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1. INTRODUCTION

In work spreadoverseveraldecades,Dynkin ([4, 3]), Seitz([10, 11]), andTesterman([16]) classifiedthe
maximalclosedconnectedsubgroupsof simplealgebraicgroups.Theiranalysesfor theclassicalgroupcases
werebasedprimarily on a striking result: If G is a simplealgebraicgroupandϕ : G � SL

�
V � is a tensor

indecomposableirreduciblerationalrepresentation,thenwith specifiedexceptionstheimageof G is maximal
amongclosedconnectedsubgroupsof oneof theclassicalgroupsSL

�
V � , Sp

�
V � , or SO

�
V � . Froma slightly

differentperspective, thequestionthey answeredwas: Givenan irreducible,closed,connectedsubgroupG
of SL

�
V � for somevectorspaceV, find all possibilitiesfor closed,connectedovergroupsY of G in SL

�
V � .

Thisquestionof irreducibleovergroups,or therestrictionof irreduciblemodulesto subgroups,appearsin
othercontextsaswell. In thispaperwepresentsomeresultsin theabsenceof theconnectednessrequirement
for thesubgroup:Theeventualgoal is to classifyall possibletriples

�
G � Y� V � with G � Aut

�
Y � bothclosed

irreduciblesubgroupsof SL
�
V � , Y �� SL

�
V ��� SO

�
V � , or Sp

�
V � , andY a simplegroupof classicaltype. In

this paperand[5], we give completeresultsfor the casewhenG is not connectedbut hassimpleidentity
componentX, andtheTY-high weightandTX-high weightsof V arerestricted.Specifically, thepapersare
concernedwith theproofof Theorem1 below.

Let G be a non-connectedalgebraicgroupwith simple identity componentX. Let V be an irreducible
KG-modulewith restrictedX-highweight(s).

Theorem1. LetY bea simplealgebraic groupof classicaltypesuch thatX � Y � SL
�
V � , G � Aut

�
Y � , and

V 	Y is irreduciblewith restrictedhighweight.ThenY � SO
�
V � , Y � Sp

�
V � , or

�
X � Y� V � appears in Table1

or Table2.

If G hassimpleidentitycomponentX, thenG � Aut
�
X � . SincewerequirethatG �� X, we thereforemay

restrictourattentionto X of typeAm, Dm, or E6.
ThegroupY is of classicaltypeandsohasanaturalmoduleW. SomesimplyconnectedcoverŶ of Y acts

irreduciblyon W. Let X̃ be thepreimageof X � Y undertheprojectionŶ � Y. ThenX̃ � X̂ 
 Z̃ for some
cover X̂ of X andsomeZ̃ � Z

�
Ŷ � . Now wereplaceY by Ŷ andX by X̂. If u is anouterautomorphismof X,

thentheactionof u canbeextendedto X̂; if u � Y let û bea preimageof u undertheprojectionŶ � Y. If
u is anouterautomorphismof Y, it is againpossibleto extendu to û � Aut

�
Ŷ � . Now replaceu by û. As we

will makeuseonly of theactionof u on1-spacesin Y- andX-modules,thepossibleextensionby elementsof
Z
�
Ŷ � doesnotconcernus.SoweassumehenceforththatY is simplyconnected,andthatX andY actonW.
The analysisis differentdependingon whetherX actsreduciblyor irreducibly on W. We settlethe re-

duciblecasein this paper, andthe irreduciblein [5]. Also, we will assumein [5] that the involutory graph
automorphismof X, if it is in G, alsoactsonW (thoughit neednot bein Y). We dealwith thecasewhenit
doesnotactonW in thefinal sectionof thispaper.

If V 	 X is irreducible,thenwe arein thecaseexaminedby Seitzin [10], with theadditionalconditionthat
X have anouterautomorphismwhich actson V. We examineTable1 of thatpaper, andfind thatwe have
sucha situationin theexamplestherelabelledI4, I5, I6 for n � 3, II1, S1, S8 (herewe couldtake G � X � t 
 ,
G � X � s
 , or G � X � s� t 
 , wheret � s areouterautomorphismsof X of order2 and3 respectively), andMR4.
HenceforthweshallassumethatV 	 X is not irreducible.
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1.1. Notation and Conventions. All structuresareassumedto beconstructedover thesamealgebraically
closedfield K, of characteristicp � 0. Throughout,X will denoteasimplealgebraicgroupoverK admitting
anouterautomorphism(soX is of typeAm, Dm, or E6). A fixedstandardgraphautomorphismof order2 will
bedenotedby t, andif X hasanouterautomorphismof order3 (i.e. if X � D4), wewill fix oneanddenoteit
by s. ThusG is X � t 
 exceptpossiblywhenX � D4, in whichcasewealsoconsiderG � X � s
 andG � X � s� t 
 .

We let BX bea fixed t-stableBorel subgroupof X, containinga fixed t-stablemaximaltorusTX. Define
setsof simpleroots � β1 � β2 ��������� βm � � Π

�
X � andfundamentaldominantweights � δ1 ��������� δm � with respectto

TX andBX, but with theoppositeof thestandardconvention:BX
� UXTX whereUX

� ∏U � α for α � Σ � � X � .
Thenfor J � Π

�
X � , PX is theoppositeof thestandardparaboliccorrespondingto J. We assumethe δi are

numberedso that δi correspondsto βi for every i. The setof rootsof X is Σ
�
X � ; the setof positive roots

Σ � � X � .
ThegroupY will bea simplealgebraicgroupoverK of classicaltypeandrankn (An, Bn, Cn or Dn), such

thatX � Y andG � Aut
�
Y � . Let � α1 � α2 ��������� αn � � Π

�
Y � bea setof simplerootsof Y, and � λi � thesetof

fundamentaldominantweightssuchthatλi correspondsto αi . Thesetof rootsof Y is Σ
�
Y � ; thesetof positive

rootsΣ � � Y � . Notationandconventionssimilar to thoseusedfor X areusedfor parabolicsubgroupsof Y.
For a groupH actingona moduleM, �M � H l � will denotethe l -fold commutatorof H with M.
The K-vectorspaceV is assumedto be a restrictedirreducibleY-modulewith high weight λ � ∑aiλi ,

suchthatV is irreducibleasa G-modulebut notasanX-module(seethecommentat theendof theprevious
subsection).We assumethat the TX-high weightsof V arerestrictedaswell. So if G � X � t 
 , thenV 	 X �
V1 � V2, whereeachof V1, V2 is a restrictedirreducibleX-module.

