Π 	 Y 
>* Π 	 L 1Y 
 . Then
let Kγ

Y be the productof thoseTY-root subgroupsUβ for β � Σ & 	 Y 
C* Σ & 	 L 1Y 
�* Σγ 	 Y 
 .
Fromthecommutatorrelationsit followsthatKγ

Y is normalin PY andwe let Qγ
Y � QY / Kγ

Y.
This constructionalsoappliesto a parabolicsubgroupPX of X. In particular, if PX is a
maximalparabolicsubgroupcorrespondingto α � Π 	 X 
 , thensetQα

X � QX / Kα, where
Kα is theproductof thoseTX-root subgroupscorrespondingto rootshaving α-coefficient
strictly lessthan * 1.

TheLemmabelow will beusedheavily in dimensionarguments.

Lemma 2.9. If PX � QXLX is a maximalparabolic subgroupof X correspondingto α �
Π 	 X 
 , and PX is embeddedin a parabolic subgroup PY of Y as in Lemma2.7, then
dim 	 V2 	 QY 
�
@� dim 	 Qα

X 
 ) dim 	 V1 	 QX 
�
 .
Proof. This is partof Proposition2.14in [9].

Lemma 2.10. If PX � QXLX is a maximalparabolicsubgroupcorrespondingto α � Π 	 X 
 ,
then:

1. Kα �A�QX � QX � .
2. Qα

X is an irreducibleL 1X-modulewith * α asits TL 4X -highweight.

Proof. See3.2in [9] (rememberingthatX is of typeAm, Dm, or E6).

Again assumet � G. Let PX be a parabolicsubgroupof X (not necessarilyt-stable)
containingthefixedt-stableBorel subgroupBX. EmbedPX in a parabolicsubgroupPY of
Y via theaboveconstruction.Write L 1Y � L1 D )�)�) D Lr , a directproductof simplegroups.
By Lemma2.2,L 1Y actsirreduciblyonV1 	 QY 
E� V /<�V � QY � . ThenV1 	 QY 
E� V1 F )�)�) F Vr

wherefor eachi, V i is an irreduciblemodulefor Li . The embeddingLX � LY givesan
embeddingof L 1X into L1 D )�)�) D Lr , andvia the projectionsL 1X � Li , any Li-module,in
particularV i , canberegardedasa modulefor L 1X.

SinceQX � QY, wehave �V � QX �2�G�V � QY � andhenceV /0�V � QY � is aquotientofV /<�V � QX �H�
V1 /0�V1 � QX � ' V2 /0�V2 � QX � , with eachof thesesummandsirreducibleL 1X-modules. Since
L 1X � L 1Y, thisimpliesthateitherV /<�V � QY � is irreduciblefor L 1X, orV /0�V � QY �I� V /<�V � QX �I�
V1 /0�V1 � QX � ' V2 /0�V2 � QX � . Lemma2.8 tells usthatthe latterhappenswhenPX is t-stable.
Thefollowing wasprovedin [4, 2.11]:

Lemma 2.11. If V, PX � LXQX, PY � LYQY, andLi are as abovewith PX t-stable, then
onlyoneLi actsnontrivially onV /<�V � QY � .

3. THE CASE X � Am

As always,let X 
 Y besimplealgebraicgroupsover an algebraicallyclosedfield K
of characteristicp ( � 0 or a prime),with X admittinganinvolutory graphautomorphism
t which also actson Y, andY of classicaltype. Let � βi  ( � αi  � Π 	 Y 
 ) be the set of
fundamentalrootsfor X (Y); � δi  ( � λi  ) thecorrespondingfundamentaldominantweights
for X (Y). The fixed t-stableBorel subgroupBX of X containsa t-stablemaximaltorus
TX. Let V � V 	 λ 
 be a restrictedirreduciblet-stableY-modulewith high weight λ �
∑aiλi , suchthatV � X J t K is irreducible,but V � X � V1 ' V2, with V1 � V2 restrictedirreducible
X-modules.We denotetheTX-high weightof V1 by b1δ1 = b2δ2 = )�)�) = bmδm, so theTX-
highweightof V2 is bmδ1 = bm& 1δ2 = )�)�) = b1δm Thenaturalmodulefor Y is W.

Themainresultof thesectionis:
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Theorem3.1. If X actsirreduciblyonW with highweightδ, t actsonW, andX is of type
Am, thenp /�L� 2 � 3 � 5 � 7  , X � A3, Y � D10, δ � 2δ2, andthehigh weightsof V � X � V �Y are
asin U5 of Table2.

Notice thatsincet actson W, thehigh weightδ � d1δ1 = )�)�) = dmδm of W � X mustbe
symmetric,i.e.d1 � dm, d2 � dm& 1, etc.But thenby aresultof Steinberg ([11, page226]),
X fixesa nondegeneratebilinearform onW; theform is orthogonalif p �� 2.

Thestrategy we useto rule out mostpossibilitiesfor thehigh weightδ is to show that
theconstruction(outlinedin Lemma2.7)of aparabolicsubgroupof Y containingthefixed
(t-stable)Borel subgroupof X givesa contradictionin all but a few cases.After giving
theLemmawhichweusuallyuseto producethecontradiction,wewill treattheA2 andA3

casesfirst, followedby thegeneralargument.

3.1. SomeFactsAbout PY. We usetheconstructiongivenin Lemma2.7 of a parabolic
subgroupPY 
 Y containingthefixedt-stableBorel subgroupBX. Namely, PY is takento
bethestabilizerin Y of theflag in W givenby “UX-levels.”

We want to useLemma3.2 below to producea contradictionin mostcases;we will
show thatL 1Y hasa factorof typeA1 only understrongconditions.Beforeproceedingwith
thegeneralproof,weneedsomefactsabouttheflag in W of whichPY is thestabilizer.

Recallthatfor i � 0,Wi � ∑e1 $ e2 $EM M M N i Wδ & e1β1 & e2β2 &>O O O , thesumtakenoverej � 0. Each
spaceWi is TX � t � -stable,andif u � U & α, then

uWδ & e1β1 & e2β2 &5O O O ! ∑
mP 0

Wδ & e1β1 & e2β2 & M M M & mα �
SoBX � t � stabilizeseachfactor Q

∑
i P m

Wi R / Q ∑
i P m$ 1

Wi R �
By Lemma2.4,Wi 9� �W� U i

X �8/0�W� U i $ 1
X � .

Let l beminimalwith respectto �W � U l $ 1
X �<� 0, andnoticethat l is thenthelevel of the

low weight * δ. If Y � Sp	 W 
 or Y � SO	W 
 , with the form denotedby 	"�S
 , thenwe
notedin [4, proof of 2.7] that 	 u � v
@� 0 for u � Wi , v � Wj unlessi = j � l . ThustheWi

for i + l / 2, alongwith a maximaltotally singularsubspaceof Wl T 2 (if l is even),spana
maximaltotally singularsubspaceof W.

Let w$ beanTX-high weightvectorof W. ThenW0 �3� w$ � , Wl �3� w0w$ � , andBX is
containedin thefull stabilizerPY of theflag

W � ∑
i P 0

Wi � ∑
i P 1

Wi � )�)�) � ∑
i P l

Wi �U� w0w$ �V� 0 �
Let PY � LYQY beaLevi decompositionof PY; thenif u � UX � w � Wm, wehaveuw * w �
∑i P m$ 1Wi , soUX � QY. We haveTX � LY � CY 	 Z 
 for Z � Z 	 LX 
�B .

Choosea basisfor eachWi (with the basisfor Wl T 2 chosenmaximally hyperbolic—
notethatWl T 2 9�XW ∑i P l T 2Wi Y / W ∑i � l T 2Wi Y is theonly possiblenon-singularquotientin the
flag); the union of thesebasesis a basisfor W. With respectto this basis,L 1Y consists
of block matrices,eachblock correspondingto Wi for somei. On the otherhand,each
Wi for 0 
 i � l / 2 correspondsto a connectedcomponentof theDynkin diagramfor LY.
So theonly possibilitiesfor anA1 to appearasoneof thesimplefactorsof L 1Y arewhen
dim 	Wi 
�� 2 for somei 
 l / 2, or dim 	Wl T 2 
V� 4.
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To show dim 	Wi 
@� m, it sufficesto find m TX-weightsof W whichoccurin Wi . By the
resultin [12], weightswhichappearin characteristic0 alsoappearin characteristicp. This
is theapproachweuseto obtaincontradictionsfor mostembeddingsX Z � Y.

For aTX-weightω of W, ω = ωt � ω * w0ω is asumof roots,andwelet lω betheheight
of ω = ωt in theroot lattice(thenumberof summandswhenwe expressω = ωt asa sum
of fundamentalroots).Sofor l asabove, l � lδ whereδ is theTX-highweightof W.

Theconstructionsin this sectionalsoapplyto theembeddingof anarbitraryparabolic
subgroupPX � QXLX of X in a parabolicsubgroupPY of Y, using QX-levels in place
of the UX-levels. The weightsappearingin Wi then are thoseof the form δ * e1β1 *)�)�) * emβm wherethe sumof the ej for β j � Π 	 X 
E* Π 	 L 1X 
 is i. Again by Lemma2.4,
Wi 9� �W � Qi

X �:/<�W � Qi $ 1
X � .

Onemorefact: If PX is a t-stableparabolicsubgroupof X (includingPX � BX), then
eachWi is clearlyt-stable(sincethenWδ & e1β1 & e2β2 & M M M & emβm is sentby t toWδ & emβ1 & em[ 1β2 & M M M & e1βm).
SoPY is t-stable.But then �V � QY � is TX � t � -stable,hence�V � QY �?�\�V � QX � ( �V � QX �2�]�V � QY �
sinceQX � QY, andwegetequalitybecauseV /0�V � QX � is anirreducibleTX � t � -moduleand
TX � LY). Soif PX is t-stable,thenV /0�V � QY � is asumof two irreducibleL 1X-modules.

The following Lemmaprovidesthe basisfor the proof of the section’s main result; it
will alsobeusedthroughoutthepaper.

Lemma 3.2. If PY is a t-stableparabolic subgroup of Y such that BX 
 PY, UX 
 QY,
TX 
 L 1Y (wherePY � QYLY � BX � UXTX are theLevi decompositions),thenat leastoneof
thesimplefactors of L 1Y hastypeA1; andif this factor correspondsto α j , thena j � 1. In
addition,ai � 0 for αi � Π 	 L 1Y 
 , i �� j .

Proof. This is Lemma5.2of [4].

3.2. The CasesX � A2 and X � A3. We useLemma3.2heavily. As always,δ � d1δ1 =
d2δ2 = )�)�) is theTX-high weightof W. Let β bea nonnegative sumof fundamentalroots
of X, of height j in theroot lattice. Note that if δ * β is a dominantweightsuchthat the
X-modulewith high weightδ * β has � m weightsat level i, thenW has � m weightsat
level j = i. Soin ourattemptto provethattherecannotbeaUX-level of dimension2 in W,
wewill proceedby inductionon thehighweightδ.

X � A2: Sinceδ is symmetric,δ � aδ1 = aδ2 for somea
+ 0. Herewe will alwayshave

dim 	W1 
V� 2, sincetheonly two weightspacesin level 1 areδ * β1 andδ * β2, both of
dimension1; we will dealwith level 1 afterwe discusslevels2 andhigher. In evaluating
thenumbersof weightsat theselevels,we will first useaninductionto dealwith thecase
a � 4, andthendealwith a � 3 anda � 2.

Assumea � 4. Thenl � lδ � 16,sowemustcheckto level 8 (wemustlist threeweights
atevery level 2-7,and5 at level 8). We havetheweightsin thetablebelow:

Level Weights
2 δ * 2β1, δ * β1 * β2, δ * 2β2

3 δ * 3β1, δ * 2β1 * β2, δ * 3β2

4 δ * 4β1, δ * 3β1 * β2, δ * 4β2

5 δ * 4β1 * β2, δ * 3β1 * 2β2, δ * 2β1 * 3β2

6 δ * 4β1 * 2β2, δ * 3β1 * 3β2, δ * 2β2 * 4β2

7 δ * 5β1 * β2, δ * 4β1 * 3β2, δ * 3β1 * 4β2

8 δ * 6β1 * 2β2, δ * 5β1 * 3β2, δ * 4β1 * 4β2, δ * 3β1 * 5β2, δ * 2β1 * 6β2.

SoL 1Y hasno factorsof typeA1 exceptpossiblythefactorL1 correspondingtoW1.
Assumea + 4. Thenδ * β1 * β2 �^	 a * 1
 δ1 = 	 a * 1
 δ2 is dominant,andby induction

δ hasenoughweightsatall levelsexceptpossiblyat levels1, 2 and3. At level 2, we have
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δ * 2β1, δ * β1 * β2, andδ * 2β2; at level 3, δ * 3β1, δ * 2β1 * β2, andδ * 3β2. Soagain,
L1 is theonly possibleA1-factorof L 1Y.

Assumea � 3. Then l � 12; we mustcheckdimensionsto level 6. In levels2-5, we
have enoughweightsasabove. So we mustshow thatW6 hasdimensionat least5. The
weightsat level 6 areδ * 4β1 * 2β2, δ * 3β1 * 3β2, andδ * 2β1 * 4β2. If p �� 7, then
dim 	Wδ & 3β1 & 3β2


"� 3, so dim 	W6 
"� 5. So unlessp � 7, hereagainwe have only the
L1 � A1 possibility.

If a � 2, then l � 8 andwe mustcheckdimensionsto level 4. For level 2, we have
enoughweightsasabove.At level 3,wehaveδ * 2β1 * β2 andδ * β1 * 2β2; if p �� 5,each
hasdimension2, sodim 	 W3 
 + 3. At level 4, theweightsareδ * 3β1 * β2, δ * 2β1 * 2β2,
andδ * β1 * 3β2. If p �� 5, thenδ * 2β1 * 2β2 hasdimension� 3, sodim 	W4 
_� 5. As
above,unlessp � 5, wehaveonly theL1 � A1 possibility.

From the constructionof PY we can seethat in any casecoveredabove (including	 a � p
��A	 2 � 5
���	 3 � 7
 ), thereis only onenodein theDynkin diagrambetweentheLi , since
therearenoUX-levelsof dimension1 otherthan � w$ � . Also noticethatfrom thea � 2 and
a � 3 casesabovewe know theembeddingsin thecases	 a � p
��3	 2 � 5
`�#	 3 � 7
 (we simply
computethedimensionsof the levels): If a � 2 � p � 5, thendim 	W 
V� 19, soY hastype
B9 andPY is theparabolicsubgroupof Y correspondingto theindicatednodes:a a a( ( ( ( ( ( ( ( (+ �
If a � 3 � p � 7 thendim 	W 
�� 37,Y is of typeB18, andPY correspondsto:a a( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( (+ �

So thepossibilitiesare: 1) a2 � 1, with thefirst simplefactorof L 1Y correspondingtoa( ( ( )�)�) ; 2) a � 2 � p � 5; 3) a � 3 � p � 7; 4) a � 1. By Lemma3.2,in themarking
for thehigh weightof V on theDynkin diagramfor Y thereis only onenon-zerolabelon
the nodesrepresentingLY, andthis non-zerolabel mustbe a 1 on a nodecorresponding
to an A1 factorof L 1Y; call this nodeγ. By the commentabove, all nodesin the Dynkin
diagramareeitherin or adjacentto Π 	 L 1Y 
 (exceptpossiblyin case4). Our aim is to show
thatall nodesexceptγ havemarking0.

As in the introduction,let V2 	 QY 
@�b�V � QY �:/<�V � QY � QY � ; similarly defineV2 	 UX 
 and
V2

i 	 UX 
 for i � 1 � 2. Recall that λ is the TY-high weight of V. By Lemma 2.4, the
weightsin V2 	 QY 
 are thoseof the form 	 λ * β 
c� TLY

whereβ � Σ $ 	 Y 
 andthereexists

ε � Π 	 Y 
�* Π 	 LY 
 suchthatβ * ε � Σ 	 LY 
 . Thenby Lemma2.4,wehavedim 	 V2 	 QY 
�
V�
dim 	 V2 	 UX 
�
@� 4.

First considerthecasea � 1. If p �� 3, thendim 	W 
;� 8 andY � D4; if p � 3, then
dim 	W 
;� 7 andY � B3. In both cases,constructingPY asusual,we have α2 � Π 	 L 1Y 
 ,
sotheonly possibilityfor anA1 factorof LY to occuris Π 	 L 1Y 
d�^� α2  (asall othernodes
adjoinα2). For p �� 3, if anothernodehasa non-zerolabel,sayα3 (all areequivalentby
symmetryfor this argument),thenin V2 	 QY 
 wehave thehighweightsλ * α3 � TL 4Y , giving

a compositionfactorof dimension3; andλ * α2 * α1 andλ * α2 * α4 eachgiving one
of dimension1. But this contradictsdim 	 V2 	 QY 
�
_� 4. Soλ � λ2, giving anexampleof
1) above,which we dealwith below. If p � 3 anda1 � a3 �� 0, thenλ * α1 � TL 4Y , λ * α3 � TL 4Y
eachgive a compositionfactorof dimension3 in V2 	 QY 
 , againa contradiction.Finally,
irreducibleB3-moduleswith high weightseλ1 = λ2 or λ2 = eλ3 areall too largeto bethe
sumof two restrictedirreducibleA2-modulesunlesse � 0 (by countingweightsthatappear
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in theWeyl moduleof e B3 	 eλ1 = λ2 
 or e B3 	 λ2 = eλ3 
 ; all theseweightsappearin V by
[8]). Soagainλ � λ2, whichwedealwith below.

For cases1)–3),assumethereis anε � Π 	 Y 
 whichadjoinsγ andhasnon-zeromarking
m. If ε is not an endnode,thenit alsoadjoinsanotherfactorLl of L 1Y by our comment
above that therearenever two adjacentnodesoutsideΠ 	 L 1Y 
 ; thenλ * ε is an L 1Y-high
weightin V2 	 QY 
 , andtheL 1Y-high weightmoduleof this high weighthasdimension� 6
( 	 λ * ε 
f� TL 4Y � 2λ j = λk whereλ j is the fundamentaldominantweight correspondingto

γ andλk is the nodeof Ll which adjoinsε — the L 1Y-modulewith this high weight has
dimensionat least2 ) 3 � 6). Thiscontradictsdim 	 V2 	 QY 
�
@� 4.

If ε is anendnode,it cannotbetheshortroot in a Bn (thatroot is in Π 	 L 1Y 
 becausewe

saw thatdim 	Wl T 2 
;� 3 in all cases).Thenwehave thepicture: g( ( ( ( )�)�)m 1 0

ε γ µ . We
havehighweights 	 λ * ε 
f� TL 4Y of dimension3 and 	 λ * γ * µ
c� TL 4Y of dimension� 2. Again,

thiscontradictsdim 	 V2 	 QY 
�
;� 4. Soall nodesadjoiningγ have0 label.
Assumethereis an ε � Π 	 Y 
 which doesnot adjoin γ andhasnon-zeromarkingm.

By Lemma3.2,ε /� Π 	 L 1Y 
 ; andε adjoinsΠ 	 L 1Y 
 sinceevery fundamentalroot is eitherin
Π 	 L 1Y 
 or adjoinsit. If γ is not anendnode,we have thepictures(differentpiecesof the
Dynkin diagramfor Y):

g( ( ( ( ( ()�)�) )�)�) )�)�) )�)�)0 1 0 m 0

α γ β µ ε ν �
Hereλ * α * γ � TL 4Y is a high weight in V2 	 QY 
 , giving dimension� 1; λ * γ * β � TL 4Y gives

dimension� 2; andλ * ε givesdimension� 2. Again, this is a contradiction.Thenode
γ canbe an endnodeonly in the cases	 a � p
;�h	 2 � 5
`��	 3 � 7
 (thesearethe only casesin
whichanA1 factorof L 1Y correspondsto anendnodeof theDynkin diagramfor Y), with γ

theshortroot of a Bn; thenthepictureis: g( ( ()�)�) +0 0 1

µ δ γ . Hereλ * γ * δ � TL 4Y gives

dimension� 4; andλ * ε � TL 4Y gives � 1, againa contradiction.Soall nodesotherthanγ
musthave label0.

For bothof theabove non-endnodecases,similar argumentshold if thereis a double
bondin oneof therelevantpiecesof theDynkin diagramfor Y.

Soγ is theonly nodein theDynkin diagramwith a non-zerolabel.We needonly show
thatthefew remainingpossibilitiesdonot leadto examples.

Case1): V hashigh weight λ2. ThenV 9�hi 2W by [7, II.2.15]. RegardW as an
X-module. Rememberthat δ � aδ1 = aδ2 is the TX-high weight for W. Let v1 � Wδ be
a maximalvector in W; 0 �� v2 � Wδ & β1

� 0 �� v3 � Wδ & β2
. Thenv1 j v2 andv1 j v3 are

X-maximalvectorsin V, soKX 	 v1 j v2 
 ' KX 	 v1 j v3 
C� V.
Wenow considerthedimensionof KX 	 v1 j v2 
 . Thevectorv1 j v2 hasweight2δ * β1 �	 2a * 2
 δ1 = 	 2a = 1
 δ2. So dim 	 KX 	 v1 j v2 
�
k� dim 	 Weyl module
S� 1

2 	 2a * 1
�	 2a =
2
�	 4a = 1
S� 8a3 = 6a2 * 3a * 1. Also, dim 	 KX 	 v1 j v3 
�
S� dim 	 KX 	 v1 j v2 
�
 (sincet
interchangesthem),sodim 	 V 
@� 16a3 = 12a2 * 6a * 2.

On theotherhand,dim 	 W 
S� 3a2 = 3a = 1 (this is thenumberof weightsthatappear
in theWeyl modulewith thesameTX-high weightasW; all theseweightsappearin W by

Lemma1.12),anddim 	 V 
C� dim 	 i 2W 
C� W dim lW m
2 Y � W 3a2 $ 3a$ 1

2 Y �A	 3a2 = 3a = 1
�	 3a2 =
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3a
�/ 2 �A	 9a4 = 18a3 = 12a2 = 3a
�/ 2. So9a4 = 18a3 = 12a2 = 3a � 2 	 16a3 = 12a2 * 6a *
2
 . But thishasnosolutionsin positive integers.Sothiscaseis ruledout.

Theonly casesnot ruledoutby theaboveare:

Case2): 	 a � p
5�n	 2 � 5
 (hererememberY � B9). If λ � λ7 thenthepictureis g g( ( ( ( ()�)�) +0 0 1 0 0

ε γ µ ,
and λ * γ * ε � LY � λ * γ * µ � LY eachgive dimension � 3. So λ �� λ7. If λ � λ9, then
dim 	 V 
S� 29 � 512. But the dimensionof any irreducibleA2-modulewith high weight
cδ1 = dδ2 (c � d 
 5 � c �� d) is at most90. SoV is too largeto bethesumof two restricted
irreduciblemodulesfor X.

Case3): 	 a � p
V�h	 3 � 7
 (hereY � B18) with λ � λ18. Heredim 	 V 
V� 218. But c � d 

7 � c �� d; again,V is too largeto bethesumof two restrictedirreducibleX-modules.

SoX is notof typeA2.

X � A3: We usea similar induction. Let δ � aδ1 = bδ2 = aδ3 be the TX-high weight of
W. First we eliminatethecaseb � 0 with theA1 factorof L 1Y (referredto in Lemma3.2)
correspondingto α2.

Assumeδ � aδ1 = aδ3 andλ � λ2 = )�)�) . Let PX � LXQX be the maximalparabolic
subgroupof X correspondingto β3 � Π 	 X 
 , andembedPX in a parabolicsubgroupPY

of Y via theconstructionin Lemma2.7. Now L1 (thesimplefactorof L 1Y corresponding
to QX-level 0 of W) is of typeA2 if a � 1, andtypeAl with l � 5 if a + 1; andthe root
systemof L1 containsα1. (We determinetherankof L1 by countingweightsthatappear
in QX-level 0 of W, usingSuprunenko’sresult[12] thatweightswhichappearin theWeyl
modulealsoappearin theirreduciblemodule.)

AssumeV /<�V � QY � is reducibleasanLX-module;thatis,

V /0�V � QY �7� LX V1 /0�V1 � QX � ' V2 /<�V2 � QX �o�
ThenZ � Z 	 LY 
 sinceLY � CY 	 Z 
 . So Z inducesscalarson V /0�V � QY � (an irreducible
LY-module).

Z �qprrs rrt
uvvw c 0 0 0

0 c 0 0
0 0 c 0
0 0 0 c& 3

xcyyz � c � K �2{ rr|rr}�~� hβ1
	 c
 hβ2

	 c2 
 hβ3
	 c3 
S� c � K �  

Now hβ1
	 c
 hβ2

	 c2 
 hβ3
	 c3 
 actsasmultiplicationby cb1 $ 2b2 $ 3b3 onahighweightvector

v1 � V1, andasmultiplicationby cb3 $ 2b2 $ 3b1 on a high weightvectorv2 � V2. But by our
assumption,v1 andv2 bothhave nonzeroimagesin V /<�V � QY � ; becauseb1 = 2b2 = 3b3 ��
b3 = 2b2 = 3b1, wehaveacontradiction(b1 �� b3 becauseV1 �9� X V2).

SoV /<�V � QY � isanirreducibleLX-module,andthusanirreducibleL 1X-modulebyLemma2.2.
AssumeV /<�V � QY �<� X V1 /<�V1 � QX � .

Now we arein the situationstudiedin [9]: V /0�V � QY � is an irreduciblemodulefor L 1X
(of typeA2) andfor L1. As thereareno examplesmatchingthis setupin [9, Table1], we
know that eitherthe embeddingL 1X Z � L1 is an isomorphism,or V /0�V � QY � is the natural
modulefor L1. Bothpossibilitiesareexcludedif a

+ 1, asthenL1 is of typeAl with l � 5
(so L1 �9� L 1X), anda2 � 1 (soV /<�V � QY � is not the naturalmodulefor L1). On the other
hand,if a � 1 thennecessarilyL 1X 9� L1 (asW /0�W� QY � thenhasL 1X-highweightδ1).
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SoV /<�V � QY � musthaveL 1X-highweighta1δ1 = δ2, sinceit hasL1-highweighta1λ1 = λ2

andtheembeddingis anisomorphism.But V1 /<�V1 � QX � alsohashigh weightb1δ1 = b2δ2.
Soa1 � b1 andb2 � 1.

Now the argumentabove canbe repeatedwith the maximalparabolicsubgroupof X
correspondingto β1 insteadof β3, with theconclusionthatb3 � a1. But thenb1 � b3, a
contradiction.

Soif δ � aδ1 = aδ3, thena2 � 0
Everyweightof theform aδ1 = bδ2 = aδ3 exceptδ1 = δ3, δ2, and2δ2 hasoneof 2δ1 =

2δ3 or δ1 = δ2 = δ3 asa subdominantweight. It is easyto check,asin theA2 case,that
the moduleswith theselatter two high weightshave enoughweightsat every level, so
we canproceedby induction: If b 
 2 anda

+ 2, thenby inductionδ * β1 * β2 * β3 �	 a * 1
 δ1 = bδ2 = 	 a * 1
 δ3 hasenoughweightsatall levels;weneedto checkδ-levels2-5.
As before,thereareenoughweightsin eachof theselevels,soby induction,L1 is theonly
possiblefactorof L 1Y of typeA1.

If b � 2, thenby inductionδ * β2 hasenoughweightsat all levels,andwe needcheck
only δ-levels1 and2. If a � 0, thendim 	W1 
�� 1, soL1 is trivial; if a + 0, thendim 	W1 
��
3, soL1 is of typeA2. Again,thereareenoughweightsat level 2. Sotherearenopossible
A1 factorsof L 1Y here.

Sothepossibilitieswhichhavenotbeenruledoutare:δ � δ1 = δ3, δ � δ2, andδ � 2δ2.
If δ � δ2, thenX � SO 	 W 
;� Y, so thereareno exampleshere. If δ � δ1 = δ3, we can
checkthedimensionsof theweightspacesandfind thatdim 	W 
5� 15if p �� 2,andPY is the
parabolicsubgroupof Y correspondingto thesubset� α2 � α4 � α5 � α7  of Π 	 Y 
 , asindicated

on thispictureof theDynkin diagramfor Y � B7: � �( ( ( ( ( ( (+ .
If p � 2, thendim 	W 
>� 14,andin [9, page273]it is shown thatX stabilizesaquadratic

form onW. Soin thiscaseY � D7 andcountingdimensionsof UX-levels,we seethatthe

parabolicsubgroupPY correspondsto �( ( ( ( ( ((, , ,- - - (the stabilizerof the2-

dimensionallevel 3 is SO2, which is a torus).SoLemma3.5rulesout thiscase.
If δ � 2δ2, againwe cancheckdimensionsof all theweightspacesto find dim 	W 
@�

20 	 p �� 2 � 3
 ; dim 	W 
>� 19 	 p � 3
 , andPY is indicatedby thecirclednodesof theDynkin
diagramfor Y:

��( ( ( ( ( ( ( ( ((, , ,- - - 	 p �� 2 � 3
 ;
or �( ( ( ( ( ( ( ( (+ 	 p � 3
`�
Noticeweneednotconsiderp � 2 by Lemma2.6.

Sothecaseswemustdealwith are:

W � X Y andembeddingof BX 
 PY

1) ( ( (1 0 1 � �( ( ( ( ( ( (+ (p �� 2)
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2) ( ( (0 2 0 ��( ( ( ( ( ( ( ( ((, , ,- - - 	 p �� 2 � 3

�( ( ( ( ( ( ( ( (+ 	 p � 3


In themarkingfor V onΠ 	 Y 
 , thereis a1 ononeof thenodesα j correspondingto anA1

factorof L 1Y. Therecanbeno othernonzeromarkingon any of theindicatednodes,since
dim 	 V /0�V � QY �:
@� 2. Recallthat j �� 2 by Lemma3.5; thus,aswe seefrom the pictures
above, j � n is theonly possibility (or j � n * 1 in case2, but we mayassumej � n by
symmetry).We claimthatαn is theonly nodewith a nonzerolabel.

Claim 3.3. In anyof theabovecasesλ � λn.

Proof. SinceUX � QY, wehave �V � QY � QY �<�n�V � UX � UX � . Thenbecause�V � QY �2�^�V � UX � ,
we have dim 	��V � QY �:/<�V � QY � QY ��
k� dim 	��V � UX �8/0�V � UX � UX �:
"� 6 by Lemma2.4. The
weightsthatappearin V2 	 QY 
d�A�V � QY �:/<�V � QY � QY � arethoseof theform λ * β, whereif
β � ∑eiαi , thenthesumof theei for thoseαi � Π 	 Y 
>* Π 	 L 1Y 
 is 1. Let usconsiderthe
abovecases.Rememberλ � ∑aiλi is theTY-highweightfor V:

1) Thenodeα7 haslabel1 (a7 � 1). Considerthepossibilitiesfor anothernonzerolabel:
If a1 �� 0, thenλ * α1 is ahighweightin V2 	 QY 
 , giving acompositionfactorof dimension
4. Anotherhigh weight is λ * α6 * α7, giving dimension6 sincep �� 2. But above we
notedthatdim 	 V2 	 QY 
�
;� 6. Soa1 � 0. If a3 �� 0, thenλ * α3 givesdim 	 V2 	 QY 
�
;� 12;
soa3 � 0. If a6 �� 0, thenλ * α6 givesdimension12sincep �� 2. Soa6 � 0.

2) If p �� 3, we are in the caseY � D10, with a10 � 1. If a8 �� 0, thenλ * α8 gives
dimension18 in V2 	 QY 
 . If a5 �� 0, thenλ * α5 givesdimension18. If a2 �� 0, thenλ * α2

givesdimension6 andλ * α8 * α9 givesdimension6. If a1 �� 0, thenλ * α8 * α9 gives
dimension6 andλ * α1 dimension2. Soin factai � 0 for all i �� 9.

If p � 3, thenY � B9 anda9 � 1. If a8 �� 0, thenλ * α8 givesdimension6 andλ * α8 *
α9 givesdimension� 1; soa8 � 0. If a5 �� 0, λ * α5 givesdimension18; if a2 �� 0, l * α2

givesdimension6 andλ * α8 * α9 givesdimension6. If a1 �� 0, thenλ * α8 * α9 gives
dimension6 andλ * α1 dimension2. Soai � 0 for all i �� 9.

Lemma 3.4. If λ � λn (i.e. if weare in oneof theremainingcases),thenasanX-module,
W hashighweight2δ2 andV is asin thestatementof Theorem3.1.

Proof. We still haveto checkcases1) and2) onpage11with λ � λn:
1) AssumeW hasTX-high weight δ1 = δ3 and p �� 2. Considerthe embeddingin a

parabolicsubgroupPY � Y of theparabolicsubgroupPX � X correspondingto � β1 � β2  !
Π 	 X 
 . CheckingthedimensionsatdifferentQX-levelsasbefore,weseethatfor any char-
acteristic,PY correspondsto � α1 � α2 � α4 � α5 � α6 � α7  . Sinceλ � λn � dim 	 V /0�V � QY ��
;� 16
(V /0�V � QY � is isomorphicto a spin modulefor the simplefactorof L 1Y of type B4 corre-
spondingto � α4 � α5 � α6 � α7  ). The quotientV /0�V � QY � is alsoan irreducibleL 1X-module
(againby consideringtheactionof Z � Z 	 LX 
�B on thetwo TX-high weightvectorsof V);
but L 1X � A2, whichhasno irreduciblerepresentationsof dimension16 in any characteris-
tic. Sowehavenoexampleshere.

2) AssumeW � X hashighweight2δ2. If p � 3, thendim 	 W 
E� 19andY � B9. UsingPX

correspondingto � β1 � β2  asabove,wegetanembeddingof PX in theparabolicsubgroup
PY correspondingto Π 	 Y 
E*�� α6  . Sinceλ � λn, dim 	 V /<�V � QY ��
;� dim 	 spin	 B3 
�
;� 8.
ButV /0�V � QY � is anirreducibleL 1X-module(by theactionof Z again),andL 1X � A2, which
hasno8-dimensionalirreduciblerepresentationsin characteristic3.
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If p �� 3 thentakePX asabove;againPY correspondstoΠ 	 Y 
�*�� α6  anddim 	 V /0�V � QY �:
��
dim 	 spin	 D4 
�
�� 8 � dim 	 Vi /<�Vi � QX ��
 for i � 1 or 2, sayi � 1. Sob1 � 1 � b2 � 1.

Now let PX correspondto � β1 � β3  . ThisPX is t-stable,so

V /0�V � QY �<� V /0�V � QX �0� V1 /0�V1 � QX � ' V2 /0�V2 � QX ���
TheembeddinggivesPY correspondingto Π 	 Y 
5*�� α1 � α5  . Sohere,

dim 	 V /0�V � QY �:
 a � 16 � dim 	 V /<�V � QX �:
� 2dim 	 V1 /<�V1 � QX ��
� 2 	 b1 = 1
�	 b3 = 1
E� 4 	 b3 = 1
`�
Sob3 � 3. Now dim 	 VD10 	 λn 
�
�� 29 in any characteristic;dim 	 V 	 3δ1 = δ2 = δ3 
�
E� 256 �
28 whenp

+ 7 or p � 0. SoV � X � ( ( (3 1 1 ' ( ( (1 1 3
, V �Y � spin	 D10
 is apossi-

bility for p �� 2 � 3 � 5 � 7.
In this case,consideragainthe embeddingof BX in the parabolicsubgroupPY corre-

spondingto ��( ( ( ( ( ( ( ( ((, , ,- - - . We definesometemporaryno-

tation:Let λ1 � j �A	 λ1 * α1 * )�)�) * α j 
f� TX . By theconstructionof theembedding,weknow
that

λ1 � TX � δ 	�� 2δ2 

λ1 � 1 �A	 λ1 * α1 
f� TX � δ * β2� λ1 � 2 � λ1 � 3 � λ1 � 4  � � δ * β1 * β2 � δ * β2 * β3 � δ * 2β2  � λ1 � 5 � λ1 � 6 � λ1 � 7  � � δ * β1 * 2β2 � δ * 2β2 * β3 � δ * β1 * β2 * β3  � λ1 � 8 � λ1 � 9 � λ1 � 10  � � δ * 2β2 * 2β3 � δ * 2β1 * 2β2 � δ * β1 * 2β2 * β3  �

with 	 λ1 * α1 * )�)�) * α8 
c� TX �X*�	�	 λ1 * α1 * )�)�) * α10 
c� TX 
 (sinceλ1 * α1 * )�)�) * α8 �* λ8 = λ9 = λ10 �U*�	 λ1 * α1 * )�)�) * α10
 ).
This givesenoughinformationto determinethepossibilitiesfor αi � TX for i � 1 ��������� 10.

We canwrite theTY-high weight for V, λ10, in termsof theαi , andwe find thatwith any
of the possiblechoicesmadeabove, � λ10 � TX ��	 λ10 * α10
 TX  �3� 3δ1 = δ2 = δ3 � δ1 = δ2 =
3δ3  . SoV containsA3-submodulesof these2 highweights;sincetheirdimensionsaddto
dim 	 V 
 , wehave thecasestatedin thetheorem.

Thiscompletestheproof for X � A3.

3.3. WhenLemma3.2doesn’thelp. Usingourstandardconstructionof PY (Lemma2.7),
theobvioussituationin whichtheLemma3.2is of nohelpis whenδ � aδi = bδ j , i.e.when
UX-level0 hasdimension2. In thiscaseL1 � L 1Y is of typeA1, correspondingto α2 � Π 	 Y 
 .
Rememberthatδ mustbesymmetric,sothatin factthefollowing is whatwewill need.

Lemma 3.5. Thesituationδ � aδi = aδm& i $ 1 (i � m/ 2), a2 � 1 doesnotgiveanyexamples
in theMain Theoremif m

+ 3.

Proof. With thegivenδ andwith PY asin Lemma3.2,wehaveα2 � Π 	 L 1Y 
 sincelevel 1 in
theconstructionof PY hasdimension2. SoLemma3.2tells usthata2 is theonly nonzero
coefficientonΠ 	 L 1Y 
 .
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Assumei + 1. Considerthe parabolicsubgroupPX of X correspondingto Π 	 X 
�*� β1 � βm  , asin the following picture: ( ( ( ()�)�)
. So L 1X is of typeAm& 2, andif

weembedPX Z � PY by theusualconstruction,thenlevel 0 (thatis,W /0�W � QX � ) of theflag
whichresultsis totally singularandhasdimension� 7 (thesmallestW /0�W� QX � couldbeis
whenL 1X is of typeA2 with a labelof 1 oneachnode;thishasdimension7 in characteristic
3 anddimension8 in othercharacteristics);thusL1 (thesimplefactorof L 1Y corresponding
to thequotientW /<�W � QX � in theflag) is of typeAl for somel � 6.

By Lemma2.11, only oneL j actsnontrivially on V /<�V � QY � . SoV /0�V � QY � is a non-
trivial (thereis at leastone nonzerolabel on L1 in the marking for the high weight of
V /0�V � QY � , namely, on the secondnode), irreducibleL1-module,and as an L 1X-module,
V /0�V � QY � is thesumof two irreducibles,V1 /0�V1 � QX � andV2 /0�V2 � QX � . Thenaturalmod-
ule for L1 is isomorphicto W /0�W� QY � and is irreducibleas an L 1X-module. So unless
V1 /0�V1 � QX � 9� V2 /0�V2 � QX � , we arein the situationwe considerin this sectionandby in-
ductionno examplesarise(thesinglecasewhich arisesbelow for X � A3 doesnot arise
inductively becauseδ doesnothavetheform weareconsideringhere).