Thenaturalmodulefor Y will bedenotedbyW. If W is irreducibleasanX-module,thenδ will denoteits
TX-high weight. We will alwaysassumethatY is thesmallestof SL

�
W � , SO

�
W � , Sp

�
W � containingX. To

justify thisassumption,wemusteliminatethesituationwhenX � Y � SL
�
W ��� Y � SO

�
W � or Sp

�
W � , andV

is a reducibleY-module,but anirreducibleG-module.Assumewehavesucha situation.
If X � D4 ands � G, thenX � s
�� Y becauseY hasno outerautomorphismsof order3. In this caselet

X̃ � X � s
 ; otherwisesetX̃ � X. Now V 	 X̃ � V1 � V2 andV 	Y � V1 � V2 for someirreducibleX̃- andY-modules
V1 andV2. Now if X̃ � X, thensinceX �� Y, thetriple

�
V1 � X � Y � mustappearin thelist in [10]. Here,though,

we have theextra hypothesesthatY �� A� , X hasa graphautomorphismnot fixing V1 (or V2); bothV1 andV2

appearin thetable;andY hasanouterautomorphism(G � Aut
�
Y � t �� Y sinceV 	Y is not irreducible).There

arenoentriesin [10] whichsatisfyall theseconditions.
Similarly, if X̃ � D4 � s
 , then

�
V1 � D4 � Y � would appearin Table2, with G � D4 � s
 ; thereareno such

examplesthere.Soour standingassumptionthatY is thesmallestof SL
�
W ��� SO

�
W � , andSp

�
W � containing

X is justified.
Exceptfor thelastsection,wewill assumethatG actsonW (X clearlyactsonW sinceX � Y, but t might

not act on W). Whent � G actson W, X � t 
 fixesa nondegeneratebilinear form on W ([14, Lemma79]);
but in characteristic2, it is conceivablethatX fixesa quadraticform which t doesnot. Thenwe would have
X � SO

�
W � ; X � t 
 � Sp

�
W � . Let q bethequadraticform definingSO

�
W � ; let q! bethequadraticform given

by q! � w� � q
�
wt � for w � W. Both formsareX-invariant.

Lemma 1.1. With theabovesetup,q � q! , soq is t-stableandX � t 
"� O
�
W � .

Proof. Let R � � w � W 	 q � w� � q! � w� � . It is clearthatR is a subspaceof W andthatR is X-invariant.But X
actsirreduciblyonW, soR � 0 or R � W. For aTX-maximalvectorw� � W, q

�
w� � � 0 � q! � w� � (let h � TX

suchthathw� � sw� for somes � K # suchthat1 �� s2 — thenq
�
w� � � q

�
hw� � � s2q

�
w� � , soq

�
w� � � 0;

similarly for q! ). SoR � W, which impliesq � q! .
We label Dynkin diagramsfor the groupswe will be dealingwith as follows, and we alwaysnumber

fundamentalrootsandfundamentaldominantweightsto agreewith this labelling:

Al : $ $ $ $
�
�
1 2 l % 1 l

Bl : $ $ $ $&
�
�
1 2 l % 1 l
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Cl : $ $ $ $�
�
�
1 2 l % 1 l

Dl : $ $ $ $
$' ' '( ( (
�
�
1 2 l % 2 l % 1

l

E6:
$ $ $ $ $$
1 3 4 5 6

2

2. QX-LEVELS AND EMBEDDINGS OF PARABOLICS

In this sectionwe introduceimportantfactsaboutthe“commutatorseries”of a moduleof a simplealge-
braicgroup.

Lemma 2.1. If H is a simplealgebraic group whoseroot systemhasonly oneroot length,thenrestricted
irreducibleH-modulesare tensorindecomposable(in particular, restrictedirreducibleX-modulesaretensor
indecomposable).

Proof. This is partof 1.6of [10].

Lemma 2.2. Let M be an irreduciblerestrictedH-modulewith high weight γ for somesimplealgebraic
groupH. LetP bea properparabolicsubgroupof H, with P � QL a Levi decomposition.ThenM )*�M � Q� is
irreduciblefor L andfor L ! � � L � L � , with TL + -highweightγ 	 TL + .
Proof. This is 1.7and2.1of [10].

Let H, M, γ, andP beasin thelastlemma.Let � εi � bethesetof fundamentalrootsof H.

Definition 2.3. Let µ bea weightof M, sayµ � γ % ∑ciεi , with eachci � 0. TheQ-levelof µ is ∑c j , where
thesumrangesoverthosej for whichε j � Π

�
H �*% Π

�
L ! � . TheQ-level l of M is thesumof weightspacesfor

weightshaving Q-level l andis denotedMl .

Lemma 2.4. H, M, andP asabove. If H is simplylacedor if p & 2 ( & 3 for H � G2), then

1. �M � Ql � � � Mµ, thesumtakenover thoseweightsµ havingQ-levelat leastl .
2. �M � Ql � )*�M � Ql � 1 �*,� Ml

3. dim
� �M � Ql � )*�M � Ql � 1 � �-� s 
 dim

� �M � Ql � 1 � ).�M � Ql � � , where s is the numberof positiverootsβ such
thatU � β � Q andβ � εi / β ! for someεi � Π

�
H �0% Π

�
L !1� , with β ! � 0 or a sumof rootsin Π

�
L !�� .