Let theTX-high weightof V1 beb1δ1 = b2δ2 = )�)�) = bmδm (so thehigh weightof V2 is
bmδ1 = bm& 1δ2 = ����� ). Assumeb2 � bm& 1 � b3 � bm& 2 ������� (i.e.V1 /0�V1 � QX � 9� V2 /<�V2 � QX � ).
This impliesb1 �� bm sinceV1 �9� V2. Now take PX to beanotherparabolicsubgroupof X,
correspondingto Π 	 X 
�*�� βm  , andembedPX Z � PY via thesameconstruction.Againwe
haveW /0�W � QY �7� W /<�W � QX � irreduciblefor L 1X andfor L1.

Weshow thatin thiscaseV /<�V � QY � is irreducibleasanLX-module(in contrastto thesit-
uationwhentheparabolicsubgroupof X is t-stable,which forcesV /0�V � QY � to bethesum
of two irreduciblesfor LX): Let Z � Z 	 LX 
�B . SinceLY � CY 	 Z 
 , wehaveZ � Z 	 LY 
 , soZ
inducesscalarsonV /<�V � QY � (sinceLY actsirreduciblyonthismodule).But if V /<�V � QY � is
reducibleasanLX-module,thenV /<�V � QY �0� V1 /0�V1 � QX � ' V2 /0�V2 � QX � , andweshow that
Z actsdifferentlyon thesetwo LX-modules:

Z � � diag	 a ��������� a � a& m
f� a � K �  � � hβ1
	 a
 hβ2

	 a2 
7����� hβm 	 am 
c� a � K �  �
Thetwo X-modulesV1, V2 havehighweightlabelling( ( ( ()�)�)b1 b2 bm& 1 bm

and ( ( ( ()�)�)bm bm& 1 b2 b1�
so hβ1

	 a
 hβ2
	 a2 
7����� hβm 	 am 
 actsas multiplication by ab1 $ 2b2 $�M M M $ mbm on a high weight

vectorv1 � V1 andasmultiplicationby abm $ 2bm[ 1 $�M M M $ mb1 on a highweightvectorv2 � V2;
thesetwo exponentsarenotequal.Sincev j hasanonzeroimagein Vj /0�Vj � QX � , thisshows
thatonly oneof theVj /0�Vj � QY � canhave a nonzeroimagein V /0�V � QY � . SoV /0�V � QY � is
irreducibleasanLX-module.

AssumeV1 is thesummandwhich projectsnontrivially to V /0�V � QY � (soV2 !^�V � QY � ).
Asnoirreduciblerestrictedrepresentationsof Am& 1 aretensordecomposablebyLemma2.1,
L1 is theonly simplefactorof L 1Y to actnontrivially onV /0�V � QY � . Notethattherankof L1

is � 15, sincethis rank is onelessthanthedimensionof W /0�W � QY � : With δ of the form
we areassuming,theAm& 1-high weightof W /0�W� QY � is of theform 	 aδi = aδm& i $ 1 
c� TL 4X .

TheWeyl modulefor Am& 1 with thishighweighthasat least16weights,andtheseweights
all appearin theirreduciblemoduleW /0�W� QY � by theresultin [12].

Sonow we areinductively in thesituationexaminedin [9]: V /<�V � QY � is anirreducible
modulefor bothL 1X andL1, andit is not thenaturalmodulefor L1 (sincein the labelling
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for the L1-high weight of V /0�V � QY � , thereis a 1 on the secondnodeof Π 	 L1 
 ). Also,
L 1X �9� L1 becausethe naturalmodulefor L1, W /0�W� QY � , hashigh weight δ � TL 4X andthus

hasdimensionlargerthanm, which is thedimensionof thenaturalmodulefor L 1X. Soany
examplesherewould appearin Table1 of [9]; examiningthat table,we seethat in fact
therearenoexamples.Thiscompletesthecasei + 1.

Sowe needto consideronly thecasei � 1, i.e. δ � aδ1 = aδm, with λ � λ2 = )�)�) . Let
PX � LXQX be the maximal parabolicsubgroupof X correspondingto β j � Π 	 X 
 and
embedPX in a parabolicsubgroupPY � LYQY of Y via theusualconstruction.Noticethat
L1 (thesimplefactorof L 1Y correspondingto theQX-level 0 of W) is of typeAl , with l + 3
unlessm � 4 (we have takencareof thecasesm � 2 � 3 in 3.2). We wish to show that for
at leastonechoiceof j, V /<�V � QY � is irreducibleasanLX-module.We will againusethe
actionof Z � Z 	 LX 
�B onTX-highweightvectorsin V.

Z � � diag	 a l m& j $ 1m � a l m& j $ 1m ��������� a l m& j $ 1m� ��� �
j

� a& j � a& j �������#� a& j� �`� �
m& j $ 1


;� a � K �  � � hβ1
	 a l m& j $ 1m 
 hβ2

	 a2 l m& j $ 1m 
7�����
hβ j
	 a j l m& j $ 1m 
 hβ j � 1

	 a j l m& j m 
 hβ j � 2
	 a j l m& j & 1m 
7����� hβm 	 a j 
_� a � K �  

If V /<�V � QY � is reducibleasanLX-module,thenasabove,Z mustactasmultiplication
by thesamescalaronahighweightvectorv1 � V1 asonahighweightvectorv2 � V2, and
wegettheequation:

(1)
	 m * j = 1
 b1 = 2 	 m * j = 1
 b2 = )�)�) = j 	 m * j = 1
 b j =

j 	 m * j 
 b j $ 1 = j 	 m * j * 1
 b j $ 2 = )�)�) = j ) 1 ) bm�U	 m * j = 1
 bm = 2 	 m * j = 1
 bm& 1 = )�)�) = j 	 m * j = 1
 bm& j $ 1 =
j 	 m * j 
 bm& j = j 	 m * j * 1
 bm& j & 1 = )�)�) = j ) 1 ) b1 �

If we assumethatV /0�V � QY � is reducibleasan LX-modulefor every j, thenwe have
a systemof equationswhich togetherimply b1 � bm � b2 � bm& 1 ������� . For example,the
equationsfor j � m and j � m * 1 are:

b1 = 2b2 = )�)�) = 	 m * 1
 bm& 1 = mbm � bm = 2bm& 1 = )�)�) = mb1

2b1 = 4b2 = )�)�) = 2 	 m * 1
 bm& 1 = 	 m * 1
 bm � 2bm = 4bm& 1 = )�)�) = 	 m * 1
 b1 �
Twicethefirst equationminusthesecondgives 	 m = 1
 bm ��	 m = 1
 b1. Knowing b1 � bm,
theequationsfor j � mand j � m * 2 giveb2 � bm& 1; continuingin thismannerweobtain
bl � bm& l $ 1 for every l . But this is impossible,asit would imply thatV is reduciblefor
X � t � . So for some j � 1 � j � m, V /<�V � QY � is irreducibleasanL 1X-module,whereLX, QY

areasabove.
But then againwe are in the situationexaminedin [9]: V /0�V � QY � is an irreducible

modulefor L 1X � A j & 1 D Am& j andfor L1. Sooneof thefollowing occurs:

1. TheembeddingLX Z � L1 is anisomorphism.
2. V /<�V � QY � is the naturalmodulefor L1 (which happensonly for m � 3 � 4, sinceL1

hasrank � 4 in othercaseswe considerandtheL1-high weightof V /0�V � QY � hasa
nonzerolabelon thenodeα2).

3. V /<�V � QY � appearsin Table1 of [9].

Wedealwith 3 first. Of theappearancesof theinclusionA j & 1 D Am& j � Al in Table1 of
[9], only one(caseI7 there)givesthecorrectrestrictionof thenaturalmodulefor Al to the
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subgroup.Sothepossiblepicturehereis (L 1X � Am& 1; L1 � A l m2 $ m& 2m�T 2; thehighweight
of W � X � 2δ1 = 2δm):

V1 /<�V1 � QX �0� ( ( ( ()�)�)2 1 0 bm

and V /0�V � QY �7� ( ( ( ( ()�)�) )�)�)0 1 0 0 �
Now we look at yet anotherparabolicsubgroupof X: Let PX begeneratedby BX and

theroot subgroupsfor β1 andβm; embedPX in a parabolicsubgroupPY of Y asusual.By
Lemma2.11,L1 is theonly simplefactorof L 1Y to act nontrivially on V /<�V � QY � . Notice
dim 	W /<�W � QX ��
�� 9 (sinceW � X hasTX-highweight2δ1 = 2δm), soL1 hasrank8. Thus2 )
3 	 bm = 1
C� dim 	 V1 /0�V1 � QX �:
 = dim 	 V2 /0�V2 � QX �:
C� dim 	 V /<�V � QX �:
C� dim 	 V /<�V � QY �:
C�W 92Y � 36, which tells us bm � 5. This tells us that the only two TL 4X -high weightsof

V /0�V � QY � are 	 2δ1 � 5δm
 and 	 5δ1 � 2δm
 . But in factV /0�V � QY �<9�Ui 2 	 W /0�W� QY �:
 (p �� 2
becauseof the 2 appearingin the picture above and our assumptionthat the TX-high
weightsof V arerestricted),andtwo TL 4X -high weightsof i 2 	 W /0�W � QY �:
 are 	 4δ1 � 2δm

and 	 2δ1 � 4δm 
 . Againwehavea contradiction.

Next consideritem 2. This can only occur if dim 	W /<�W � QX ��
"� 4 (sincethereis a
1 on the secondnodein the markingfor the high weight of V /0�V � QY � on L1); andthis
occursonly in the caseswe excluded(X � A2 � A3) andthe caseX � A4, with j � 4 (or,
equivalently, j � 1), δ � δ1 = δ4. But this in factgivesaninstanceof item1 (it impliesthat
W /<�W � QY � hasTL 4X -highweightδ1).

Soweareleft with item1. Notethattheequations	 1
 hold for all j �� 1 � m, sincein the
considerationof item 3 above we obtaineda contradictionto V /<�V � QY � beingirreducible
for L 1X when j �� 1 � m. We havethepictures

V1 /<�V1 � QX �7� ( ( ( ( ()�)�)a1 1 a3 am& 1 bm

V /0�V � QY �7� ( ( ( ( ()�)�) )�)�)a1 1 a3 am& 1 am �
So a1 � b1 � 1 � a2 � b2 �������#� am& 1 � bm& 1. Now let PX correspondto the indicated

nodes: ( ( ( ()�)�)
, and embedit in a parabolicsubgroupof Y as usual. Then

V /0�V � QY � is thesumof two irreducibleL 1X-modules,andthesimplefactorL2 of L 1Y corre-

spondsto theindicatednodesatthebeginningof theDynkindiagramforY: ( ( ( ( ()�)�) )�)�) )�)�)L2 L3

,
with L2 of rank2m * 3. But by theconstructionof PY, we know theembeddingL 1X Z � L2

here(the naturalmodulefor L2 is QX-level 1 of W andrestrictsto L 1X asthe sumof the
two irreduciblemoduleswith high weightsδ2 � TL 4X andδm& 1 � TL 4X ). As this situationgave

no examplesin [4], we know by inductionthateither: 1) a3 � a4 � )�)�) � a2m& 2 � 0 (i.e.
V /0�V � QY �29� thenaturalmodulefor L2); or 2) 1 � a2 � am& 1 � a3 � am& 2 ������� (i.e.V /0�V � QY �
is reduciblefor L 1X � t � ).

We notedthat all the equations	 1
 on page15 hold for j �� 1 � m. The equationfor
j � m * 1 is:

2b1 = 4b2 = )�)�) = 2 	 m * 1
 bm& 1 = 	 m * 1
 bm � 2bm = 4bm& 1 = )�)�) = 	 m * 1
 b1 �
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Now if 2) aboveholds,weknow thatb2 � bm& 1 � b3 � bm& 2 ������� (rememberthatai � bi for
1 
 i 
 m), whichtogetherwith theaboveequationgivesb1 � bm, whichis acontradiction.
So2) doesnotoccur.

If a3 � )�)�) � a2m& 2 � 0, i.e. 1) holds,thenonceagainwe examinetheequationabove
andseethatnow it reducesto 2b1 = 4 = 	 m * 1
 bm � 2bm = 2 	 m * 1
 = 	 m * 1
 b1 (remem-
beringai � bi for 1 
 i 
 m anda2 � b2 � 1), or bm * b1 � 2. Let PX be the parabolic
subgroupof X correspondingto � β1 � βm  . ThenL1 is of typeA3, L1 is theonly factorof
L 1Y actingnontrivially onV /<�V � QY � by Lemma2.11,andthepictureis:

V1 /<�V1 � QX �7� (b1 F (b1 = 2 and V /<�V � QY �<� ( ( ( )�)�)b1 1 0 �
By theAndersen-Jantzensumformula ([1]), theA3-modulewith thehigh weightpic-

turedaboveis in facttheWeyl moduleexceptwhenb1 � p * 2. But p + bm � b1 = 2 here,
sothedimensionof V /0�V � QY � is thedimensionof theWeyl module,whichis 	 b1 = 1
c	 b1 =
3
�	 b1 = 4
�/ 2. Ontheotherhand,dim 	 V /<�V � QY �:
�� dim 	 V /0�V � QX ��
5� 2dim 	 V1 /0�V1 � QX �:
��
2 	 b1 = 1
c	 b1 = 3
 . Thesetwo equationstogetherimply b1 � 0.

So now all the bi areknown: b2 � 1, bm � 2, andall othersare0. Sinceoneof the
coefficientsis greaterthan1,weknow p �� 2. AndsincetheTX-highweightof W isδ1 = δm,
weknow dim 	W 
�� m	 m = 2
 or m	 m = 2
5* 1. We claimthatdim 	 V 
V� dim 	 i 2W 
 (this
is clearif λ � λ2, asthenV � i 2W sinceY � Dn andp �� 2).

TheTY-highweightλ of V hasaλ2-coefficientof 1,andW is orthogonal.Weclaimthat
any Bn or Dn weightof this form hasoneof λ2, λ3, or λn asasubdominantweight.For Bn,
every fundamentalweightexceptλn is a sumof roots,and2λn is a sumof roots,soany λ
with a λ2-coefficientof 1 hasλ2 or λn asa subdominantweight.For Dn, any fundamental
weightλk for evenk � n * 2 is asumof roots;for oddk with 1 
 k � n * 2,λk differsfrom
a sumof rootsby λ3. Theweight2λn or 2λn & 1 is eithera sumof rootsor differsfrom one
by λ3; finally, λ1 = λ2 hasλ3 asasubdominantweight.Sotheclaimholds.

Sayλ . λi . Thenby theresultin [8], every weightwhich appearsin theWeyl module
with TY-highweightλ appearsin V. So

dim 	 V 
V� card	�� ω is aweightoccurringin VY 	 λi 
  
= card	 Weyl group-orbitof λ 
��	?� dim 	W 

2 � * dim 	W 
�
 = dim 	W 
�� dim 	 2�

W 
`�
Now wehaveachainof inequalities(thesecondline is acomputationof thedimension

of theWeyl modulewith thespecifiedhighweight,usingtheWeyl dimensionformula):

dim 	 V 
�� 2dim 	 VAm 	 λ2 = 2λm
�
� 2 	�	 m * 1
 m	 m = 2
�	 m = 3
�/ 4
� 	 m4 = 4m3 = m2 * 6m
�/ 2
 	 m4 = 4m3 = m2 * 6m = 2
#/ 2� � m	 m = 2
5* 1
2 �� � dim 	W 


2 �� dim 	 V 
`�



18 BEN FORD

whichis acontradiction.Sowehaveruledoutall possibleconfigurations,andtheproofof
theLemmais complete.

3.4. The General X � Am Case. We mustprove that thereareno triples 	 X � Y � V 
 with
X acting irreducibly on W and t acting on W, for X of type Am with m

+ 3. We use
thesameargumentasin theA2 andA3 casesto limit thepossibilitiesfor theembeddings
X Z � Y, relyingonLemma3.2. Lemma3.5tellsusweneednotworry aboutlevel 1 in the
computationof dimensionsof UX-levels.

As in thesmallcases,themethodweuseto generateweightsthatappearin a represen-
tation is simple: If µ is a weight in theX-moduleM and � µ � βi �_� a + 0, thenµ * aβi is
anotherweightappearingin M.

Everysymmetricweightfor X � Am exceptδ1 = δm haseitherδ2 = δm& 1 or δ l m$ 1m�T 2 as
a subdominantweight (δi = δm& i $ 1 is a sumof rootsfor any 1 � i � m). It is relatively
simpleto find enoughweightsin eachlevel for δ � δ2 = δm& 1: The level lδ of the low
weight * δ in this caseis 2 	 m = 	 m * 2
�
V� 4 	 m * 1
 , sowe mustshow thereareat least
threeweightsat level j for 2 � j 
 2 	 m * 1
 , andat least5 at level 2 	 m * 1
 ; this is easy.
Unlessotherwisestated,thelevelswediscussareUX-levels.

Thecaseδ � δ l m$ 1m�T 2 (m odd) is considerablymoredifficult. At UX-level 2 thereare
only thetwo weightsδ * β l m$ 1m�T 2 * β l m& 1m�T 2 andδ * β l m$ 1m�T 2 * β l m$ 3m�T 2; soLemma3.2
is of no helphere. We have lδ �h	 m = 1
 2 / 4, so if we canshow that thereareat least3
weightsat eachlevel 3 � j 
^	 m = 1
 2 / 8, andat least5 at level 	 m = 1
 2 / 8 (whenthis is
integral),wewill only have level 2 to worry about.

Notice that for any weight δ, the dimensionsand numbersof weightsof UX-levels
of the X-modulewith high weight δ are symmetricabout level lδ / 2. In other words,
dim 	Wi 
�� dim 	 Wlδ & i 
 andthesamenumbersof weightsappearin thesetwo spaces,since
w0 interchangesthem. So, for instance,if VAl 	 δ 
 hasat least3 weightsat all levels j for
i � j � lδ / 2, thenit hasat least3 atall levels j for i � j � lδ * i.

For m � 5 � 7, it is easyto seethatthereareenoughweightsatlevels3 throughlδ / 2 (three
atevery level exceptlevel 8 for m � 7, in whichcasethereareat least5 weights).We pro-
ceedby inductiononm(consideringthesubsystemgroupof X of typeAm& 2, corresponding
to Π 	 X 
>*�� β1 � βm  ): Assumeδ � δ l m$ 1m�T 2 for m � 9. Notice that δ1 * δ l m$ 1m�T 2 = δm is

a weightat level l l δ � m� 1� � 2 � Am[ 2 m �3	 m * 1
 2 / 4, andthatif δ l m$ 1m�T 2 * m& 1

∑
i N 2

ciβi is a weightat

level j in theAm& 2-modulewith highweightδ l m$ 1m�T 2, thenδ l m$ 1m�T 2 * m& 1

∑
i N 2

ciβi is aweight

at level j in W for δ � δ l m$ 1m�T 2. So,usingthecommentin thelastparagraphandby induc-
tion from theAn & 2 case,W hasat leastthreeweightsat levels3 through 	�	 m * 1
 2 / 4
�* 2.
But 	�	 m * 1
 2 / 4
5* 2 + 	 m = 1
 2 / 8 for m

+ 7, which shows thattheonly possibilitiesfor
asimplefactorof L 1Y of typeA1 aretheabove-mentionedfactorcorrespondingtoUX-level
2, andlevel 	 m = 1
 2 / 8 whenthisnumberis integral.

We needto show that thereareat least5 weightsat level 	 m = 1
 2 / 8 when4 �m = 1
andδ � δ l m$ 1m�T 2. It is easyto write down 5 suchweightsfor m � 7, asnotedabove; in
particularin this casetherearetwo at this level which aresymmetric(with respectto the
graphautomorphism).Soassumem � 11 andconsidertheAm& 4-subsystemsubgroupof
X, correspondingto Π 	 X 
>*�� β1 � β2 � βm& 1 � βm  . Assumethereareat leasttwo symmetric
weightsat level 	 m * 3
 2 / 8 for theAm& 4-modulewith high weightδ l m$ 1m�T 2; asin thelast
paragrapheachcorrespondsto a weightof W at level 	 m * 3
 2 / 8. Let γ beoneof these
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weightsof W. Write γ � δ * ∑m& 2
i N 3 ciβi . For any symmetricweightof W expressedin this

form, either:
1) c l m$ 1m�T 2 � c l m& 1m�T 2 = 1 	�� c l m$ 3m�T 2 = 1
 ; or
2) c l m$ 1m�T 2 � c l m& 1m�T 2 	o� c l m$ 3m�T 2 
 .

If γ satisfies1), thenγ * β2 * β3 * )�)�) * β l m& 1m�T 2 * 2β l m$ 1m�T 2 * β l m$ 3m�T 2 * )�)�) * βm& 1 is a
symmetricweightof W at level 	 m * 3
 2 / 8 = m * 1 �b	 m = 1
 2 / 8 which satisfies2); if γ
satisfies2), thenγ * β1 * β2 * )�)�) * β l m& 1m�T 2 * β l m$ 3m�T 2 * )�)�) * βm is sucha weightwhich
satisfies1). Sinceof thetwo symmetricweightsat level 8 for m � 7, one(δ4 * β1 * β2 *
β3 * 2β4 * β5 * β6 * β7) satisfies1) andtheother(δ4 * β2 * 2β3 * 2β4 * 2β5 * β6) satisfies
2), we concludethat thetwo symmetricweightsat level 	 m = 1
 2 / 8 we obtainarein fact
distinct. At thesamelevel we have theweightsγ * β1 * )�)�) * βm& 1 andγ * β2 * )�)�) * βm.
So from eachof the two symmetricweightsat level 	 m * 3
 2 / 8, we obtain3 weightsat
level 	 m = 1
 2 / 8; the six weightsoccurringareall distinct. So thereareno possibleA1

factorsof L 1Y here.
Note that δ � δ l m$ 1m�T 2 is the only possiblehigh weight of W which doesnot have at

least3 weightsat level 2. Now theinductionis muchthesameasfor X � A3: Recallthat
δ � ∑diδi . If d l m$ 1m�T 2 + 1, thenδ * β l m$ 1m�T 2 is lower in thepartialorderandstill hasone
of δ2 = δm& 1, δ l m$ 1m�T 2 asa subdominantweight,soby inductionδ hasenoughweightsat
levels4 through 	 lδ / 2
5* 1,andwecaneasilychecklevels1, 2, and3.

If d l m$ 1m�T 2 � 1 or m is even, thenlet k be suchthat dk �� 0 but di � 0 for all k 
 i 
	 m = 1
�/ 2. Thenδ * βk * βk$ 1 * )�)�) * βm& k$ 1 (at level m * 2k = 2) is lower in thepartial
orderandstill hasoneof δ2 = δm& 1, δ l m$ 1m�T 2 asa subdominantweight, so by induction
δ hasenoughweightsat levelsm * 2k = 4 andhigher. Onceagain,themissinglevelsare
easyto check.

Sothecasesnot ruledout by theinductionare: δ � δ1 = δm, andδ � δ l m$ 1m�T 2 at level
2. For the first, we caneasilywrite down enoughweightsin levels 2 throughm * 1 �	 lδ / 2
0* 1. At level m theonly weightis 0, but thedimensionof its weightspaceis mor (if
p �m = 1) m * 1. Sotheonly possibilitiesfor aUX-level of dimension4 or lessarem � 4,
or m � 5 with p � 2 or 3.

Considerthecaseδ � δ l m$ 1m�T 2 (m � 5). In thelabellingfor theY-highweightofV, there
is a 1 on the third nodeof the Dynkin diagram. Let PX correspondto Π 	 X 
E*�� β1 � βm  .
Then dim 	W /<�W � QX �:
�� 6, so the correspondingsimple factor L1 of L 1Y is of type Al

for somel � 5, andV /<�V � QY � is an irreducibleL1-modulewhosehigh weight hasa λ3-
coefficient of 1 (L1 is the only simplefactorof L 1Y to act on V /<�V � QY � by Lemma2.11).
Thenaturalmodulefor L1 is isomorphictoW /0�W � QY � andis irreducibleasanL 1X-module,
while V /0�V � QY � is the sumof two irreduciblemodulesfor L 1X, interchangedby t. Since
V /0�V � QY �@�9� thenaturalmodulefor L1 andno caseswith this configurationappearedfor
X � A3, by inductionwe know thatV /0�V � QY � mustnot be irreduciblefor L 1X � t � . Sob2 �
bm& 1 � b3 � bm& 2, etc. (V1 � X � VAm 	 b1δ1 = )�)�) = bmδm 
 ).

Now let PX correspondto Π 	 X 
2*�� βm  . By thesameconstruction(usingtheactionof Z
onhighweightvectors)asonpage14,V /0�V � QY � is irreducibleasanL 1X-module.Therank
of L1 is at least9 (sinceW /0�W� QY � 9� theAm& 1-modulewith high weightλ l m$ 1m�T 2), and
V /0�V � QY � is irreducibleasanL1-module,with a1 onthethird nodeof theDynkin diagram
in its high weight labelling (L1 is the only factorof L 1Y actingnontrivially on V /0�V � QY �
sinceno restrictedirreducibleAm& 1-modulesaretensordecomposable).Sowe areagain
in thecaseexaminedin [9]. ExaminingTable1 there,weseethattherearenoexamplesof
theconfigurationweobtain.Soδ � δ l m$ 1m�T 2 doesnotoccur.
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The two casesthat remainare: 1) m � 4, δ � δ1 = δ4, with the TY-high weight λ of
V having a λn-coefficient of 1 (Y hastype D12 (p �� 2 � 5), B11 (p � 5), or possiblyC12

(p � 2)); and2) m � 5, p � 5, δ � δ1 = δ5, λ with a λ17-coefficientof 1 (Y hastypeD17).
In boththesecases,wecanusethefactthatdim 	 V2 	 QY 
�
V� mdim 	 V1 	 QY 
�
 (Lemma2.9)
to concludethatin factλ � λn; i.e.V is a spinmodulefor Y.

For 1), wefirst let PX correspondto � β2 � β3  ! Π 	 X 
 , andconcludethatb2 � b3 asthe
resultingconfigurationdoesnot appearin [4]. Next let PX correspondto Π 	 X 
E*�� β4  .
Thenagainthe constructionon page14 using the actionof Z tells us that V /0�V � QY � is
irreducibleasanL 1X-module,andwearebackin thesituationexaminedin [9]. Examining
Table1 of [9], weseethattherearenoexamplesof modulesirreduciblefor bothA3 � D8.

For 2), weusethesameconstructionsandconcludethatto haveanexample,theremust
beanexampleof theform A4 � D12 in Table1 of [9]; thereis none.Sothisfinal possibility
is ruledout.

Thiscompletestheproofof thetheorem.

4. THE CASE X � Dm

In this sectionwe establishthemain resultfor thecaseX � Dm, G � X � t � . Section3
includedthebasecaseof X � D3 � A3. SothroughoutthissectionX � Dm for m + 3 and
G � X � t � . We assumethatt actsonW, thenaturalmodulefor Y.

All notation(X � Y, V, V1, V2, λ, δ, etc.) is asin previoussections.RecallthatΠ 	 X 
C�� βi  is thesetof simplerootsof X; Π 	 Y 
d�U� αi  is thesetof simplerootsof Y; andn is
therankof Y. Themaintheoremof thissectionis:

Theorem4.1. If X actsirreduciblyonthenatural moduleW for Y andX is of typeDm for
m
+ 3, thenp � 2, Y � Cm or Bm, W is thenatural modulefor X andY; andV is thespin

modulefor Y, thesumof twospinmodulesfor X.

Proof. AssumeX is of typeDm. Let δ betheX-highweightof W. Sinceweareassuming
t actson W, we have that δ is symmetricwith respectto t, so by [9, 1.8], X stabilizesa
non-degeneratebilinearform onW. SoY is of typeBn � Cn, or Dn.

Let PX bethemaximalparabolicsubgroupof X correspondingto β1. ThenL 1X is of type
Dn & 1, andwe embedPX in PY, a parabolicsubgroupof Y, via the constructiondetailed
in Lemma2.7. ThenQX ! QY andL 1X ! L 1Y for LY � CY 	 Z 	 LX 
�B�
 . By Lemma2.8, LY

is t-stable.Write L 1Y � L1 D )�)�) D Lm whereeachLi is simple. By Lemma2.2,V /0�V � QY �
is irreducibleasan L 1Y-modulewith high weight λ � TY � L 4Y ; also,Lemma2.11tells us that
only oneLi actsnon-trivially on V /<�V � QY � . Note that sincePX is t-stable,Lemma2.8
tellsusthatV /<�V � QY �2� V /0�V � QX �2� V1 /0�V1 � QX � ' V2 /0�V2 � QX � is asumof two irreducible
L 1X-modules;neitherof theseL 1X summandsis trivial, sincethatwould imply thatV1 9� V2.

Knowing this, we canlist the possibilitiesfor Li �#	 V /0�V � QY �:
c� Li ��	 V /<�V � QY �:
c� L 4X based
onour inductiveknowledgeaboutL 1X (which is of typeDm& 1):

1. V /<�V � QY �<9� thenaturalmodulefor Li .
2. (U3 in Table 2) The naturalmoduleWi for Li is reducibleas an L 1X-moduleand

differentfrom V1 	 QY 
@� V /<�V � QY � , with Li of typeDm, 	 V /<�V � QY ��
f� Li � spin	 Li 
 ,
and 	 V /0�V � QY �:
c� L 4X � spin	 L 1X 
 ' spin	 L 1X 
 (oneof the two casesin which X � Dm

occursin thesituationexaminedin [4]).
3. Theothercasefrom [4] (U2 in Table2): Sameas2 above,excepthereLi is of type

Bm& 1 and 	 V /<�V � QY ��
f� Li ��	 V /0�V � QY �:
c� L 4X areasin thestatementof [4, Theorem3.3].
4. Wi is irreduciblefor L 1X.

Hereis a lemmato simplify thingsconsiderably:
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Lemma 4.2. In all of thefourcasesabove, if α � Π 	 Y 
 and � α � Π 	 Li 
��>� 0, then � λ � α �>� 0.

Proof. Nodesin L j for j �� i musthave 0 labelsinceL j actstrivially onV1 	 QY 
 . Assume� λ � α ���� 0 for someα � Π 	 Y 
 with � α � Π 	 LY 
��d� 0 (i.e. α doesnotadjoinΠ 	 LY 
 ). Define
Kα

Y asin thediscussionfollowing 2.9. ThenQY / Kα
Y hasdimension1 by [9, 3.1] (indeed,

QY / Kα
Y 9� U & α). It hasan LX-submoduleQXKα

Y / Kα
Y 9� QX /<	 QX � Kα

Y 
 by [9, 3.3]. By
Lemma2.10(i),Q1X � Kβ1 ��� Uβ � β � Σ & 	 X 
`� β1-coefficientof β 
]* 1�>� 1 (sinceDm has
no rootswith a β1-coefficient lessthan * 1). Thenby part (ii) of thesameLemma,QX �
QX / Kβ1 � Qβ1 is an irreducibleLX-moduleof high weight * β1 � TLX

(andthusdimension
2 	 m * 1
 ). But QX � Kα

Y is a submodulesinceKα
Y is normalin PY � PX � LX andsince

Z � Z 	 LX 
�B inducesthefull groupof scalarson QX. SoeitherQX � Kα
Y or QXKα

Y / Kα
Y 9�

QX /0	 QX � Kα
Y 
 9� QX / Q1X � QX hasdimension2 	 m * 1
 ; the latter is impossible(it has

dimension0 or 1). So �V � QY �5�b�V � QX �E�U�V � Kα
Y � . But theweightspaceVλ & α appearsin�V � QY � andnot in �V � Kα

Y � . This is a contradiction,soin fact � λ � α �V� 0 for α not adjoining
Π 	 LY 
 .

Now assume� λ � α ���� 0 for someα � Π 	 Y 
C* Π 	 LY 
 suchthat � α � Π 	 Li 
��%� 0. By
the above, thereis some j �� i suchthat � α � Π 	 L j 
����� 0. The weight λ * α is a weight
in �V � QY �E� �V � QX � but not in �V � Kα

Y � , so QX � Kα
Y givesa contradictionasabove. So

QX �� Kα
Y . ThenQXKα

Y / Kα
Y �� 0 andasabove QXKα

Y / Kα
Y 9� QX /0	 QX � Kα

Y 
@9� QX / Kβ1 is
anirreducibleL 1X-moduleof dimension2 	 m * 1
 . SoQY / Kα

Y 9� VL 4Y 	�* α 
 is anirreducible
L 1Y-moduleof dimension� 2 	 m * 1
 .

Let µ � λ * α. Then µ � Ti � λ � Ti (whereTi is a maximal torus of Li); andVL 4Y 	 µ
_�
VLi 	 λ 
 F VL 4Y 	�* α 
 , of dimension� dim 	 V1 	 QY 
�
�	 2m * 2
 . ButbyLemma2.9,dim 	 V2 	 QY 
�
��
dim 	 V1 	 QY 
�
c	 2m * 2
 , andVL 4Y 	 µ
;� V2 	 QY 
 . This forcesVα 	 QY 
�	�� VLY 	 µ
�
d� V2 	 QY 
 ;
but thereis someε � Π 	 Y 
>* Π 	 Li 
 suchthat � ε � Π 	 Li 
��¡�� 0, andVε 	 QY 
¡�� 0. Fromthis
contradiction,wehavethatin fact � λ � α ��� 0 for all α not in or adjoiningΠ 	 Li 
 .

We now look ateachof thecases1 – 4 in turn.

4.1. Case1.

Claim 4.3. V1 	 QY 
��9� thenatural modulefor Li , socase1 onpage20doesnotarise.

Proof. AssumeV1 	 QY 
 is isomorphicto thenaturalmoduleWi for Li .
Thereareseveral possibilitiesfor the type of Li . Call the nodein Li with a non-zero

labelαl . If Li is of typeBk � Ck � or Dk, thenit correspondsto a subdiagramof theDynkin

diagramfor Y at the“end” of thatdiagram;thepictureis: ( ()�)�) )�)�)γ αl Li

. Theonly
nodein Π 	 Y 
 adjoiningLi adjoinsαl ; call it γ. Now Wi 9� V1 	 QY 
@� V1

1 	 QX 
 ' V1
2 	 QX 
 ,

andthesearetheonly two LX-submodulesof V1 	 QY 
 . They areinterchangedby t. Also,
QY / Kγ

Y is anL 1Y-moduleof highweight * γ; QXKγ
Y / Kγ

Y is anon-zerot-stableLX-submodule
(QX � Kγ

Y givesa contradictionasin the proof of the last lemma). But we just saidthat
the naturalmodulefor Li hasno t-stableLX-submodules;this forcesthereto be an L j

adjoiningγ suchthatL 1X projectsnon-trivially to L j . Thusthenaturalmodulefor L j has
dimension � 2 	 m * 1
 . But then if γ hasnon-zerolabel, we have a compositionfactor
of high weight 	 λ * γ 
c� TL 4Y in V2 	 QY 
 , of dimension + 2 	 m * 1
 dim 	 V1 	 QY 
�
 . And if

γ haslabel 0, we have λ * γ * αl , alsogiving dimension + 2 	 m * 1
 dim 	 V1 	 QY 
�
 . By
Lemma2.9, this is a contradiction.Notethat this sameargumentholdswhenever thereis
a nodein Π 	 Y 
�* Π 	 Li 
 adjoiningαl via a singlebond.SoLi mustbeof typeAk, with no
nodeoutsideΠ 	 Li 
 adjoiningαl via asinglebond.
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By Lemma4.3,all nodesin Π 	 Y 
 notadjoiningΠ 	 Li 
 havemarking0. Thereis nonode
outsideΠ 	 Li 
 adjoiningαl via a singlebond. Theotherpossibilitiesfor nodesadjoining
Li arethefollowing,whichwewill considerin turn:

a) ( ( ()�)�) )�)�) +Li αl γ

b) ( ( ()�)�) )�)�) 
Li αl γ

c) ¢ ¢( ( (()�)�) )�)�) γ αl & 1

αl

d) ( ( ()�)�) +αl γ

e) ( ( ()�)�) 
αl γ

f) ( ( (()�)�) γαl

g) ( ( ()�)�) )�)�)αl γ
.

a)QY / Kγ
Y 9� V1 	 QY 
 ; asabove,thisforcesthereto beanL j adjoiningγ, whichis absurd.

b) Therankof Li is k, sodim 	 V1 	 QY 
�
�� k = 1. We thenhavek = 1 � dim 	 V1 	 QY 
�
@�
2m& 1 + dim 	 Qβ1 
 . (The dimensionof V1 	 QY 
 is at least2m& 1 sincethe high weight of
V1

1 	 QX 
 is not symmetricwith respectto thegraphautomorphismof Dm& 1; thustheWeyl
grouporbit of theTL 4X -highweightof V1

1 	 QX 
 containsatleast2m& 2 weights.)In particular,

k = 1 � 8 sincem � 4. Notealsothatdim 	 V1 	 QY 
�
 is even(sok is odd)becauseit is thesum
of two L 1X-modulesof equaldimension.If γ hasanon-zerolabelin themarkingfor λ onY,
thenV2 	 QY 
 hasacompositionfactorwith highweight 	 λ * γ 
f� TL 4Y , giving dim 	 V2 	 QY 
�
��
dim 	 VLi 	�	 λ * γ 
c� TY 
�
S� 1

6 	 dim 	 V1 	 QY 
�
 = 2
c	 dim 	 V1 	 QY 
�
 = 1
�	 dim 	 V1 	 QY 
�
�
 + 2 	 m *
1
 dim 	 V1 	 QY 
�
 , which is a contradictionto Lemma2.9. If γ haslabel 0, thenthe high
weight 	 λ * αl * γ 
c� TL 4Y ��	 λl & 1 = λl 
f� TL 4Y appears.Thisweighthask 	 k = 1
 conjugates,and

thesubdominantweight(λl & 2) has l k$ 1m !
6 l k & 2m ! conjugates.But for k

+ 6, k 	 k = 1
 = l k$ 1m !
6 l k & 2m ! +	 k = 1
 2 + 2 	 m * 1
 dim 	 V1 	 QY 
�
 , againa contradiction.Sob) doesnotarise.

c) Take k asin b). If γ hasnon-zeromarking,thenV2 	 QY 
 hasa compositionfactorof
high weight 	 λ * γ 
f� TL 4Y �b	 λl & 1 = λl 
f� TL 4Y , andwe have a contradictionasabove. If γ has

marking0, thenwehavethehighweight 	 λ * αl * αl & 1 * γ 
c� TL 4Y � λl & 2 � TL 4Y , whichhas,as

above, l k$ 1m k l k & 1m
6 conjugates.For k � 8, l k$ 1m k l k & 1m

6
+ 	 k = 1
 2 � 2 	 m * 1
 dim 	 V1 	 QY 
�
 ;

this is acontradictionto thesameresult.If k � 7, thendim 	 VLi 	 λl & 2 
�
E� W 83 Y � 56 + 6 ) 8 �
dim 	 Qβ1 
 dim 	 V1 	 QY 
�
 , andagainwehaveacontradiction.

d)-g)Let k = 1 � dim 	 V1 	 QY 
�
 asabove. In any of thesecases,if γ hasanon-zerolabel,
thenV2 	 QY 
 hasa compositionfactor(givenby thehighweight 	 λ * γ 
c� TL 4Y ) of dimension

greaterthandim 	 Qβ1 
 dim 	 V1 	 QY 
�
 , giving a contradictionasabove. If γ hasa zerolabel,
thenV 9� thenaturalmoduleW for Y, which is impossible,sinceX actsirreduciblyonW
but notonV.
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4.2. Case2.

Claim 4.4. Case2 onpage20doesnotarise.