4. dim
� �M � Ql � )*�M � Ql � 1 � �"� dim

�
Q�0
 dim

� �M � Ql � 1 � )*�M � Ql � � .
Proof. This is 2.3of [10].

We will write Ml � QY � for thequotient �M � Ql � 1 � ).�M � Ql � .
Lemma 2.5. Let H � Al ; let c bean integer such that 0 � c � p; and let γ1, γl bethe “end” fundamental
dominantweightsfor H. TheirreduciblemoduleM havinghigh weightcγ1 or cγl hasall weightspacesof
dimension1; in particular, dim

�
M � � �

l / c� ! ) l !c!.

Proof. This is 1.14of [10].

We will occasionallyusetheWeyl characterformulafor dimensionsof Weyl modules.
Finally, we claim that whenX actsirreducibly on W, we may assumeW is in fact restrictedasan X-

module.

Lemma 2.6. If X actsirreduciblyonW, thenasanX-module, W hasa restrictedhighweight.
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Proof. By Steinberg’stensorproducttheorem([13]), W �
X Wq1

1 2 Wq2
2 2 
�
�
 2 Wqr

r wheretheWi arerestricted
irreducibleX-modulesandq1 ��������� qr aredistinctpowersof p. Let Xi betheisometrygroupof Wqi

i . Thenthe
embeddingof X in Y, which is givenby theactiononW, factorsthroughanembeddingX 3 � X1X2 ����� Xr � Y
givenby x 4� �

xq1 � xq2 ��������� xqr � . But thentheactionof X onV factorsthroughthissameembedding(sincethe
actionof X onV is givenby theembeddingof X in Y). NoticethateachXi mustactnontrivially onV sinceY
is simple.Now if V 	 X1X2 5 5 5 Xr is irreducible,thenasanX-module,V hasahighweightgivenby therestriction
of theX1X2 ����� Xr -high weight to TX; but this givesa TX-high weightof the form q1γ1 / 
�
�
 / qrγr for some
non-zerorestrictedTX-weightsγi . This is impossibleunlessr � 1 andq1

� 1, astheTX-highweightsof V are
restricted.Similarly, if V is reducibleasanX1X2 ����� Xr -moduleandthereis an i suchthatqi �� 1, thenlet Vi

bea X1X2 ����� Xr -subquotientof V onwhichXi actsnontrivially. ThenasanX-module,Vi hasa non-restricted
highweightasabove,againa contradiction.

Now let PX bea parabolicsubgroupof X, andPX
� QXLX a Levi decompositionwith TX � LX (if Px is

t-stable,chooseLX to alsobe t-stable). Assumethat X actsirreducibly on W with high weight δ, which
is restrictedby the Lemmaabove. We wish to give a constructionof a parabolicsubgroupPY of Y (with
PY

� QYLY aLevi decomposition)suchthatPX � PY, QX � QY, LX � LY. Let Z � Z
�
LX �76 .

Lemma 2.7. Thestabilizerin Y of thecommutatorseries

W
& �W � QX

� & �W � QX � QX
� & 
�
�
 & 0

is a parabolicsubgroupPY ofY satisfyingthefollowing:

1. PX � PY andQX � QY
� Ru

�
PY � .

2. LY
� CY

�
Z � is a Levi factorof PY containingLX.

3. If TY is a maximaltorusofY containingTX, thenTY � LY.

Proof. SinceX actsirreduciblyonW, we canapplytheQX-level constructionabove to W andPX. Suppose
Y � Sp

�
W � or SO

�
W � . ThenW ,� W # andwe identify thesemodulesvia the inner product. So the fixed

point setsW
�
QX � andW # � QX � areequal,anda trivial calculationshows thatW # � QX � is the annihilatorin

W # of �W � QX
� . But from 1.2 in [10] it follows thatW

�
QX � � �W� Qk

X
� , wherek is minimal with respectto�W� Qk� 1

X
� � 0. By induction, �W � Qi

X
� annihilates�W � Qk � i � 1

X
� .

By Lemma2.4, �W� Ql
X
� )*�W � Ql � 1

X
� ,� ∑µWµ

� Wl , with thesumtakenoverthoseweightsµof QX-level l , so
by thelastparagraphwehave

�
Wi � Wj � � 0 unlessi / j � k. Let c � � � k % 1��) 2� . Then0 � Wk � Wk � Wk � 1 �
�
�
.� Wk � 
�
�
 � Wk � c is a flag of totally isotropicsubspacesof W, so its stabilizerPY in Y is a parabolic

subgroup.But our discussionof weightsshows this flag is just the flag 0 �8�W � Qk
X
� �9�W � Qk � 1

X
� �:
�
�
.��W� Qk � c

X
� , andif weadjoinannihilators,weobtainthefull commutatorseries0 �;�W � Qk

X
� �<
�
�
=�>�W � QX

� �
W. HencePY is thestabilizerof thiscommutatorseries.Let QY

� Ru
�
PY � .

Let Z � Z
�
LX �76 . Let L̃ be a Levi factorof PY containingZ, andlet LY

� CY
�
Z � & LX. ThenZ induces

scalarsonW )*�W � QX
� sincethismoduleis anirreducibleLX-module,andso � Z � L̃ � � L̃ hasa trivial actionon

W )*�W � QX
� , which implies �Z � L̃ � � QY. But QY ? L̃ � 1, so L̃ � CY

�
Z � � LY. This implies L̃ � LY as L̃ is

a maximalreductive subgroupof PY. Let TY bea maximaltorusof Y containingTX. ThenTY � CY
�
TX �@�

CY
�
Z � � LY.