Proof. We have thepicturebelow, with theboxeddiagramson theleft of typeDm& 1 and
ontheright of typeDm.:

( ( ( ((, , ,- - -)�)�)e 1 ' ( ( ( ((, , ,- - -)�)�)e

1
� ( ( ( ((, , ,- - -)�)�))�)�)

γ α j

1

αn

�
with j � n * m = 1 (n is the rank of Y, as always). If γ hasa non-zerolabel, then in
thecharacteristic0 case,dim 	 V2 	 QY 
�
_� dim 	 Vγ 	 QY 
�
_� dim 	 VDm 	 λ j = λn & 1 
�
@�£	 2m *
1
 dim 	 V1 	 QY 
�
 + dim 	 Qβ1 
 dim 	 V1 	 QY 
�
 , againa contradictionto Lemma2.9. Theonly
problemhereis whentheirreduciblemoduleVDm 	 λ j = λn & 1 
 is not theWeyl module.

We canusetheAndersen-Jantzensumformulato checkthatin thosecharacteristicsfor
which the Weyl moduledoesreduce,it reducesonly by 2m& 1, makingthe boundsharp:
In thesecases,dim 	 VDm 	 λ j = λn & 1 
�
��¤	 2m * 2
 dim 	 V1 	 QY 
�
 . So if thereis anything
elsein Vγ 	 QY 
 , V2 	 QY 
 will againbe too big. So assumethe Dm-moduleV1 with high

weightmarking ( ( ( ((, , ,- - -)�)�)1
1

(of high weightλ j = λn & 1 � λ 1 ) doesreduce.Then

thedimensionof theweightspaceV1
λ 4 & α j & M M M & αn [ 1

in V 	 λ 1 
 is m * 2 (thisdimensionis m * 1

in thecharacteristic0 case).But in V, which hasmarking ( ( ( ((, , ,- - -)�)�))�)�)
γ
a

1

, the

dimensionof theweightspacefor theweightλ * γ * α j * )�)�) * αn & 1 is mor m * 1; andthis
weightspaceis in Vγ 	 QY 
 . Soif V 	 λ 1�
 reduces,thenthereis somethingelsein Vγ 	 QY 
 , and
againwe get thatV2 	 QY 
 is too large. So in factγ haslabel0 (i.e. � λ � γ �@� 0), and,since
we have alreadyshown thatnodesnot adjoiningLi have 0 label,V is thespinmodulefor
Y.

Now look atadifferentparabolicsubgroupof X: Let PX � LXQX correspondto Π 	 X 
7*� βm& 1 � βm  . Use the standardnotationfor a basisof the Lie algebraof X: For a sim-
ple Lie algebrawith root systemΦ having basis � α1 ��������� αm  , usethe Chevalley basis� eα � fα � hi �α � Φ $ � 1 � i � m , satisfyingtheusualrelations— in particular, � eαi fαi �0� hi .
TheneachVi (i � 1 � 2) is spannedby vectorsof the form w � fα ����� fβv$i , wherev$i is
a maximal vector. Order the roots in Σ 	 X 
 so that the last fγ applied correspondto
roots in Σ 	 X 
�* Σ 	 L 1X 
 . Now V2

i 	 QX 
 is spannedby vectors fαw wherew � fβ ����� fεv$i
suchthat all the roots β �������#� ε are in Σ 	 L 1X 
 and α hasQX-level 1 (i.e. α hasβm& 1- or
βm-coefficient * 1 and the other 0). If we take a maximal linearly independentset of
suchw, we have a basisof V1

i 	 QX 
 ; andthereare2 	 m * 1
 rootsα of QX-level 1. So
dim 	 V2

i 	 QX 
�
�� 2 	 m * 1
 dim 	 V1
i 	 QX 
�
 . This gives dim 	 V2 	 QY 
�
�� 2dim 	 V2

1 	 QX 
�
��
2 	 2 	 m * 1
 dim 	 V1

1 	 QX 
�
�
�� 2 	 m * 1
 dim 	 V1 	 QY 
�
 .
If e � 0 (with e thelabellingon β1 asin thepictureat thebeginningof theproof), then

V � X is a sumof two spinmodules.Sodim 	 V 
�� 2 	 2m& 1 
d� 2m. SinceV is a spinmodule
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for Y, dim 	 V 
�� 2n & 1. SoX � Dn & 1. But thenaturalmodulefor Y hasdimension2n, and
Dn & 1 for n � 5 hasno irreduciblerestrictedmodulesof thisdimension.Soe �� 0.

V is thespinmodulefor Y, andtheparabolicsubgroupPY of Y in whichweembedthis
new PX mustcontainbothof therootgroupscorrespondingto thenodewith a labelof 1 in
themarkingfor theY-highweightof V (sincee �� 0). Sincethis1 is theonly non-zerolabel
in the marking,the Li which containsit is the only L j actingnon-trivially on V /0�V � QY � .
Now L 1X is of typeAm& 2, andV1 /<�V1 � QX � hashighweighteδ1.

Therearetwo possibilitiesfor the typeof Li : Dl $ 1 for somel � 3, andAl . If Li is of
typeDl $ 1, thendim 	 V /0�V � QY �:
�� 2l is a powerof 2. By Lemma2.5,dim 	 V1 /0�V1 � QX �:
��W m& 2$ e

e Y , which is not a power of two unlesse � 1 or m � 3. But m � 4, so this forces
e � 1. Thendim 	 V /0�V � QY �:
d�3	 m * 2
 = 1 � 2l . A groupof typeDl $ 1 for l � 3 doesnot
containagroupof typeA2l & 1, however, soLi is notof typeDl $ 1 for l � 3.

If Li is of typeAl , thenby Lemma2.5wehave l = 1 � 2dim 	 V1 /0�V1 � QX ��
E� 2 W m& 2$ e
e Y +

4. Theroot αn (seethepictureat thebeginningof theproof) is not containedin thesetof
rootscorrespondingto LY (sincel + 3), soV2 	 QY 
 containsa compositionfactorof high
weight 	 λ * αn & 1 * αn & 2 * αn 
c� TY , of dimension W l $ 1

3 Y . Thenwe have 1
6 	 l = 1
 l 	 l * 1
;�

dim 	 V2 	 QY 
�
S� 2 	 m * 1
 dim 	 V1 	 QY 
�
�� 2 	 m * 1
�	 l = 1
 , with l givenin termsof m and
e above. This is impossiblein all casesexceptm � 4 � e � 1 andm � 5 � e � 1. Sotheonly

two possibilitiesleft hereareV1 � X � ( ((( , , ,- - -1
1

andV1 � X � ( ( ((( , , ,- - -1
1

.

RememberthatV is thespinmodulefor Y, sohasdimensiona power of 2. SoV1 has
dimensionapowerof 2. Theonly timewhenoneof theabovetwo moduleshasdimension
a power of 2 is the D5 moduleof high weight δ1 = δ4 in characteristic5, of dimension
27. So dim 	 V 
%� 28 andY is of type D9. But D5 hasno 18-dimensionalirreducible
representationsin characteristic5. SoLi is notof typeAl .

4.3. Case3.

Claim 4.5. Thesituationoutlinedin case3 onpage20doesnotarise.

Proof. HereV hashigh weight marking )�)�) ( ( ( (+)�)�)a1 a2 am& 1 1
, restrictingto Dm& 1 and

with a2 ��������� am � 1 relatedasin [4, 3.3], andwith labelsto the left of a1 all 0. Let PX be
the parabolicsubgroupof X correspondingto Π 	 X 
>*�� βm  . As always,embedPX in a
parabolicsubgroupPY of Y via theconstructiongivenin theintroduction,sothatQX � QY

andLX � LY.
As in the proof of Lemma3.5, we show that in this caseV /0�V � QY � is irreducibleas

anLX-module: Let Z � Z 	 LX 
�B . By construction,Z � Z 	 LY 
 (whereLY � CY 	 Z 
 ), so Z
inducesscalarsonV /<�V � QY � (sinceLY actsirreducibly).But if V /<�V � QY � is not irreducible
for LX, thenV /<�V � QY ��� V1 /0�V1 � QX � ' V2 /0�V2 � QX � , andZ actsdifferently on thesetwo
LX-modules:

Z � � diag	 a ��������� a � a& 1 �������#� a& 1 
S� a � K �  � � diag	 a2 ��������� a2 � a & 2 �������#� a& 2 
S� a � K �  � � hβ1
	 a2 
 hβ2

	 a4 
0����� hβm[ 2
	 a2 l m& 2m 
 hβm[ 1

	 am& 2 
 hβm 	 am
_� a � K �  �
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Thetwo X-modulesV1 � V2 havehighweightlabelling

( ( ( ((, , ,- - -)�)�)a1 a2
am& 1

am& 1 = 1

and ( ( ( ((, , ,- - -)�)�)a1 a2
am& 1 = 1

am& 1

�
sohβ1

	 a2 
 hβ2
	 a4 
7����� hβm[ 2

	 a2 l m& 2m 
 hβm[ 1
	 am& 2 
 hβm 	 am 
 actsdifferentlyon a highweight

vectorv1 � V1 thanon a high weight vectorv2 � V2. Sincevi hasa non-zeroimagein
Vi /0�Vi � QX � , this shows thatonly oneof theVi /<�Vi � QX � canbein V /0�V � QY � . SoV /0�V � QY �
is irreducibleasanLX-module.AssumeV1 is thesummandwhichprojectsnon-trivially to
V /0�V � QY � (soV2 !\�V � QY � ).

IrreduciblerestrictedAm& 2-modulesaretensorindecomposable(Lemma2.1), so only
one of the simple factorsLi of L 1Y actsnon-trivially on V /<�V � QY ��� V1 	 QY 
 . The two
possibilitiesfor thetypeof Li areBk andAk. If Li is of typeBk, thenV1 	 QY 
�9� thenatural
modulefor Li , sincethereareno overgroupsof Al of type Bk appearingin [9, Table1].
But weknow am � 1, sotheonly possibilityhereis Li of typeB2 9� C2, andV1 	 QY 
d9� the
naturalmodulefor C2, of dimension4. Thenm � 4, L 1X � A3, X � D4, andV1

1 	 QX 
 is of
LX-highweightδ3 or δ1. If δ3, thenthepictureis

( ((( , , ,- - -0 0
1

0
' ( ((( , , ,- - -0 0

0

1

� ( ( ( (+)�)�) Li 0 1 �
sodim 	 V 
�� dim 	 V1 
 = dim 	 V2 
�� 16. Sinceam � 1, theTY-high weightof V hasat least��e¥� /<��e An [ 1 ��� 2nn! / n! � 2n conjugates,where e is the Weyl groupof type Bn, ande An [ 1 thatof typeAn & 1. Son � 4; since4 � m � n, we haveY � B4. But thenif p �� 2,
dim 	W 
V� 9, andD4 hasno irreduciblerepresentationsof dimension9. If p � 2, thenwe
haveoneof thesituationsstudiedalreadyin [4], whichdoesgive theexamplelistedin the
theorem.

If theTL 4X -highweightof V1 /<�V1 � QX � is δ1, thenthepictureis

( ((( , , ,- - -1 0
0

1
' ( ((( , , ,- - -1 0

1

0

� ( ( ( (+)�)�) Li 0 1 �
In this case,sincedim 	 V 
V� 2dim 	 V1 
 , we have dim 	 V 
V� 112 if p �� 2, dim 	 V 
d� 96 if
p � 2. But Y cannothave type B4 unlessp � 2 (in which case[4] tells us thereareno
examplesof this type)asabove,andno irreduciblerestrictedBl -module,for l � 5, whose
highweighthasanλl -coefficientof 1, hasdimension112or 96. SoLi is notof typeBk.

SoLi is of typeAk. Theargumentsin Lemma4.3showing thatnodesnot adjoiningLi

have marking0 fail here,since �V � QY �;��£�V � QX � . So we neednew arguments.Assume
γ is a nodein Π 	 Y 
 which hasnon-zerolabelanddoesnot adjoinΠ 	 LY 
 . Theargument
in the proof of Lemma4.2 that QX � Kγ

Y is still valid here,soVλ & γ /���V � QX � . We have
V /0�V � QY �E� 	 V1 ' V2 
�/<	 V2 ' �V � QX �:
 , so if we canshow thatVλ & γ /� V2 we will have a
contradiction,sinceVλ & γ �L�V � QY � .
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Since � γ � Π 	 LY 
��d� 0, we know thatλ � TL 4Y �3	 λ * γ 
c� TL 4Y , thusλ � TL 4X �b	 λ * γ 
f� TL 4X . If γi

is theTX-highweightof Vi , thenλ � TX � γi for i � 1 or 2; wehave thepictures:

V1 � ( ( ( ((, , ,- - -)�)�)a1 a2
am& 1

am& 1 = 1

; V2 � ( ( ( ((, , ,- - -)�)�)a1 a2
am& 1 = 1

am& 1

�
Assumeλ � TX � γ1. Thenγ1 � TL 4X � λ � TL 4X �¦	 λ * γ 
c� TL 4X is theTL 4X -highweightofV1 /0�V1 � QX � .

Then to have the weight 	 λ * γ 
c� TX in V2 would imply we could subtractroots from γ2

and obtain a weight ε which hasthe samelabelling as γ1 on Π 	 LX 
 . Say we subtract
cβ1. To balancethis (the labelling on β1 is the samefor γ1 asfor γ2), we mustsubtract
2cβ2 � 3cβ3 �������#��	 m * 2
 cβm& 2. Saywesubtractdβm& 1 andeβm. To balancetheδm& 2 coef-
ficient,weneed2 	 m * 2
 c *§	 m * 3
 c * d * e � 0. To getam& 1 astheδm& 1 coefficient,we
need2d *�	 m * 2
 c � 1. Thesegivee �A	 m * 1
 c * d andd �A	�	 m * 2
 c = 1
�/ 2.

Now [9, 3.6 iv)] givesγ � Z � βm � Z. So sinceZ � TX and 	 λ * γ 
c� TX �h	 γ1 * γ 
c� TX , we
haveε � Z �U	 λ * γ 
c� Z �A	 γ1 * γ 
c� Z �U	 γ1 * βm
c� Z. We computedZ aboveand	 γ1 * βm
c	 hβ1

	 a2 
 hβ2
	 a4 
7����� hβm[ 2

	 a2 l m& 2m 
 hβm[ 1
	 am& 2 
 hβm 	 am 
�
�� aA & 4

whereA � 2a1 = 4a2 = )�)�) = 2am& 2 	 m * 2
 = am& 1 	 m * 2
 = 	 am& 1 = 1
 m. So ε mustact
on Z asaA & 4. Let the δm-coefficient of ε be a1m; we know all the othercoefficientsof ε
(they area1 ��������� am& 1). Sinceε mustactasaA & 4 ontheelementof Z givenabove,wehave
A * 4 � 2a1 = 4a2 = )�)�) = 2am& 2 	 m * 2
 = am& 1 	 m * 2
 = a1mm, or a1mm ��	 am& 1 = 1
 m * 4.
But a1m � am& 1 * 2e = 	 m * 2
 c (we subtracted	 m * 1
 cβm& 2 andeβm). So1 *¨	 4/ m
��* 2e = 	 m * 2
 c � 2c 	 m * 2
7* 2c 	 m * 1
 = 1. Thisgives4/ m � 2c, or 2 / m � c. But m � 4,
so2/ m � c hasno integersolutions.This is a contradiction.

If λ � TX � γ2, similar computationsalsogive 2/ m � c anda contradictionasabove. So
all nodeswith non-zerolabelsmustbein Π 	 Li 
 or adjoinΠ 	 LY 
 .

Now let γ � αn bethe“end” nodeof theDynkin diagramfor Y, whichhastypeBn. We
know αn hasa labelof 1 (andαn /� Π 	 Li 
 becauseLi doesnot have type Bl ); so,by the
above,αn adjoinssomeΠ 	 L j 
 . If j �� i, thenwemayassumeLX projectsnon-trivially to L j

(elsewecantakePY suchthatL 1Y � L1 D )�)�) DG©L j D ����� andstill haveaparabolicsatisfying
all thehypotheseswe usedabove; thenαn would not adjoinΠ 	 LY 
 andtheabove would
givea contradiction).SoL j hasrankat leastm * 1; but thenall labelsto theleft of L j are
0 andthereis no roomfor Li , which actsnon-trivially onV /0�V � QY � . Soin factαn adjoins

Π 	 Li 
 . Sothepictureis ( ( ()�)�))�)�) +Li 1
.

Thepossibilitiesare:L 1X � L 1Y � V /0�V � QY � appearin Table1 of [9]; V /<�V � QY � is thenatural
modulefor Li ; or Li is of typeAm& 1, with theembeddingL 1X Z � Li anisomorphism.There
areonly 2 possibilitiesarisingfrom Table1 of [9]; they giveeasycontradictionsto thefact
thatmostof the(possibly)non-zerolabelsfor theTX-high weightsof V coincidewith the
correspondinglabelsfor theTY-highweightof V.

AssumethatV1 	 QY 
 is isomorphcto thenaturalmodulefor Li . Let k betherankof Li .
If thepictureis

( ( ( ((, , ,- - -)�)�)e
1

2
' ( ( ( ((, , ,- - -)�)�)e

2

1

� ( ( ()�)�))�)�) +Li 0 1 1

γ
�
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then we know that p � 5 (as this is the only characteristicin which this configuration
arisesin [4, 3.3]) andthat thereareno non-zerolabelsto the left of Li (sinceat mostthe
endm labelsarenon-zeroasmentionedat the beginning of the proof, andk + m). Let
V1 be the LX-modulewhich projectsnon-trivially to V /0�V � QY � (not necessarilythe first
summandpicturedabove). HereQX � Kαn

Y (sinceotherwiseQY / Kαn
Y 9� V /0�V � QY � hasan

LX-submoduleQXKαn
Y / Kαn

Y 9� QX / Kβm, which it doesnot sinceV /0�V � QY � is irreducible
for L 1X), so againwe will have a contradictionif we can show that Vλ & αn �! V2, since�V � QY �0�A�V1 � QX � = V2, Vλ & αn �!\�V1 � QX � , andVλ & αn !\�V � QY � .

Call the two TX-high weightspicturedabove µ andν respectively. If e � 0, we know
from the main result of [4] that dim 	 V1 
 = dim 	 V2 
 is the dimensionof the Bm-module
(wherem � the rankof X � Dm) with high weightλm& 1 = λm. So if n( � the rank of Y)
is greaterthanm, the dimensionof V is strictly larger thandim 	 V1 
 = dim 	 V2 
 , which is
a contradiction.So if e � 0, thenn � m andwe mustbe in the Dn 
 Bn case.Assume
e + 0. We have 	 λ * αn 
f� TL 4Y � λ � TL 4Y = λn & 1 � TL 4Y � 2λ � TL 4Y . Assumeλ � TX � µ (i.e. the

first summandpicturedabove is the onethat projectsnon-trivially to V /0�V � QY � ). Then
µ � TL 4X � λ � TL 4X is theTL 4X -high weightof V /0�V � QY � . To have the weight 	 λ * αn 
f� TX in V2

wouldmeanwecouldsubtractrootsfrom ν andobtaina weightε whichrestrictsto TL 4X in
thesameway as2λ does;i.e. theremustbe integersc �������#� d � f suchthat2eδ1 = 2δm& 1 =
aδm � eδ1 = 2δm& 1 = δm *]	 cβ1 = )�)�) = dβm& 1 = f βm
 for somea. If we subtractcβ1,
wemustsubtract	 2c = e
 β2 �#	 3c = 2e
 β3 ���������#	�	 m * 2
 c = 	 m * 3
 e
 βm& 2. Saywesubtract
dβm& 1 and f βm. Thensincethe coefficientsof δm& 2 � δm& 1 remainunchanged,we have	 m * 3
 c = 	 m * 4
 e = d = f � 2 	�	 m * 2
 c = 	 m * 3
 e
�
 and 	 m * 2
 c = 	 m * 3
 e � 2d.
Thesetogethergive f �U	 m	 c = e
5* e
#/ 2

Lemma3.6 iv) in [9] givesαn � Z � βm � Z. So 	 λ * αn 
c� Z �3	 µ * βm 
c� Z. We computedZ
above,and	 µ * βm
�	 hβ1 	 a2 
 hβ2 	 a4 
7����� hβm[ 2 	 a2 l m& 2m 
 hβm[ 1 	 am& 2 
 hβm 	 am
�
 � a2e$ l m& 2m $ 2m& 4 �
Soε mustactonZ asa2e$ l m& 2m $ 2m& 4. But 2λ actsas

a4e$ 2 l m& 2m $ l 1 & 2 f $ l m& 2m c$ l m& 3m em m�
Sothesetwo exponentsmustbeequal.Usingtheaboveexpressionfor f , thissimplifiesto
m	 e = c
E� e = 2,whichhasnosolutionsin non-negativeintegerswith m � 4. Soλ � TX �� µ.

If λ � TX � ν, thensimilar calculationsgive 2 f � m	 c = e
5* e * 3 andm	 e = c * 3
�� e;
thissystemalsohasnosolutionsin non-negativeintegerswith m � 4 � e � 1.

Sothepictureabovedoesnotoccur.
If thenon-zerolabelis on theotherendof Li , thenthepictureis

( ( ( ((, , ,- - -)�)�)e
0

1
' ( ( ( ((, , ,- - -)�)�)e

1

0

� ( ( ()�)�))�)�) +Li 1 0 1

α
�

Therankof Li is dim 	 V1 	 QY 
�
>* 1; we know that thenodein theDynkin diagramfor Y
with a labelof 1 mustbewithin m nodesof theend(it mustbeαi for i � n * m), asnoted
at thebeginningof thisproof. If thesecondsummandin thepictureis theonethatprojects
non-trivially toV1 	 QY 
 , thisforcese � 0; but thenV hasdimensiontoolargeto bethesum
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of the two spinmodulesfor Dm. If thefirst summandprojectsnon-trivially, e � 1 for the
samereasonandLi hasrankm * 1.

If thereis a nodeto theleft of Li (i.e. if n + m), let PY betheparabolicsubgroupof Y
correspondingto the endm nodesof theDynkin diagram.ThenV � L 4Y hasa composition
factor(notall of V) which is isomorphicto theBm modulewith highweightλ1 = λm. This
Bm-modulehasDm-high weightsδ1 = δm& 1 andδ1 = δm (for the Dm � L 1Y in the natural
way); thusV is too largeto bethesumof two Dm-modulesof thesehigh weights.Sothis
casedoesnot occur. If thereis no nodeto theleft of Li thenY � Bm andwe arein oneof
thecasesstudiedin [4], which tellsustherearenoexamples.

Sowe areleft with thecasewhentheembeddingL 1X Z � Li is an isomorphism,soLi is
of typeAm& 1 andthelabellingof thehighweightof V /0�V � QY � on Π 	 Li 
 is thesameasthe
labellingon Π 	 L 1X 
 . Thetwo possiblepicturesare:

( ( ( ((, ,- -)�)�)a1 a2
am& 1

am& 1 = 1
' ( ( ( ((, ,- -)�)�)a1 a2

am& 1 = 1

am& 1

� ( ( ( ()�)�) +Li
0 a1 am& 1 1

δ

(1)

with thefirst summandprojectingnon-trivially toV1 	 QY 
 ; or

( ( ( ((, ,- -)�)�)a1 a2
am& 1

am& 1 = 1

' ( ( ( ((, ,- -)�)�)a1 a2
am& 1 = 1

am& 1

� ( ( ( ( ()�)�) +Li

0 b am& 2 a1 1

δ
�(2)

with b � am& 1 if thefirst summandprojectsnon-trivially to V /0�V � QY � , andb � am& 1 = 1
if it is thesecondsummandwhich projectsnon-trivially (asnotedat thebeginningof this
proof, all labelsto the left of the highlightednodesof the Dynkin diagramfor Y in the
picturesaboveare0).

If we have picture (1) above, then the questionis whetheror not δ exists. The Bm-
modulewith high weighta1λ1 = )�)�) = am& 1λm& 1 = λm (wherethe λi arefor the moment
the fundamentaldominantweightsof this Levi factorof Y of typeBm), whenconsidered
as a modulefor the Dm sitting in Bm in the usualway, hashigh weightsa1δ1 = )�)�) =
am& 1δm& 1 = 	 am& 1 = 1
 δm anda1δ1 = )�)�) = 	 am& 1 = 1
 δm& 1 = am& 1δn (this wasnotedin
theproof of [4, 3.3]). Soif δ exists,thenV is too largeto bethesumof two Dm-modules
of thesehigh weights. SoY in facthastypeBm; but thenwe arebackin thesituationof
[4], which tellsustheonly possibilityhereis theonein thestatementof thetheorem.

If wehavepicture(2) above,thentherelationshipbetweentheai whichweknow from
[4] tells usthata2 � am& 2 � a3 � am& 3 ������� , andthereforea1 � am& 1. If thefirst summand
projectsnon-trivially to V1 	 QY 
 , thenwe in facthaveaninstanceof picture(2), which we
coveredabove.

So we may assumewe have picture (3), with the secondsummandprojectingnon-
trivially, i.e. the isomorphismL 1X � Li is givenby thegraphisomorphismsendingβ1 �
αm& 1, β2 � αm& 2 �7�����d� βm& 1 � α1 (hereandbelow, theαi arethefundamentalrootsof Y
correspondingto the“end” m nodesof theDynkin diagram,with theλi thecorresponding
fundamentaldominantweights).

We now definea normalsubgroupof PY which is the “one level down” analogueof
Kγ

Y (seeLemma2.10andtheparagraphpreceedingit). For a root γ � Π 	 Y 
>* Π 	 LY 
 , let
ΣY 	 γ 
 bethesetof rootsin Σ & 	 Y 
 which have γ-coefficient * 1 andcoefficient0 for other
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fundamentalrootsnot in Π 	 LY 
 . Thenas in the introduction,Kγ
Y is the productof root

groupsUβ for β ��	 Σ & 	 Y 
�* Σ & 	 LY 
5* ΣY 	 γ 
�
 . Analogously, let ΣY 	 2γ 
 bethesetof roots
in Σ & 	 Y 
 having γ-coefficient * 2 andcoefficient0 for otherrootsin Π 	 Y 
5* Π 	 LY 
 . Then
let K2γ

Y be the productof root groupsUβ for β �]	 Σ & 	 Y 
�* Σ & 	 LY 
�* ΣY 	 γ 
�* ΣY 	 2γ 
�
 .
K2γ

Y is normal in PY by the commutatorrelations,and K2γ
Y � Kγ

Y. We have previously
consideredthequotientQY / Kγ

Y; now we wish to look at Kγ
Y / K2γ

Y . Let γ � αm betheshort
fundamentalroot of Y. ThenKαm

Y / K2αm
Y 9� the irreducibleLi-modulewith high weight*�	 2αm = αm& 1 
f� TLi

� λm& 2 � TLi
.

ConsiderQβm � QX / Kβm, whereKβm is the productof thoseTX-root groupsUγ for
γ � Σ & 	 X 
 with βm-coefficient lessthan * 1 (which in this caseis trivial, asthereareno
suchrootsin a root systemof typeDm). By Lemma2.10,Qβm is anL 1X-modulewith high
weight 	�* βm 
c� T 4LX

� δm& 2 � T 4LX
andthusdimensionW m2 Y .

By [9, 3.1],QY / Kαm
Y is anirreducibleL 1Y-modulewith highweight * αm � TL 4Y � λm& 1 � TL 4Y ,

which implies thatQY / Kαm
Y hasdimensionm. It hasanLX-submoduleQXKαm

Y / Kαm
Y (by

[9, 3.3]). If QX �� Kαm
Y , thenQXKαm

Y / Kαm
Y 9� QX /0	 QX � Kαm

Y 
 9� QX / Q1X 9� QX / Kβm has
dimensionW m2 Y + m, which is impossible.SoQX � Kαm

Y . ThenKβm � Q1X � Kαm
Y
1 � K2αm

Y ,

andwe canprojectQX / Kβm *E� Kαm
Y / K2αm

Y . If this maphasnon-zeroimagethen it is
in factan isomorphism,sinceQX / Kβm is an irreducibleL 1X-moduleanddim 	 QX / Kβm 
d�
dim 	 Kαm

Y / K2αm
Y 
 . But thenKαm

Y / K2αm
Y hasL 1X-highweightδm& 2, whereasweknow, by the

factthattheisomorphismL 1X � Li is givenby thegraphisomorphismsendingβ1 � αm& 1,
β2 � αm& 2 �E�����k� βm& 1 � α1, that Kαm

Y / K2αm
Y musthave L 1X-high weight δ2 (sinceit has

L 1Y-highweightλm& 2). So2 � m * 2, i.e.X is of typeD4.
On theotherhand,if QX � K2αm

Y (i.e. if themapaboveis notanisomorphism),thenwe
notethattherootsβ whosecorrespondingrootsubgroupsappearin K2αm

Y all involvesome
fundamentalroot in Π 	 Y 
E* Π 	 LY 
 otherthanαm (since3αm appearsin no root). So if
welet P1

Y �^� PY � U ª αm � , wehaveanew parabolicsubgroupof Y satisfyingQ1
Y � QX � L1

Y �
LX � P1

Y � PX. If now V /<�V � Q1
Y � is irreducibleasan L 1X-module,thenthe first part of the

proof of this lemmagivesa contradiction.If V /<�V � Q1
Y � is thesumof two irreduciblesfor

L 1X 9� Li , thenwehaveacontradictionbecausethiscasewouldhaveto appearin [4], andit
doesnot.

Soweareleft with thepicture

( ((( , , ,- - -a b
a = 1

a
' ( ((( , , ,- - -a b

a

a = 1

� ( ( ( ( ()�)�) +Li

0 a = 1 b a 1

δ α1 α2 α3 α4

�
with the first summandprojectingnon-trivially to V1 	 QY 
 . In fact therearethreepossi-
bilities: a �b	 p * 3
�/ 2 � b �b	 p = 1
#/ 2; a � 0 � b �h	 p * 5
�/ 2; or a � b � 0. If a � b � 0,
thentheTY-high weightof V hasat least32 conjugates,makingV too largeto bethesum
of two D4-modulesof dimension8. We mayassumerank	 Y 
d� n � 5, sinceotherwise[4]
tellsustherearenoexamples.

Supposea � 0 � b � 	 p * 5
�/ 2. ThenV1 hasD4-high weight p & 5
2 δ2 = δ4, andV has

dimensionat leastthedimensionof theB5-modulewith highweightλ1 = p & 5
2 λ2 = λ4 (the

λi refer to the fundamentalweightscorrespondingto the end four nodesof the Dynkin
diagramfor Y). ThusV, asa modulefor theobviousB4 
 Y, hasa compositionfactorV 1
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of high weightλ1 = p & 5
2 λ2 = λ4, andanother, V 1 1 , of high weight p & 3

2 λ2 = λ4 (if PY is the
parabolicsubgroupof Y correspondingto theendfour nodes,thenV2 	 QY 
 hasanLY-high
weightλ * δ * α1, with theaboverestrictionto TL 4Y ). As a modulefor theD4 
 B4, V 1 has

highweightsδ1 = p & 5
2 δ2 = δ4 andδ1 = p & 5

2 δ2 = δ3, whileV 1 1 hashighweights p & 3
2 δ2 = δ4

and p & 3
2 δ2 = δ3. So dim 	 V 
k� 2dim 	 VD4 	 δ1 = p & 5

2 δ2 = δ4 
�
 = 2dim 	 VD4 	 p & 3
2 δ2 = δ4 
�
 .

UsingtheAndersen-Jantzensumformula([1, 6]), weseethat

dim 	 VD4 	 δ1 = p * 5
2

δ2 = δ4 
�
�� dim 	WD4 	 δ1 = p * 5
2

δ2 = δ4 
�
* dim 	 WD4 	 δ1 = p * 9
2

δ2 = δ4 
�
��
and

dim 	 VD4 	 p * 3
2

δ2 = δ4 
�
C� dim 	WD4 	 p * 3
2

δ2 = δ4 
�
 * dim 	WD4 	 p * 9
2

δ2 = δ4 
�
��
whereWD4 	 β 
 denotestheWeyl modulefor D4 with high weightβ (thesecondtermson
the right handsidesof the above equalitiesappearonly if p * 9 � 0). Calculatingthese
dimensionswith theWeyl characterformula,wefind that

dim 	 V 
«� 2 	 dim 	 VD4 	 δ1 = p * 5
2

δ2 = δ4 
�
 = dim 	 VD4 	 p * 3
2

δ2 = δ4 
�
�
+ 2dim 	WD4 	 p * 5
2

δ2 = δ4 
�
� 2dim 	 VD4 	 p * 5
2

δ2 = δ4 
�
� 2dim 	 V1 
d� dim 	 V1 
 = dim 	 V2 
`�
This is a contradiction,soin factthiscasedoesnotoccur.

Finally, if a �� 0 �� b, thenwe take yet anotherparabolic:Let PX betheparabolicsub-
groupof X correspondingto � β1 � β3 � β4  ! Π 	 X 
 . ThenL 1X is a productof threeA1’s.
HerePX is t-stable,so when we embedPX in a parabolicsubgroupPY of Y, as usual,
we have �V � QY ���¬�V � QX � . We denoteTL 4X -weightsby 	 a1 � a3 � a4 
 , whereai � Z is the
valueof the weight on the toruscorrespondingto βi . The high weight of V1 /<�V1 � QX � is	 a � a = 1 � a
 ; that of V2 /0�V2 � QX ���¡	 a � a � a = 1
 . The weightswhich appearin V1 /0�V1 � QX �
have the form 	 a * 2b1 � a = 1 * 2b3 � a * 2b4 
 , and thosein V2 /0�V2 � QX � have the form	 a * 2c1 � a * 2c3 � a = 1 * 2c4 
 . The weight spacesin Vi /<�Vi � QX � all have dimension1,
andnoweightcanappearin both.Sotheweightspacesof V /<�V � QY � havedimension1.

Thosemodulesfor simplealgebraicgroupswhich have all weight spacesof dimen-
sion 1 areclassifiedin [9, chapter6]. We have dim 	 V1 /0�V1 � QX �:
S�X	 a = 1
 2 	 a = 2
 , so
dim 	 V /0�V � QY �:
V� 2 	 a = 1
 2 	 a = 2
 . With the labellingonY known, we cancomparethe
variouspossibilitiesfor thefactorsof L 1Y whichactnon-trivially onV1 	 QY 
 (remembering
thatthey mustappearin [9, 6.1]) with theknown dimensionof V1 	 QY 
 , andwegeta con-
tradictionin everycasebut one: p � 13,with thehighweightsandtheembeddingof PX in
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PY asin thispicture:

� ��( ((( , , ,- - -5 7 5

6
' � ��( ((( , , ,- - -5 7 6

5

� �( ( ( ( ( ()�)�) +0 0 6 7 5 1 �
But now the L 1Y-moduleQY / Kγ

Y hasdimension2, while QX / Q1X hasdimension8; this
forcesQX � Kγ

Y (otherwiseQXKγ
Y / Kγ

Y 9� QX / Q1X is asubmoduleof dimension8 of QY / Kγ
Y,

which is impossible);but thenVλ & γ /���V � QX �0�^�V � QY � , which is absurdsinceγ hasanon-
zerolabel.

Sowegetnoexampleshere.

4.4. Case4. We areleft with case4 onpage20.

Lemma 4.6. If Wi is irreduciblefor L 1X thenp � 2, X � Dn, andY � Bn or Cn, with V a
spinmodulefor Y anda sumof twospinmodulesfor X.

Proof. We arebackto the situationwherePX is the maximalparabolicsubgroupcorre-
spondingto Π 	 X 
E*�� β1  . Inductively we needonly checkthe casewherep � 2, L 1X �
Dm& 1, andLi � Bm& 1 or Cm& 1, with V /0�V � QY � a spinmodulefor Li anda sumof two spin
modulesfor L 1X; andthesinglecasewhichoccurredin section3: Li � D10 ��	 V /0�V � QY �:
c� Li �
spin	 Li 
`� L 1X � D3 � A3 � V1 /0�V1 � QX � of LX-highweight3δ3 = δ2 = δ1, p �� 2 � 3 � 5 � 7.

If we arein thefirst setup,thentheargumentsof the lastsubsectioncarryover andwe
haveonly theexamplesin thestatementof theLemma.

Sothepictureis:

( ((( , , ,- - -e 1
1

3
' ( ((( , , ,- - -e 1

3

1

� ( ( ( ((, , ,- - -)�)�) )�)�)
γ

1 �
Assumeγ hasa non-zerolabel (in the marking for the Y-high weight of V). Then

Vγ 	 QY 
 hasanL 1Y-highweightgivenby thelabellingontheboxednodesabovewith a1 on
thenodeto theright of γ andthe1 ontheendnodeaspictured.Thedimensionof thisD10-
moduleis at leastthenumberof conjugatesof thehigh weight,which is 29 ) 10. But then
dim 	 V2 	 QY 
�
C� dim 	 Vγ 	 QY 
�
C� 29 ) 10 + 6 ) 29 � 6dim 	 V1 	 QY 
�
5� dim 	 Qα 
 dim 	 V1 	 QY 
�
 ,
whichis acontradictionto Lemma2.9.Soγ haslabel0. By Lemma4.3,all theothernodes
in thediagramfor Y have label0, soin factV is a spinrepresentationof Y.

Now switchparabolics:Let PX correspondto � β1 � β2  
 Π 	 X 
 . As always,embedPX

in a parabolicPY of Y, via the usualconstruction(given in Lemma2.7). SincePX is t-
stable,we againhave in this case�V � QY ���b�V � QX � by Lemma2.8. SinceV /0�V � QX �d�� 0,
thesubsetof Π 	 Y 
 to whichPY correspondsmustcontainthenodeα thathasa label1. Let
Li bethesimplefactorof LY thatcontains� Uα � .

The irreducibleL 1X-moduleV1 /0�V1 � QX � hashigh weight 	 eδ1 = δ2 
c� T 4LX
. Its dimension

is 	 e = 1
c	 e = 3
 if e �� p * 2, and l e$ 1m­l e$ 6m
2 if e � p * 2. Recall thatdim 	 V /<�V � QY ��
;�

2 	 dim 	 V1 /0�V1 � QX ��
�
 .
If Li hastypeDl , thendim 	 V1 /0�V1 � QX ��
 is a power of 2. Thedimension	 e = 1
c	 e = 3


is a power of 2 only whene � 1, and l e$ 1m8l e$ 6m
2 is never a power of 2. Sothepossibility

hereis e � 1 � p �� 3.
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If Li hastype Al ande + 0, then l � l e$ 1m8l e$ 6m
2 * 1 (which is always � 6, so Π 	 Li 


doesnotcontainbothαn andαn & 1). ThenV2 	 QY 
 hasacompositionfactorof highweight	 λ * γl * γl & 1 * α 
c� TLY
(whereγl & 1 � γl aretheendnodesof Li , andα thenodeattheendof Y

whichis left outof Li), of dimensionW l $ 1
3 Y . Sowehave W l $ 1

3 Y � 6dim 	 V1 	 QY 
�
C� 6 	 l = 1

(usingLemma2.9again).But W l $ 1

3 Y � 6 	 l = 1
 is a contradictionfor l � 6, andl � 5 only
for e � 0.

We are left with somecasesfor e � 1 ande � 0. But V is a spin modulefor Y, so
dim 	 V 
 is a power of 2; the only time whenV1 as above hasdimensiona power of 2
is for e � 1 and p + 11 or p � 0, in which casedim 	 V1 
_� 215. But this would imply
thatdim 	 V 
V� 216, soY hastypeD17. But X � D4 hasno irreduciblerepresentationsof
dimension34 ( � dim 	W 
 ) whenp

+ 11or p � 0.

Thiscompletestheproofof theTheorem.