Notethat �W � Ql
Y
� � �W � Ql

X
� for everyl byconstruction.If u � U � α for α � Π

�
X �A% Π

�
LX � , thenuWδ � e1β1 � e2β2 � 5 5 5 �

∑l B 0Wδ � e1β1 � e2β2 �DC C C � lα. SoQX � QY. SincePX stabilizeseachfactorin theflag,PX � PY.
If Y � SL

�
W � , theargumentis easier:Theflag 0 �E�W� Qk

X
� �>�W� Qk � 1

X
� �;
�
�
F�E�W � QX

� � W determines
a parabolicsubgroupPY andtheaboveargumentshold.

We give more information aboutthis embeddingfor particulargroupsX and parabolicsubgroupsPX

below andin subsequentsections.For thenext two Lemmas,weassumethatt � G (wheret is thefixedouter
automorphismof X) andV �

X V1 � V2, with V1 � V2 irreducibleX-modules.

Lemma 2.8. If PX is a t-stableparabolic subgroupof X andPX is embeddedin a parabolic subgroupPY of
Y asabove, thenPY is likewiset-stable.
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Proof. This is clearif t actsonW, for theneachsubspaceWl of W is t-stable(since,if X is of typeAm for
example,Wt

δ � e1β1 � e2β2 �DC C C � emβm

� Wδ � emβ1 � emG 1β2 �DC C C � e1βm). SoPt
Y is thestabilizerin W of thesameflagasis

PY; i.e. PY
� Pt

Y.
Now assumet doesnot actonW. Then,sincet actsonY, we haveY � An (asouterautomorphismsof

Dn preservethenaturalmodule).Let theQX-level of theTX-low weightof W bek asabove.Thedimensions
of QX-levelsof W aresymmetricaboutk ) 2; that is, dim

�
Wi � � dim

�
Wk � i � , sincethey areinterchangedby

a representative in X of the long word of the Weyl group. This meansthat PY is symmetric;i.e. Π
�
L !Y � is

preservedunderthe automorphismof the Dynkin diagramof Y. So thereis a graphautomorphismσ of Y
which preservesPY; sinceall graphautomorphismsmaybewrittenastheproductof t with anelementof Y,
thereis ag � Y suchthatt � σg. ThenPt

Y
� Pσg

Y
� Pg

Y. SoPY andPt
Y areconjugate.

SincePY is the stabilizerof the flag W & �W � QY
� & ����� , Pt

Y
� Pg

Y is the stabilizerof W & �W � Qg
Y
� &�W� Qg

Y � Qg
Y
� & ����� . Also, PX

� Pt
X � Pt

Y, soQX
� Qt

X � Qt
Y
� Qg

Y. Thisgives �W� Qi
Y
� � �W� Qi

X
� �;�W� � Qg

Y � i �
for every i. But dim

� �W � Qi
Y
� � � dim

� �W � � Qg
Y � i � � ; soin fact �W� � Qg

Y � i � � �W � Qi
Y
� for every i. But this implies

thatPY andPt
Y arethestabilizersof thesameflag in W, or PY

� Pt
Y.

Lemma 2.9. If PX is a t-stableparabolic subgroupof X andPX is embeddedin a parabolic subgroupPY of
Y asabove, thenV ).�V � QY

� � V )*�V � QX
� � V1 ).�V1 � QX

� � V2 ).�V2 � QX
� .

Proof. The involution t interchangesthe two TX-high weight 1-spaces� v1 
-� V1 and � v2 
-� V2 of V. We
have �V � QX

� �:�V � QY
� sinceQX � QY, andV )*�V � QX

� � V1 ).�V1 � QX
� � V2 )*�V2 � QX

� , with eachsummandan
irreducibleL !X-moduleby Lemma2.2.

SinceLX is containedin LY andV ).�V � QY
� is anirreducibleLY-module,either

�
V )*�V � QY

� �H	 LX
,� Vi )*�Vi � QX

�
for i � 1 or 2,or

�
V )*�V � QY

� �H	 LX
� V1 )*�V1 � QX

� � V2 ).�V2 � QX
� . If theformer, say

�
V )*�V � QY

� �I	 LX
,� V1 )*�V1 � QX

� ,
thenv2 �J�V � QY

� (noticethatV1 )*�V1 � QX
� �,� V2 )*�V2 � QX

� asLX-modulesbecauseTX � LX actsdifferentlyona
highweightvectorv1 � V1 thanona highweightvectorv2 � V2, andvi hasa non-zeroimagein Vi ).�Vi � QX

� ).
But QY is t-stableby thelastlemma(QY is acharacteristicsubgroupof PY), so �V � QY

� is t-stable.Thiswould
imply � vt

2 
 � � v1 
 �>�V � QY
� , which is impossible.So

�
V )*�V � QY

� �H	 LX
� V1 )*�V1 � QX

� � V2 ).�V2 � QX
� .

Let PY
� LYQY be a parabolicsubgroupof Y. For eachγ � Π

�
Y �K% Π

�
L !Y � , we definea certainnormal

subgroupKγ
Y of PY, asin [10, page44]: Let Σγ

�
Y � denotethesetof rootsin Σ

�
Y � having γ-coefficient % 1

andzerocoefficient for otherrootsin Π
�
Y �L% Π

�
L !Y � . Thenlet Kγ

Y betheproductof thoseTY-root subgroups
Uβ for β � Σ � � Y �0% Σ � � L !Y �0% Σγ

�
Y � . Fromthecommutatorrelationsit follows thatKγ

Y is normalin PY and
we let Qγ

Y
� QY ) Kγ

Y. Thisconstructionalsoappliesto a parabolicsubgroupPX of X. In particular, if PX is a
maximalparabolicsubgroupcorrespondingto α � Π

�
X � , thensetQα

X
� QX ) Kα, whereKα is theproductof

thoseTX-root subgroupscorrespondingto rootshaving α-coefficientstrictly lessthan % 1.

Lemma 2.10. If PX
� QXLX is a maximalparabolicsubgroupcorrespondingto α � Π

�
X � , then:

1. Kα � �QX � QX
� .

2. Qα
X is an irreducibleL !X-modulewith % α asits TL +X -highweight.

Proof. See3.2 in [10] (rememberingthatX is of typeAm, Dm, or E6).

Again assumet � G. Let PX bea parabolicsubgroupof X (not necessarilyt-stable)containingthefixed
t-stableBorel subgroupBX. EmbedPX in a parabolicsubgroupPY of Y via theabove construction.Write
L !Y � L1 M 
�
�
 M Lr , a direct productof simplegroups. By Lemma2.2, L !Y actsirreducibly on V1 � QY � �
V ).�V � QY

� . ThenV1 � QY � � V1 2 
�
�
 2 Vr wherefor eachi, V i is anirreduciblemodulefor Li . Theembedding
LX

� LY givesanembeddingof L !X into L1 M 
�
�
 M Lr , andvia theprojectionsL !X � Li , any Li-module,in
particularV i , canberegardedasa modulefor L !X.

SinceQX � QY, wehave �V � QX
� �N�V � QY

� andhenceV ).�V � QY
� is aquotientof V )*�V � QX

� � V1 ).�V1 � QX
� �

V2 ).�V2 � QX
� , with eachof thesesummandsirreducibleL !X-modules.SinceL !X � L !Y, this implies thateither

V ).�V � QY
� is irreduciblefor L !X, or V )*�V � QY

� � V ).�V � QX
� � V1 )*�V1 � QX

� � V2 ).�V2 � QX
� . Lemma2.9 tells us

thatthelatterhappenswhenPX is t-stable.
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Lemma 2.11. If V, PX
� LXQX, PY

� LYQY, and Li are as above with PX t-stable, thenonly oneLi acts
nontrivially onV )*�V � QY

� .
Proof. By Lemma2.9, V )*�V � QY

� � V )*�V � QX
� � V1 )*�V1 � QX

� � V2 )*�V2 � QX
� . Let V i be the obvious mod-

ule for Li asabove (i.e. if Li correspondsto � α j � α j � 1 ��������� αk � � Π
�
Y � , thenV i is the Li-modulewith high

weight a jλ j / a j � 1λ j � 1 / 
�
�
 / akλk). Then 2 iV i 	 L +X � V ).�V � QY
� � V1 )*�V1 � QX

� � V2 ).�V2 � QX
� � V !1 � V !2,

with the latter two (restricted)irreducibleL !X-modules.Notice thatV ).�V � QY
� hasno tensordecomposable

L !X-submodules,sincetheonly L !X-submodulesof V )*�V � QY
� areisomorphicto V !1 or V !2, which arebothirre-

ducibleL !X-modules,andLemma2.1 impliesthatno irreducibleL !X-moduleis tensordecomposable.
Noneof theV i canbereducibleasL !X-modules:AssumeV1 hasanL !X-submoduleV ! . ThenV ! 2 V2 2 �����

is a propertensordecomposableL !X-invariantsubspaceof V )*�V � QY
� , which is impossibleby theabove. So

eachof theV i is anirreducibleL !X-module;they arerestrictedaswell, sincethesumof theirL !X-highweights
mustbeanL !X-highweightin V )*�V � QY

� , andthesearebothrestrictedby assumption.
Similarly, assumetherearemorethantwoV i . ThenV1 2 V2 is notanirreducibleL !X-modulebySteinberg’s

tensorproducttheorem([13]) (sincethereis no twist in theembeddingL !X 3 � Li), so it musthave a proper
L !X-invariantsubspaceV ! . But thenV ! 2 V3 2 ����� is a propertensordecomposableL !X-invariantsubspaceof
V ).�V � QY

� , which is againacontradiction.
Soassumetwo V i arenontrivial; we haveV1 2 V2 � V !1 � V !2, all restrictedirreducibleL !X-modules.Let

λi be the TY ? Li
� TLi -high weight of V i ; γi the TX ? L !X � TL +X -high weight of V !i . The Levi factorLY

�
CY
�
Z
�
LX � 6 � is t-stablesinceLX is; henceL !Y is t-stable.NotethateachLi hasrankgreaterthan1 (sinceL !X

projectsnontrivially to Li). ThusthesubsystemgroupsL1 andL2 areeitherinterchangedby t (if Y hastype
An andt )� Y) or fixedby t (if t � Y orY hastypeotherthanAn). Let v1 (respectivelyv2) beaTL +X -highweight

vectorof V1 (respectively V2), with respectto BX ? L !X � BL +X (a Borel subgroupof L !X). Thenv1 2 v2 is a

TL +X -highweightvectorof V1 2 V2 � V ).�V � QY
� , andsinceZ � Z

�
LX � 6 inducesscalarsonV ).�V � QY

� , v1 2 v2

is in factaTLX
� TX-highweightvectorin V ).�V � QY

� .
AssumethatY � An andt )� Y, soLt

1
� L2. Thenλ is symmetricwith respectto thegraphautomorphism

(sincet actsonV), so
�
v1 � t � Kv2 and

�
v2 � t � Kv1 (ast stabilizesBL +X andTL +X ).

If L1 andL2 arefixed by t, then t preserveseachof V1 andV2; hence,as t stabilizesBL +X and TL +X , it

stabilizesKv1 andKv2. Soin any case,
�
v1 2 v2 � t � K

�
v1 2 v2 � , which is a contradictionasthetwo TX-high

weight1-spacesin V1 2 V2 areinterchangedby t. Sooneof theV i mustbetrivial.

Onefinal cruciallemma,dueto Suprunenko:

Lemma 2.12. Let H bea simplealgebraic groupof typeAl , andM an irreducibleH-modulewith restricted
high weightγ. Let O be the Weyl modulefor H with high weightγ. Assumethat µ is a weightsuch thatO µ �� 0. ThenMµ �� 0.