5. THE CASE X � E6

Here we establishTheorem1 for the casewhereX � E6 and G � X � t � . Again we
assumethat t actson W, thenaturalmodulefor Y. Notation(X � Y, V, V1, V2, αi , λ) is
aspreviously; in particular, � β1 ��������� β6  is thesetof simplerootsof X, with � δ1 ��������� δ6  the
setof fundamentaldominantweights,labelledsothat � δi � β j ��� δi j . Themaintheoremis:

Theorem5.1. If X actsirreduciblyon thenatural moduleW for Y thenX is not of type
E6.

Proof. Sincet actsonW, theTX-highweightδ � d1δ1 = )�)�) = d6δ6 of W mustbesymmet-
ric; that is, d1 � d6 andd3 � d5. We will write δ � aδ1 = dδ2 = bδ3 = cδ4 = bδ5 = aδ6, so

thepictureof theX-highweightof W is:
( ( ( ( ((a b c b a

d
. We usethesamemethod

as in section3, basedon Lemma3.2. As in the caseX � Am, we will investigatethe
embeddingof thefixedBorel subgroupBX of X in a parabolicsubgroupPY of Y, via the
constructionoutlinedin theproofof Lemma2.7. In thefirst subsection,wewill show that
thereareonly a few casesin whicha factorof typeA1 mightappearin L 1Y; following that,
wedealwith thesefew casesby investigatingtheembeddingsof otherparabolicsubgroups
of X.

5.1. The Almost-Everywhere Ar gument. The argumentwill againbe an inductionon
thepartialorderon theweightlattice;for thebasecaseof theinductionweneed:

Lemma 5.2. If X is of typeE6 andδ �� δ2, thenδ . δ1 = δ6.

Proof. This is aneasyexercise(usingthefactthatδ is symmetric).

Notice that 0 is a weight of VE6 	 δ1 = δ6 
 at level 16 by the expressionfor δ1 = δ6 in
termsof roots (see[5], for example). So to begin our inductionwe mustshow that in
VE6 	 δ1 = δ6 
V� VE6 	 δ 
 thereareat leastthreeweightsin everyUX-level i for 2 � i 
 16,
andat least5 at level 16. This is easyto do; we illustrateby giving threeweightsin each
of levels2-4. Herewe areusingtheusualrulesto determinethata weightappears:If µ
is a TX-weightsuchthatWµ �� 0, and � µ � βi ��� l

+ 0, thenWµ& jβi �� 0 for every 1 � j � l .
Thisdependson theresultin [8], whichsaysthatweightswhichappearin characteristic0
alsoappearin characteristicp, andthefactthatin characteristic0, theβi-stringthroughµ
is connected(thesetof weightsis saturated— see[5, p. 114]).
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Level 2: δ * β1 * β3, δ * β6 * β5, δ * β1 * β6;
Level 3: δ * β1 * β3 * β4, δ * β6 * β5 * β4, δ * β1 * β3 * β6;
Level 4: δ * β1 * β3 * β4 * β5, δ * β6 * β5 * β4 * β3, δ * β1 * β3 * β4 * β6;

etc.

If δ � δ2, thenwe checkall levelsandfind that theonly possibilitiesfor anA1-factor
of L 1Y arelevel 3 andlevel 11 (thelevel of the0 weight). Theweightspacefor theweight
0 hasdimensionat least5 in all characteristics,so level 11 is largeenoughto precludea
correspondinga1-factorof L 1Y. We will dealwith level 3 later.

Sinceδ is symmetric,it hasthe form a 	 δ1 = δ6 
 = b 	 δ3 = δ5 
 = cδ4 = dδ2 for some
nonnegative integersa � b � c � d. Now for the induction:Assumeδ . δ1 = δ6 (andδ �� δ1 =
δ6). Thenat leastoneof thefollowing mustbetrue:1) d � 2; 2) c � 2; 3) b + 0; 4) a + 0;
or 5) δ �®� δ4 � δ2 = δ4  . We considereachof thesepossibilitiesin turn.

1) If d � 2, thenδ * β2 is adominantweight,still greaterthanδ1 = δ6 in thepartialorder,
andby inductionδ hasenoughweightsat all levels 3 andhigher. So we needto check
levels1 and2. Level oneis 2-dimensionalif a � b � 0 � c �� 0; otherwisedim 	W1 
d� 1 or
dim 	W1 
E� 3. At level2, if a � b � c � 0,wehavejustthetwo weightsδ * 2β2, δ * β2 * β4;
sothis is a casewemustconsiderbelow.

2) If c
+ 1, thenδ * β4 is a dominantweight, still greaterthanδ1 = δ6 in the partial

order, andby inductionδ hasenoughweightsat all levels 3 andhigher. So we needto
checklevels1 and2. As above, level oneis 2-dimensionalif a � b � 0 � d �� 0. At level
two arethethreeweightsδ * β4 * β3, δ * β4 * β2, andδ * β4 * β5.

3) If b + 0, thenδ * β3 * β4 * β5 is a dominantweight,still greaterthanδ1 = δ6, and
by inductionwemustchecklevels1-4. Level oneis 2-dimensionalonly if a � c � d � 0;
level 2 hasat least5 weightsin it; level 3 at least5; andlevel 4 at least5. Sofor b �� 0 we
needto consideronly level 1 with a � c � d � 0.

4) If a + 0 andδ �� δ1 = δ6, thenδ * β1 * β3 * β4 * β5 * β6 is a dominantweight,and
weneedto checklevels1-6. Level oneis 2-dimensionalonly if b � c � d � 0; level 2 has
at least5 weightsappearing;level 3 at least4; level 4 at least5; level 5 at least5; andlevel
6 at least5. Sofor a �� 0, wehaveonly to considerlevel 1 with b � c � d � 0.

5) Theweightsthataren’t coveredabove are: δ � δ4, δ � δ2 = δ4, andδ � δ2. Notice
thatδ4 * β3 * β2 * 2β4 * β5 � δ1 = δ6, soweneedto checklevels1-6; in thiscase,level 1
hasdimension1,andlevels2–6all havedimensionatleast3. Soδ � δ4 givesnoA1-factors
of L 1Y. If δ � δ2 = δ4, thenδ * β4 * β2 is a dominantweight, so we needto checkonly
levels1-3. Level onehasdimension2, somustbeconsidered;levels2 and3 arebothbig
enough.

So the only embeddingsfor which an A1 factorof L 1Y might appeararethe onesthat
giveanobviouslevel of dimension2:

1. Level 1 for δ � aδ1 = aδ6; δ � bδ3 = bδ5; or δ � cδ4 = dδ2 (a �� 0 �� b, c �� 0 �� d).
2. Level 2 for δ � dδ2 with d

+ 1.
3. Level 3 for δ � δ2.

5.2. The RemainingCases.We treatthecaseslistedabovein reverseorder:
3. Sayδ � δ2. Thenthepictureof theembeddingof theBorelsubgroupof X is�( ( ( ( ( ( ( ( ( ( ( )�)�)a1 a2 a3

1 a5 �
with all simplefactorsof L 1Y to theright of thepicturehaving rankat least2, all separated
by only asinglenode.
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By Lemma2.4,wehavedim 	 V2 	 QY 
�
E� dim 	 V2 	 QX 
�
�� 2dim 	 V2
1 	 QX 
�
E� 2 ) 6dim 	 V1

1 	 QX 
�
��
12. No nodeotherthanα4 of theDynkin diagramfor Y which falls in Π 	 L 1Y 
 canhave a
nonzerolabel in the labelling for λ on Y, sincedim 	 V1 	 QY 
�
S� 2. Supposesomenode
αi � Π 	 Y 
>* Π 	 LY 
¯1 for i

+ 7 hasa nonzerolabel. Then 	 λ * αi 
f� TL 4Y is a high weight in

V2 	 QY 
 , giving a compositionfactorof dimensionat least9 (sincethetwo simplefactors
of L 1Y which it adjoinshaverank � 2). But λ * α4 * α3 (if a3 � 0) or λ * α3 (if a3

+ 0) is
anotherhighweightin V2 	 QY 
 , giving a factorof dimensionat least1; andλ * α4 * α5 (if
a5 � 0) or λ * α5 (if a5

+ 0) is another, giving oneof dimensionat least3. Adding these
up,weseethatdim 	 V2 	 QY 
�
@� 13,which is a contradiction.

Soai � 0 for i
+ 5. Now embedthemaximalparabolicsubgroupPX of X corresponding

to β2 into a parabolicsubgroupPY of Y by thesameQX-level construction.Herelevel 0
hasdimension1 andlevel 1 hasdimension20. Now L 1X hastypeA5 andthe factorL1 of
L 1Y, correspondingto level 1,hastypeA19. Sinceai � 0 for i + 5,L1 is theonly factorof L 1Y
actingnontrivially onV /0�V � QY � . By Lemma2.8,V /0�V � QY ��� V1 /<�V1 � QX � ' V2 /0�V2 � QX � .
But thenwe arein thesituationof section3, with V /0�V � QY � anirreducibleA5 � t � -module.
Sincetherewerenoexamplesthereof thissetup,inductively wehavenonehere.

2. If δ � dδ2 with d + 1, thentheembeddingof theBorelsubgroupof X in aparabolic
subgroupof Y is �( ( ( ( ( ( ( ( )�)�)a1 a2

1 a4 �
with, asabove, all simplefactorsof L 1Y to the right of the pictureof rank at least2, all
separatedby only a singlenode.We continueexactlyasin case3, findingnoexamples.

1. We haveδ � aδ1 = aδ6, δ � bδ3 = bδ5, or δ � cδ4 = dδ2. Theembeddingof BX in a
parabolicsubgroupof Y is aspicturedin�( ( ( ( ( ()�)�) )�)�)a1

1 a3 �
with thesecondsimplefactorof L 1Y having typeAl for l � 2 andall simplefactorsof L 1Y to
theright of thepicturehaving rankat least2, all separatedby only a singlenode.By the
sameargumentsasabove,ai � 0 for i + 4.

We againembedthemaximalparabolicsubgroupof X correspondingto β2 in a para-
bolic subgroupof Y; now level 0 is large,with dimensionat least20. Becauseai � 0 for
i + 4, thefactorL1 of L 1Y correspondingto this level 0 is theonly simplefactorof L 1Y acting
nontrivially onV /<�V � QY � . As above,we arebackin thesituationof section3, which tells
usthatonceagaintherearenoexamples.

SoG � E6 � t � , with E6 actingirreduciblyonW, givesnoexamples.

6. THE CASE X � D4, �G : X �5� 3

In this sectionwe treatthe casesG � D4 � s� andG � D4 � s� t � , wheres is a graphau-
tomorphismof D4 � X of order3 and t is oneof order2. As mentionedearlier, since
G 
 Aut 	 Y 
 we have s � Y, asno simplealgebraicgroupproperlycontainingD4 hasan
outerautomorphismof order3. We assumethats actsonW andthatW is irreducibleas
anX-module.ThecaseG � D4 � t � wascoveredin section4. All notationis asbefore.The
mainresultis:

Theorem6.1. If X actsirreduciblyon thenatural moduleW for Y, thenweare not in the
situationwhere X � D4 with G � X � s� or G � X � s� t � .
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Noticethat theassumptionthats actsonW forcestheTX-high weightδ of W to beof
theform aδ1 = bδ2 = aδ3 = aδ4, which impliesthatt actsonW. In addition,it impliesthat
X fixesa nondegeneratebilinear form on W, which is orthogonalif p �� 2 ([11, Lemma
79]).

If V � X � V1 ' V2 ' V3 with eachVi irreducibleandrestrictedasanX � D4-module,then
spermutestheVi andV is irreducibleasanX � s� -module;in thiscasewemayassumethat
G � X � s� . Soif G � X � s� t � , wemayassumethatV hassix simplefactorsasanX-module.

We basedthe argumentsfor X � Am and X � E6 on Lemma3.2. We will needan
analogousresultfor thecasesweconsiderhere.Recallthatlδ is theUX-level of theTX-low
weightof W. Let PY be theparabolicsubgroupof Y containingBX � UXTX, constructed
viaUX-levelsasoutlinedin Lemma2.7,with PY � QYLY theLevi decompositiongivenin
thatconstruction.

Lemma 6.2. If PY isasabove, thendim 	 V /0�V � QY �:
�� 3 if G � X � s� , anddim 	 V /<�V � QY �:
��
6 if G � X � s� t � . If G � X � s� , eitherdim 	Wlδ T 2 
C� 4 or there is UX-level in W of dimension
3 or 2. If G � X � s� t � , there is an i such that2 � dim 	Wi 
@� 6.

Proof. It sufficesto provethestatementsin thefirst sentence,sinceA1, A2, andA1 D A1 are
theonly groupsunderconsiderationwhichhavesimplemodulesof dimension3, andonly
thosegroupswhosenaturalmoduleshavedimensionatmost6 haveanirreduciblemodule
of dimension6.

The constructionvia UX-levels of the parabolicsubgroupPY of Y clearly givesan s-
stablesubgroup,ass actson W andon eachUX-level in W. The quotientV /<�V � QY � is
an irreducibleL 1Y-moduleby [9, Lemma2.10]. By an argumentsimilar to that usedto
proveLemma2.8,herewe have 	 V /<�V � QY �:
c� LX � V1 /0�V1 � UX � ' V2 /<�V2 � UX � ' V3 /<�V3 � UX �
( ' V4 /0�V4 � UX � ' V5 /0�V5 � UX � ' V6 /0�V6 � UX � , if t � G). Buteachof theseLX-modulesVi /0�Vi � UX �
hasdimension1 by Lemma2.4.Thisprovesthefirst statementof theLemma.

Recall that PY is the stabilizerin Y of the flag 0 � Wl � Wl ' Wl & 1 � )�)�) , wherel is
minimalwith respectto �W � U l $ 1

X �<� 0. EachfactorLi of L 1Y correspondsto aUX-level Wi .
SinceL 1Y hasanirreduciblemoduleof dimensionj � 3 or6, theremustbeasimplefactorof
L 1Y of ranklessthan j. For j � 3, thiscanhappenif i � lδ / 2 anddim 	Wlδ T 2 
C� 4 (wecould
havethemiddlelevel lδ / 2 giving aproductof two groupsof typeA1 if Y � Dn); otherwise,
thishappensonly if dim 	Wi 
;� j. Thisprovesthesecondassertionof theLemma.

Now if wecanshow thatfor aparticularTX-highweightδ of W, all UX-levelsof W have
dimensionbiggerthan j (with j asabove),andin theG � X � s� casedim 	Wlδ T 2 
 + 4, then
theLemmawill imply thattherearenoexampleswith thisembeddingof X into Y.

Lemma 6.3. AssumeX � D4, s � G, andX actsirreduciblyon thenatural moduleW for
Y. If dim 	Wi 
V� 3 whereWi is theUX-level i of W, thenoneof thefollowingholds:

1. i � 1 andeitherδ � bδ2 or δ � aδ1 = aδ3 = aδ4 for someb �� 0 �� a.
2. δ � δ2, δ � 2δ2, or δ � δ1 = δ3 = δ4.

If dim 	Wi 
@� 6 thenoneof thefollowingholds:
3. i � 1.
4. i � 2 andeitherδ � bδ2 for someb �� 0 or δ � δ1 = δ2 = δ3 = δ4.
5. δ � δ2, δ � 2δ2, or δ � δ1 = δ3 = δ4.

Finally, if dim 	Wlδ T 2 
@� 4, thenδ � δ2.

Proof. We wish to induct on the height in the weight lattice of δ, asin the X � Am and
X � E6 cases.Let

δ � aδ1 = bδ2 = aδ3 = aδ4
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betheTX-high weightof W. Sinceδ1 = δ3 = δ4 � 2β1 = 3β2 = 2β3 = 2β4 andδ2 � β1 =
2β2 = β3 = β4 aresumsof roots,everyweightwhichhastheform of δ hasδ1 = δ2 = δ3 = δ4

asasubdominantweight,exceptδ2, 2δ2, andδ1 = δ3 = δ4.
So to begin our inductionwe mustinvestigatethe numbersof weightsat variousUX-

levelsof theD4-modulewith high weightδ1 = δ2 = δ3 = δ4. Theweight0 appearsin this
moduleatlevel14,sowemustcheckthenumbersof weightsatlevelsi with 1 � i � 14. It is
nothardto do this (againusingtheresultin [8] thatweightswhichappearin characteristic
0 appearin characteristicp); we find that thereare4 weightsat level 1, 6 at level 2, and
10 or moreat every level 3-14. We will excludelevel 1 from thediscussionbelow, since
it is clear that dim 	 W1 
_� 1 if a � 0 andb

+ 0; dim 	W1 
_� 3 if a
+ 0 andb � 0; and

dim 	W1 
C� 4 if a �� 0 �� b.
Assumeδ � aδ1 = bδ2 = aδ3 = aδ4 asabove, with b

+ 2. Thenδ * β2 is a dominant
weight,lessthanδ in thepartialorderandstill having δ1 = δ2 = δ3 = δ4 asa subdominant
weight,soby inductionδ * β2 hasenoughweightsat all levels3 andhigher. Sowe must
checkδ-levels2 and3. Thereare4 weightsat level 2 if a � 0, and7 otherwise.Thereare
at least7 weightsat level 3. So the only possibility for a level of dimension6 or lessis
level 2, with a � 0.

If b � 2 anda + 1, thenagainδ * β2 is dominantandlowerin thepartialorder, still with
δ1 = δ2 = δ3 = δ4 asa subdominantweight,soby inductionδ * β2 hasenoughweightsat
all levels3 andhigher. Here,level 2 has7 weightsandlevel 3 hasat least7. Sowe have
nopossibilitiesarisingfrom thisembedding(otherthanlevel 1).

Finally, if b � 1 anda
+ 1, thenδ * β1 * β3 * β4 is dominantandlower in thepartial

order;so by inductionwe mustcheckδ-levels2, 3, 4, and5. At all four of theselevels
therearemorethansevenweights.Thiscompletesthelisting of all possibilitiesfor levels
of dimensionatmostthan6, exceptfor thethreeweightsδ2, 2δ2, andδ1 = δ2 = δ3.

The last statementof the Lemmais proved by noting that by the sameargumentas
above, every symmetricdominantweight except δ1 hasδ1 = δ3 = δ4 as a subdominant
weight,andδ1 = δ3 = δ4 hasmorethan4 weightsat level 9, which is its middlelevel.

We seein the proof that the only possibilitiesfor 1-dimensionalUX-levelsarelevel 1
whenδ � bδ2, andlevel 0. Soasin theargumentsfor earliercases,we have that for any
δ, therearenever 2 consecutiveweightsin theDynkin diagramfor Y which lie outsideof
Π 	 L 1Y 
 , exceptfor α1 andα2 in thecaseδ � bδ2.

Fromthispoint,wewill considerthetwo possibilitiesfor G separately.

6.1. G � X � s� . Hereweneedto find a level of dimension3 or 2. By thepreviouslemma,
weneedto consideronly level 1 for δ � aδ1 = aδ3 = aδ4, andthethreepossibleδ thatwere
notcoveredby theinductionthere:δ2, 2δ2, andδ1 = δ3 = δ4. Wecanchecktheselastthree
directly andfind that the only possibilitiesfor a factorof L 1Y of type A1 or A2 arethose
correspondingto level 1 for δ � δ1 = δ3 = δ4, andlevels2, 3 and5 for δ � δ2.

Sowemustconsiderthefollowing:

W � X Embeddingof BX

1) ( ((( , , ,- - -a 0
a

a

( ( ( ( ( ( ( (Al )�)�) with l �X° 8 if a
+ 1 �

5 if a � 1 �
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2) ( ((( , , ,- - -0 1
0

0 ±±( ( ( ( ( ( ( ( ( ( ( ( ((, ,- - If p �� 2

( ( ( ( ( ( ( ( ( ( ( ((, ,- - If p � 2

1) Assumeδ � aδ1 = aδ3 = aδ4. By the last Lemma, dim 	 V /0�V � QY ��
k� 3, so either
a2 � 1 or a3 � 1, with all otherai � 0 for αi � Π 	 L 1Y 
 . By Lemma2.4, dim 	 V2 	 QY 
�
_�
dim 	 V2 	 UX 
�
V� 3dim 	 V2

1 	 UX 
�
_� 3 	 4dim 	 V1
1 	 UX 
�
�
@� 12. If a3 � 1, thenin V2 	 QY 
 we

have eitherλ * α4 (if a4 �� 0) or λ * α3 * α4 (if a4 � 0) asa high weightin V2 	 QY 
 . The
L 1Y-moduleswith thesehigh weightshave dimensiongreaterthan12, however, so in fact
a3 � 0.