Proof. This is theresultof [15].

3. THE Dn � Bn CASE

In Section4, wewill presenttheproofof Theorem1 for thecasewhenW 	 X is reducible.It turnsout that
thehardestcasewill bewhenX � Dn � Bn

� Y, sowe do thatcasefirst. Sowe assumeX � Dn, G � X � t 
 ,
Y � Bn, with X containedin Y in theusualway.

Notationis asbefore.For H analgebraicgroup,let L
�
H � denotetheLie algebraof H. For a simpleLie

algebrawith root systemΦ having basis � α1 ��������� αm � , we usethe standardChevalley basis � eα � fα � hi 	α �
Φ � � 1 � i � m� , satisfyingtheusualrelations(in particular, � eαi fαi

� � hi). Theusualorderingonweightswill
bedenotedby P .

Throughoutthissection,X is asimplealgebraicgroupoverK of typeDn, embeddedin Y � Bn in theusual
way (asthederivedgroupof thestabilizerof a 1-space).

First we prove a propositionfor irreduciblerepresentationsof simpleLie algebras.The methodsused
in theproof of thepropositionhave aninterestingapplicationto therepresentationtheoryof thesymmetric
groups;see[6].
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3.1. Lie Algebra Representations.Let V be an irreducibleL
�
Bn � -module,with high weight λ � a1λ1 /

a2λ2 / 
�
�
 / anλn, an �� 0 (λi thefundamentaldominantweightcorrespondingto therootαi), andhighweight
vectorv� . Assumep �� 2. For theweightµ � λ % � αi / 
�
�
 / αk � (k � i), Vµ is spannedby vectorsof theform

fαi � C C C � αi Q l fαi Q l Q 1 � C C C � αi Q l + ����� fαi Q l R mS Q 1 � C C C � αkv� � �
†�

whereevery fβ involvessomeα j suchthata j �� 0. For suchak � i, letVi T k denotethespanof all of theabove
termsexceptfor fαi � C C C � αkv� ; soVi T k � Vµ.

Proposition3.1. LetV andλ beasabove. Let ai , am benon-zero labelswith m
&

i. If fαr � C C C � αmv� � Vr Tm
for all i � r � m,then fαi � C C C � α j v� � Vi T j , wherea j is thefirstnon-zero labelafterai.

Proof. Assumethehypotheses.If j � m, thePropositionisvacuous;soassumetherearenon-zerocoefficients
betweenai andam; we proceedby inductionon thenumberof suchnon-zerocoefficients.Let ak bethelast
non-zerocoefficientbefoream.

For thecalculationsbelow, recallthatsincev� is a maximalvector, eβv� � 0 for any β � Σ � , andthateβ
and fδ commutewhenever β % δ )� Σ. If β % δ � Σ, theneβ fδ

� fδeβ / deβ � δ for somed � N
�
β ��% δ �U�WV

(wherefor α � Σ � , eα
� f � α).

Lemma 3.2. fαr � C C C � αkv� � Vr T k for all i � r � k.

Proof. Assumethatthereis anr �J� i � k % 1� suchthat fαr � C C C � αkv� )� Vr T k.
To say fαr � C C C � αmv� � Vr Tm is to saythatthereis a non-zerolinearcombination

0 � fαr � C C C � αmv� / ∑X
ρ1 T 5 5 5 T ρs Y d X ρ1 T 5 5 5 T ρs Y fρ1 ����� fρsv� � �[Z �

where fρ1 ����� fρsv� is a termof type(†), with s � 2 and∑ρl
� αr / 
�
�
 / αm.

Now considerthosesummandsof theright-handsideof
�\Z � which give a multiple of fαr � C C C � αkv� when

theproducteγ1 ����� eγq is applied,whereγ1
� αk� 1 / 
�
�
 / αk� l1 � γ2

� αk� l1 � 1 / ����� and∑γl
� αk� 1 / 
�
�
 / αm.

Sinceeachfρ mustinvolvesomeαl with al �� 0, thesetermsareexactly the

Fl v� � fαr � C C C � αk Q l fαk Q l Q 1 � C C C � αmv� � 0 � l � m % k �
sinceall thecoefficientsbetweenak andam are0. Noticethatsuchaproductof eγ’sappliedto asummandof�[Z � givesa multipleof a generatorof type

�
†� .

Let thecoefficient of Fl v� in
�[Z � bebl ( � d X αr � C C C � αk Q l T αk Q l Q 1 � C C C � αm Y ); notethatbm� k

� 1. Sinceby our
assumptionfαr � C C C � αkv� is notacombinationof otherterms(†) whichappearin theλ % � αr / 
�
�
 / αk � weight
space,any eγ1 ����� eγq (γl asin thelastparagraph)mustkill ∑bl Fl v� . In particular,

Es
� eαk Q 1 � C C C � αk Q seαk Q sQ 1 � C C C � αm � 0 � s � m % k �

mustkill thissum.
Now assumefαr � C C C � αk G 1v� )� Vr T k � 1. Considerthesummandsin

�\Z � whichgiveamultipleof fαr � C C C � αk G 1v�
whensomeeγ1 ����� eγq (whereγ1

� αk / 
�
�
 / αk� l1 � γ2
� αk� l1 � 1 / ����� , and∑γl

� αk / 
�
�
 / αm) is applied.
They aretheFl v� (0 � l � m % k), and

Gl v� � fαr � C C C � αk G 1 fαk � C C C � αk Q l fαk Q l Q 1 � C C C � αmv� � 0 � l � m % k

(notethatwe neednot includeGm� k
� fαr � C C C � αk G 1 fαk � C C C � αmv� hereby our assumptionthat fαk � C C C � αmv� �

Vk Tm).
By theassumptionthat fαr � C C C � αk G 1v� )� Vr T k � 1, it follows that fαr � C C C � αk G 1v� �� 0. Soany eγ1 ����� eγq (γl as

in thelastparagraph)mustkill
m� k

∑
l ] 0

bl Flv� / m� k � 1

∑
l ] 0

cl Gl v� �
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wherecl is thecoefficientof Gl in
�[Z � . In particular, eαkEs mustkill ∑cl Gl v� for every 0 � s � m % k. The

following showsthatEsGl v� � 0 if s �� l : Assumes � l . Then

EsGl v� � �
eαk Q 1 � C C C � αk Q seαk Q sQ 1 � C C C � αm fαr � C C C � αk G 1 fαk � C C C � αk Q l fαk Q l Q 1 � C C C � αm � v�� eαk Q 1 � C C C � αk Q s

�
fαr � C C C � αk G 1 fαk � C C C � αk Q l eαk Q sQ 1 � C C C � αm fαk Q l Q 1 � C C C � αmv� �� deαk Q 1 � C C C � αk Q s

�
fαr � C C C � αk G 1 fαk � C C C � αk Q l eαk Q sQ 1 � C C C � αk Q l v� � � 0

for somestructureconstantd. A similar calculationholdsfor s & l . Also,

eαkEl Gl v� � eαk fαr � C C C � αk G 1eαk Q 1 � C C C � αk Q l fαk � C C C � αk Q l eαk Q l Q 1 � C C C � αm fαk Q l Q 1 � C C C � αmv�� ^ eαk fαr � C C C � αk G 1 fαkhαk Q l Q 1 � C C C � αmv�� ^ akam fαr � C C C � αk G 1v� �
So:

0 � eαkE0
�
∑cl Gl v� � � ^ c0akam fαr � C C C � αk G 1v�`_ c0

� 0

0 � eαkE1
�
∑cl Gl v� � � ^ c1akam fαr � C C C � αk G 1v� _ c1

� 0

...

0 � eαkEm� k � 1
�
∑cl Gl v� � � ^ cm� k � 1akam fαr � C C C � αk G 1v� _ cm� k � 1

� 0 �
Sothis implies∑cl Gl v� � 0. But then:

0 � eαk � C C C � αm

�
∑blFl v� / ∑cl Gl v� � � eαk � C C C � αm

�
∑bl Flv� �� d fαr � C C C � αk G 1v�

with

d � a ^ 2 if m � n^ 1 otherwise

(asFm� kv� � fαr � C C C � αmv� is theonly termin ∑bl Fl v� not killed by eαk � C C C � αm). But this is a contradiction,
sincewehaveassumedp �� 2.

Soourassumptionthattherewasanr, i � r � k, suchthat fαr � C C C � αkv� )� Vr T k and fαr � C C C � αk G 1v� )� Vr T k � 1

mustbefalse;i.e. for every r, i � r � k, either(i) fαr � C C C � αkv� � Vr T k, or (ii) fαr � C C C � αk G 1v� � Vr T k � 1. We want
to show thatin fact(i) holdsalways.Thereareseveralcases:

(a) If r � k % 1 and fαr � C C C � αk G 1v� � Vr T k � 1, weseethat:

fαr � C C C � αkv� � fαk fαr � C C C � αk G 1v� % fαr � C C C � αk G 1 fαkv�� ∑X
ρ1 T 5 5 5 T ρm Y TmB 2

fαk fρ1 ����� fρmv� % fαr � C C C � αk G 1 fαkv�� ∑ fρ1 ����� fρmG 1 fαk fρmv� % fαr � C C C � αk G 1 fαkv�� ∑ fρ1 ����� fρm fαkv� / sfρ1 ����� fρm � αkv� % fαr � C C C � αk G 1 fαkv�
for someintegerss (dependingon

�
ρ1 ��������� ρm� ), so fαr � C C C � αkv� � Vr T k.

(b) If r � k % 1 andak � 1 �� 0, (ii) cannothappen,sinceVk � 1 T k � 1
� 0 and fαr � C C C � αk G 1v� � fαk G 1v� �� 0.

(c) If r � k % 1 andak � 1
� 0, then

fαk G 1 � αkv� �;^ � fαk fαk G 1v� % fαk G 1 fαkv� � �<^ fαk G 1 fαkv� �
sinceak � 1

� 0. So fαr � C C C � αkv� � fαk G 1 � αkv� � Vk � 1 T k � Vr T k.
SotheLemmais proved.

Sincetherearefewernon-zerolabelsbetweenai andak thanbetweenai andam, by our inductivehypoth-
esis fαi � C C C � α j v� � Vi T j . SothePropositionis proved.
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3.2. The caseDn � Bn. AssumeX � Dn is embeddedin Y � Bn in theusualway (asthederivedgroupof
thestabilizerof a 1-spacein thenaturalmodulefor Y). Now V is a restrictedirreducibleKBn-module,with
high weightλ � a1λ1 / a2λ2 / 
�
�
 / anλn (recall thatλi is thefundamentaldominantweightcorresponding
to theroot αi of Y � Bn) andhighweightvectorv� . ThenDn is thesubgroupof Bn generatedby all theroot
subgroupscorrespondingto long roots,andt maybechosento bea representative in Bn of theWeyl group
reflectionsαn. TheK-vectorspaceV is irreducibleasa KDn � t 
 - module,but notasa KDn-module.Thehigh
weightsof V asaDn-modulearerestricted.Thesymbol“ b ” will meancongruentmodulop.

Theorem3.3. If p �� 2, thenV restrictedto KDn � t 
 is irreducibleif andonlyif an
� 1, � λ / ρ � αi / 
�
�
 / α j 
0b

1 for everypair of successivenon-zero coefficientsai � a j with i � j � n. If p � 2, thenV restrictedto KDn � t 

is irreducibleif andonly if an

� 1 andai
� 0 for i � n.