If a2 � 1, thensimilarcalculationsgivecontradictionsto dim 	 V2 	 QY 
�
C� 12if 0 �� a1 ��
p * 2 or ai �� 0 for somei

+ 2, or if a
+ 1 anda1 �� 0. Sotheonly possibilitieshereare

a2 � 1 with ai � 0 for i �� 2 (i.e. λ � λ2), anda � 1, a1 � p * 2, a2 � 1 with ai � 0 for
i
+ 2 (soλ �U	 p * 2
 λ1 = λ2).

Assumep � 2. Then,sinceδ is restrictedby Lemma2.6,δ � δ1 = δ3 = δ4. In character-
istic 2, theD4-modulewith thishighweighthasdimension294,soY hastypeC147 or D147.
By thepreviousparagraph,we have a1 � 0. But thenλ � λ2 has 	 2147 ) 147!
�/<	 2 ) 2145 )
145!
�� 2 ) 147 ) 146 � 42� 924conjugates.Sodim 	 V 
;� 42� 924. TheTX-high weightsof
V arerestrictedaswell andnot symmetricwith respectto s, so thepossibilitiesfor these
arevery limited. In fact,any D4-modulewith sucha high weighthasdimensionat most
840; but then42� 924 � dim 	 V 
@� 3dim 	 V1 
%� 3 ) 840givesa contradiction.So we may
assumep �� 2.

Assumeλ � λ2; this impliesV 9� i 2W ([7, II.2.15]). If w � Wδ, w1 � Wδ & β1
, w2 �

Wδ & β3
, andw3 � Wδ & β4

, thenw j w1, w j w2, andw j w3 areTX-high weight vectorsini 2W, of weights 	 2a * 2
 δ1 = δ2 = 2aδ3 = 2aδ4, 2aδ1 = δ2 = 	 2a * 2
 δ3 = 2aδ4, and2aδ1 =
δ2 = 2aδ3 = 	 2a * 2
 δ4. Sinceweareassumingthereareonly threesuchTX-highweights,
V mustbethesum(asX-modules)of thethreeD4-moduleswith thesehighweights.

Now switch parabolics,andembedthe parabolicsubgroupPX of X correspondingto� β1 � β3 � β4  in aparabolicsubgroupPY of Y via theQX-level construction.Thenthefactor
L1 of L 1Y correspondingto level 0 is theonly simplefactorto actnontrivially onV /0�V � QY � ,
and is of type Al with l � 	 a = 1
 3 * 1. Now V /<�V � QY ��9� L 4Y i 2 	W /0�W� QY �:
_� i 2 	 the
naturalmodule for L1 
 , and 	 V /0�V � QY ��
f� X hasthe threehigh weights 	 2a * 2 � 2a � 2a
 ,	 2a � 2a * 2 � 2a
 , and 	 2a � 2a � 2a * 2
 . But thisgives� 	 a = 1
 3

2 � � dim 	 i 2 	W /0�W � QY �:
�
d� 3dim 	 V1 /0�V1 � QX �:
�� 3 	�	 2a * 1
�	 2a = 1
 2
`�
andthisequationin a hasnosolutionsin thepositive integers.Soλ �� λ2.

Finally, assumea � 1 andλ �U	 p * 2
 λ1 = λ2. Thenλ1 � TX � δ1 = δ3 = δ4 andasabove
we may assumethat λ2 � TX �£	 2λ1 * α1 
c� TX � 2 	 δ1 = δ3 = δ4 
E* βi for somei � 1 � 3, or
4. So λ2 � TX is one of δ2 = 2δ3 = 2δ4, 2δ1 = δ2 = 2δ4, or 2δ1 = δ2 = 2δ3. In any case,
λ � TX �h	�	 p * 2
 λ1 = λ2 
 TX �h	 p * 2
 λ1 � TX = λ2 � TX is a TX-high weightof V which is not
restricted,contraryto ourassumption.Thiseliminatesthefinal possibilityfor case1.
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2) If δ � δ2, thenPY correspondsto theindicatednodesof theDynkin diagramfor Y, and
thepossibilitiesarethatthereis a labelof 1 ononeof thenodesin anA2 factorof L 1Y, or a
labelof 2 on oneof thenodescorrespondingto anA1 factor. We have dim 	 V2 	 QY 
�
S� 12
by Lemma2.4,andthesamesortsof argumentsasabovegivecontradictionsto thisbound
for any of thesepossibilitiesexcepta4 � 1 anda3 � 1; evenfurther, wegetcontradictions
to theboundunlessa)λ � a1λ1 = a2λ2 = λ3, or b) λ � λ4.

a)Supposeδ � δ2 andλ � a1λ1 = a2λ2 = λ3. Thenλ1 � TX � δ2, λ2 � TX �^	 2λ1 * α1 
 TX �
2δ2 * β2 � δ1 = δ3 = δ4, andλ3 � TX �h	 3λ1 * 2α1 * α3 
 TX ��� 2δ1 = 2δ3 � 2δ3 = 2δ4 � 2δ1 =
2δ4  . Soλ restrictstoTX asa2δ1 = a1δ2 = 	 a2 = 2
 δ3 = 	 a2 = 2
 δ4 or oneof its s-conjugates.

If wenow embedtheparabolicsubgroupPX of X correspondingto � β1 � β3 � β4  ! Π 	 X 

in a parabolicsubgroupPY � QYLY of Y, then the first nontrivial factor L1 of L 1Y cor-
respondsto � α2 � α3 ��������� α8  ! Π 	 Y 
 (sinceQX-level 1 hasdimension8). HereL 1X is a
productof threegroupsof type A1, and 	 V /0�V � QY ��
 L 4X is the sum of threesimple L 1X-
modules,with highweights 	 a2 � a2 = 2 � a2 = 2
 , 	 a2 = 2 � a2 � a2 = 2
 , and 	 a2 = 2 � a2 = 2 � a2 
 .
So dim 	 V1 	 QY 
�
S� 3 	 a2 = 1
�	 a2 = 3
 2. On the otherhand,V1 	 QY 
 is isomorphicasan
L1-moduleto theA7-moduleM with high weightγ � a2γ1 = γ2, wheretheγi arethe fun-
damentaldominantweightsfor A7. Assumethat a2

+ 15. Then γ has 	 a2 * 6
 γ1 as a
subdominantweight,andtheA7-modulewith high weight 	 a2 * 6
 γ1 has W a2 $ 1

a2 & 6Y nonzero

weightsby Lemma2.5. So dim 	 V1 	 QY 
�
S� W a2 $ 1
a2 & 6Y , and W a2 $ 1

a2 & 6 Y + 3 	 a2 = 1
c	 a2 = 3
 2 for
a2
+ 15,which is acontradiction.
If a2 � 15, we cancheckeachcaseindividually, finding morethan3 	 a2 = 1
c	 a2 = 3
 2

weightsin M, arriving at thesamecontradiction.So(a) is ruledout.
b) Supposeδ � δ2 andλ � λ4. As above,wehaveλ4 � TX �U	 4λ1 * 3α1 * 2α2 * α3 
 TX �� 4δ2 * 3β2 * β j * βk � j � k � 1 � 3 or 4 � j �� k  �n� 3δ1 = δ3 = δ4 � δ1 = 3δ3 = δ4 � δ1 = δ3 = 3δ4  .

WhenweembedtheparabolicsubgroupPX of X asabove,wenow havedim 	 V1 	 QY 
f� L 4X 
��
3 	 2 ) 2 ) 4
E� 48ontheonehand,anddim 	 V1 	 QY 
�
C� W 83Y � 56ontheother(sinceV1 	 QY 

is isomorphicto theA7-modulewith high weightγ3). Again we have a contradiction,and
(b) is eliminated.

Sotherearenoexampleswith G � D4 � s� .
6.2. G � X � s� t � . AssumeX � D4 with G � X � s� t � . Lemma6.2tellsusthatwemusthave
a UX-level in W of dimension6 or less. Lemma6.3 shows that thereare few TX-high
weightsδ of W whichallow sucha level (otherthanlevel 1). We mustconsiderlevel 1 for
all δ, level 2 for δ � bδ2 or δ � δ1 = δ2 = δ3 = δ4, andthethreepossibleδ not coveredby
theargumentin theproofof thatLemma(δ2, 2δ2, andδ1 = δ3 = δ4).

As above,by Lemma2.4wehaveheredim 	 V2 	 QY 
�
�� 4dim 	 V1 	 QY 
�
E� 24. Thisrules
outmostof theremainingpossibilities.

Assumeδ � δ1 = δ3 = δ4. Thenwe checkthedimensionsof the levelsdirectly. With
Wi denotingUX-level i of W, we have dim 	W0 
�� 1, dim 	W1 
%� 3, dim 	 W2 
%� 6, and
dim 	Wi 
d� 7 for i � 3. SoPY correspondsto theindicatednodesin theDynkin diagramfor
Y in thispicture:( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( )�)�)a2 a3 a5 a9 �
Lemma6.2 tells us that dim 	 V1 	 QY 
�
@� 6; thewaysin which this canhappengiven the
dimensionsof UX-levels above area) a2 � 2 andai � 0 for i �� 2, αi � Π 	 Y 
�* Π 	 L 1Y 
 ;
b) a3 � 2 andai � 0 for i �� 3, αi � Π 	 Y 
>* Π 	 L 1Y 
 ; c) a5 � 1 andai � 0 for i �� 5, αi �
Π 	 Y 
C* Π 	 L 1Y 
 ; andd) a9 � 1 andai � 0 for i �� 9, αi � Π 	 Y 
�* Π 	 L 1Y 
 . We consider
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eachpossibility in turn (the argumentsbelow must be modified slightly in somesmall
characteristics):

a) If a2 � 2, theneitherλ * α1 (if a1 �� 0) or λ * α2 * α1 (if a1 � 0) is a high weight
in V2 	 QY 
 , giving a compositionfactorthereof dimensionat least7, andeitherλ * α4 (if
a4 �� 0) or λ * α2 * α3 * α4 (if a4 � 0) is another, giving a factorof dimensionat least18.
Thiscontradictsdim 	 V2 	 QY 
�
V� 24. Sothiscasedoesnotarise.

b) If a3 � 2, thenλ * α4 (if a4 �� 0) or λ * α3 * α4 givesacompositionfactorin V2 	 QY 

of dimensionat least42; thisagainis acontradiction.

c) If a5 � 1, theneitherλ * α4 (if a4 �� 0) or λ * α4 * α5 (if a4 � 0) is a highweightin
V2 	 QY 
 , giving dim 	 V2 	 QY 
�
@� 45. Thisagaincontradictsdim 	 V2 	 QY 
�
@� 24.

d) Similarly, herewe obtaina contradictionsinceeitherλ * α10 or λ * α9 * α10 is a
highweightin V2 	 QY 
 , giving dim 	 V2 	 QY 
�
@� 105.

Sotheembeddingδ � δ1 = δ3 = δ4 givesnoexamples.
Almost identicalargumentsrule out all possibilitiesfor δ � 2δ2, so this embedding

givesnoexamples.
For δ � δ2, therearemany morepossibilitiesfor thelabellingof λ on Π 	 L 1Y 
 . Herethe

pictureof PY is

gg( ( ( ( ( ( ( ( ( ( ( ( ((, , ,- - -
for p �� 2, and

( ( ( ( ( ( ( ( ( ( ( ((, , ,- - -
for p � 2 (in [9] it is calculatedthat this embeddingis actuallyinto D13, notC13). Once
again,however, argumentslike thoseabove give contradictionsto dim 	 V2 	 QY 
�
;� 24 for
all possibleλ exceptperhapsλ � a1λ1 = a2λ2 = 2λ3, with a1a2 � 0. Sowemayassumeλ
hasthis form, andp �� 2 sinceλ hasλ3-coefficient2.

If a1 � 0 �� a2 andλ � a2λ2 = 2λ3, thenweusethes-stableminimalparabolicsubgroup
PX of X correspondingto � β2  ! Π 	 X 
 . We embedPX in a parabolicsubgroupPY of Y
correspondingto theindicatednodesin thepicture

g ( ( ( ( ( ( ( ( ( ( ( ( ((, , ,- - - �
Now by Lemma2.4,we have dim 	 V2 	 QY 
�
_� 6dim 	 V1 	 QY 
�
@� 36. But λ * α2 andλ *
α3 * α4 * α5 arehigh weightsin V2 	 QY 
 , giving compositionfactorsof dimension20 (if
p �� 3) and18, respectively; this is a contradiction(if p � 3, thereis anothercomposition
factorof highweightλ * α2 * α3 whichwemustincludeto obtainthecontradiction).

If a2 � 0 anda1 �� 0 (soλ � a1λ1 = 2λ3), thenwe canexaminetheembeddingof the
s-stableparabolicsubgroupof X correspondingto � β1 � β3 � β4  ! Π 	 L 1Y 
 in aparabolicsub-
groupPY � QYLY of Y. Now thefirst nontrivial factorL1 of L 1Y correspondsto � α2 ��������� α8  
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(asQX-level 1 hasdimension8), andthe secondfactorL2 correspondsto � α10 ��������� α14  .
The first, L1, is the only oneto act nontrivially on V1 	 QY 
 , which is isomorphicto the
A7-modulewith high weight2γ2 (whereγi arethe fundamentaldominantweightsof A7).
We find (usingthe Weyl characterformula andthe Andersen-Jantzensumformula) that
dim 	 V1 	 QY 
�
"� 336 if p �� 3, and dim 	 V1 	 QY 
�
"� 266 if p � 3. By Lemma2.4, we
have dim 	 V2 	 QY 
�
_� 8dim 	 V1 	 QY 
�
 . With λ asabove, the two high weightsλ * α1 and
λ * α3 * )�)�) * α9 in V2 	 QY 
 give, for p �� 3, two compositionfactors,eachof dimen-
sion1680;andfor p � 3, thesetwo compositionfactorshave dimension1624and1120,
respectively. Thiscontradictsdim 	 V2 	 QY 
�
V� 8dim 	 V1 	 QY 
�
 .

The remainingpossibility is λ � 2λ3. We know that λ1 � TX � δ2, α1 � TX � β2 by [9,
3.4(i)], andα2 � TX � βi for i � 1 � 3 or 4,by thesameargumentsusedin theproofof [9, 3.4].
Sinceλ3 � 3λ1 * 2α1 * α2, thisgivesλ3 � TX of theform 2δi = 2δ j for 	 i � j 
V�U	 1 � 3
`�#	 1 � 4
 ,
or 	 3 � 4
 . But we have notedthat theδ1-, δ3-, andδ4-coefficientsof λ � TX mustbedistinct
in thiscaseG � D4 � s� t � , sinceV is irreducibleasaG-module.Sothecaseδ � δ2 doesnot
occur.

Remainingto beconsideredarelevel 1 for all δ, andlevel 2 for δ � δ1 = δ2 = δ3 = δ4 or
δ � bδ2 (with b

+ 1, asthecaseδ � δ2 wasexaminedthoroughlyabove).
First we considerlevel 2. If δ � δ1 = δ2 = δ3 = δ4, thenW2 in fact hasdimension9

unlessp � 3, in which caseit hasdimension6 andwe have the possibilitiesa6 �� 0 and
a10 �� 0. But thesecasesareeasilyruledout by argumentsbasedon dim 	 V2 	 QY 
�
_� 24,
asin severalcasesabove. If δ � bδ2 thendim 	W2 
C� 4 andwehavethepossibilitya4 �� 0;
this is againruledoutby thesamesortsof arguments.

Finally, assumeλ hasa nonzerocoefficient for a fundamentalweightcorrespondingto
someαi in Π 	 L1 
 , whereL1 is thesimplefactorof L 1Y correspondingto theUX-level 1 of
W (in otherwords,we arein theremaininglevel 1 case).Thenif a �� 0 �� b, dim 	W1 
�� 4
and we have the possibility a3 � 1. If a �� 0 � b, then dim 	W1 
_� 3 and we have the
possibilitiesa2 � 2 anda3 � 2. Theseall fall quickly to argumentsbasedon thefact that
dim 	 V2 	 QY 
�
_� 24 asabove. If b �� 0 � a, thendim 	W1 
@� 1 andL1 is trivial, sowe do
nothavea possibility. This rulesout level 1.

We have eliminatedall possiblehigh weightsδ for W. This completesthe proof of
Theorem6.1,which in turncompletestheproofof Theorem1.
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TABLE 1. Examplesarisingfrom theconnectedcase

No. X Y W � X V � X V �Y char	 K 

I4 Dn 	 n � 4
A2n & 1 δ1 ( ( ( ( ((, , ,- - -)�)�) )�)�)1

βk
n * 1 + k � 2

( ( ( ( ()�)�) )�)�)1

αk
p �� 2

I5 Dn 	 n � 4
A2n & 1 δ1 ( ( ( ((, , ,- - -)�)�) 1

1

( ( ( ( ()�)�) )�)�)1

αn & 1
p �� 2

I6 A3 A5 δ2 ( ( (1 1 ( ( ( ( (1
p �� 2

II1 A5 C10 δ3 ( ( ( ( (1 1 ( ( ( ( (
)�)�)1
p �� 2

S1 A2 B3 δ1 = δ2 ( (2 2 ( ( (+2
p � 3

S7 A3 D7 δ1 = δ3 ( ( (1 1 1 ( ( ( ((, , ,- - -)�)�) 1

p � 2

S8 D4 	 s� t � Y 
D13 δ2 ( ((( , , ,- - -1 1
1

1

( ( ( ((, , ,- - -)�)�) 1

p � 2

MR4 Dn Cn δ1 ( ( ( ((, , ,- - -)�)�)c1 c2 cn & 2
cn & 1

cn & 1

( ( ( (
)�)�)c1 c2 cn & 1 0
p � 2
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TABLE 2. New Examples

No. X Y W � X V1 � X V �Y char	 K 

U1 An & 1

(n odd)
An usual ( ( ( ()�)�) )�)�)1

β n [ 1
2

( ( ( ( ()�)�) )�)�)1

α n� 1
2

any

U2 Dn Bn usual ( ( ( ((, , ,- - -)�)�)a1 a2 an & 2
an & 1

an & 1 = 1

( ( ( (+)�)�)a1 a2 an & 1 1
below

with ai = a j ² i * j 	 mod p
 whenever ai anda j arenon-zerocoeffi-
cientswith only 0’sbetweenthemandi 
 j 
 n; and2ai ² * 2 	 n * i 
�*
1 	 mod p
 for ai thelastnon-zerocoefficientbeforean � 1.

U3 Dn Dn$ 1 usual ( ( ( ((, , ,- - -)�)�) 1 ( ( ( ((, , ,- - -)�)�) 1

any

U4 A3 D4 δ1 ' δ3 ( ( (1 ( ((( , , ,- - - 1

any

U5 A3 D10 2δ2 ( ( (3 1 1 ( ( ( ((, , ,- - -)�)�) 1

p �� 2 � 3 � 5 � 7
U6 Dm 	 m + 3
Cm � Bm δ1 ( ( ( ((, , ,- - -)�)�) 1 ( ( ( ()�)�) 1

p � 2

U7 A2 A5 2δ1 ( (3 ( ( ( ( (1
p �� 2 � 3

U8 A3 A9 2δ1 ( ( (2 2 (U(^(U(^(U(^(A(U(1
p �� 2 � 5

U9 A4 A9 δ2 ( ( ( (2 1 (U(^(U(^(U(^(A(U(1
p �� 2 � 5
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