Notethatin any characteristic,thespinmodule(highweightλn) for Bn is thesumof two spinmodulesfor
Dn.

Proof. We will work over theLie algebrasof X andY, ratherthanthegroupalgebras.By Lemma1.1 ii) of
[10], V is an irreducibleL

�
Bn � -module.Thenotationfor elementsof theLie algebrawasintroducedin the

previoussection.Theproofwill consistof a seriesof Lemmas.
The following arethe rootswhich correspondto nodesof the Dynkin diagramsfor X andY (sincewe

know theembeddingX 3 � Y precisely, andX containsthefull maximaltorusof Y, weknow whattheβi are
in termsof theα j ):

$ $ $ $&
�
�
α1 α2 αn � 1 αn $ $ $ $
$' ' '( ( (
�
�
α1 α2 αn � 2

αn � 1

αn � 1 / 2αn

Thefundamentaldominantweightsfor X are

$ $ $ $
$' ' '( ( (
�
�
λ1 λ2 λn � 2

λn � 1 % λn

λn

whereλ1 � λ2 ��������� λn arethefundamentaldominantweightsfor Bn.

Lemma 3.4. Assumethatan � 1 andp �� 2. ThenV � L
�
Dn � v� � L

�
Dn � fαnv� asa KDn-moduleif andonly

if fαi � C C C � αnv� � L
�
Dn � fαnv� and fαi � C C C � αn fαnv� � L

�
Dn � v� for all i � n.

Proof. Note that fαnv� is a maximalvectorfor Dn, andasmentionedabove Dn containsthe full maximal
torusof Bn._ : First: fαi � C C C � αnv� � L

�
Dn � fαnv� . This is clear if fαi � C C C � αnv� � 0 for every i. If this is not the

case,let i � n suchthat0 �� w � fαi � C C C � αnv� . Thenw is a weightvectorof weightµ � λ % � αi / 
�
�
 / αn � .
So if w � w1 / w2, with w1 � L

�
Dn � v� andw2 � L

�
Dn � fαnv� , thenw1 � w2 areboth alsoweightvectorsof

weight λ % � αi / 
�
�
 / αn � ; so w1
� 0, sinceall weightsappearingin L

�
Dn � v� areof the form λ % β for

β �c� α1 ��������� αn � 1 � αn � 1 / 2αn 
 . Thusw � w2 � L
�
Dn � fαnv� . Similarargumentsshow that fαi � C C C � αn fαnv� �

L
�
Dn � v� .d : LetV1

� L
�
Dn � v� andV2

� L
�
Dn � fαnv� . Weclaimthatif fαi � C C C � αnv� � V1 � V2 and fαi � C C C � αn fαnv� �

V1 � V2 for all i � n, thenV � V1 � V2.

Proof (claim). a)Firstweprovethatthehypothesesof theclaim imply

fγ1 ����� fγs f a
αn

v� � V1 � V2 �
whenevera � 0or1,γ1 isashortroot,andγ2 ��������� γs arelong.Assumethisis notthecase,andlet fγ1 ����� fγm f a

αn
v�

bea counterexamplewith m minimal. By thehypothesis,m � 2. Then

fγ1 ����� fγm f a
αn

v� � fγ2 fγ1 fγ3 ����� fγm f a
αn

v� / N
�
γ1 � γ2 � fγ1 � γ2 fγ3 ����� fγm f a

αn
v� �
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and fγ1 fγ3 ����� fγm f a
αn

v� (thus fγ2 fγ1 fγ3 ����� fγm f a
αn

v� ) and fγ1 � γ2 fγ3 ����� fγm f a
αn

v� arein V1 � V2 by theminimality
of m. But thiscontradictsourassumptionthat fγ1 ����� fγm f a

αn
v� )� V1 � V2. Soa) is proved.

b) TheY-moduleV is spannedby elementsof theform fβ1
����� fβe v� , with theβi rootsof Y � Bn. Assume

theclaim is false,andlet fβ1 ����� fβmv� beoneof thesespanningelementsnot in V1 � V2, with m minimal. By
minimality, fβ1

����� fβmv� � fβ1

�
∑afγ1 ����� fγsv� / ∑bfε1 ����� fεt fαnv� ), whereall the γ j � ε j arelong roots. By

a), andour assumption(that fβ1
v� � fβ1

fαnv� � V1 � V2 if s � 0 or t � 0), fβ1
����� fβmv� � V1 � V2 (sincethe

only shortrootsaretheαi / 
�
�
 / αn), contraryto ourchoiceof fβ1 ����� fβmv� . Sotheclaim is proved.

Finally, it is clearthat fαi � C C C � αnv� � L
�
Dn � v� � L

�
Dn � fαnv� if andonly if fαi � C C C � αnv� � L

�
Dn � fαnv� , by

consideringtherootsthatappearin eachsummand;asimilarargumentholdsfor fαi � C C C � αn fαnv� . Puttingthis
togetherwith theclaim,wehave thelemma.

Assumenow thatV is thedirectsumof two irreducibleL
�
Dn � -modules.ThegroupX � Dn containsthe

full torusT of Bn, soa Bn-high weightvectorv� � V mustalsobea weightvectorfor Dn. If v� � v1 / v2

(vi � Vi), thenv1, v2 arebothweightvectorsof weightλ, theBn-highweight.But thehighweightspacein V
hasdimension1. Sov1

� 0 or v2
� 0, which impliesthatv� is in oneof thesummandsV1 � V2. Fix a Borel

subgroupB! of Dn containedin theBorelsubgroupB of Bn. SinceB stabilizesKv� , sodoesB! . Thusv� is a
maximalvectorin oneof theirreduciblesummands.Sooneof thesummandshasmarking

$ $ $ $
$' ' '( ( (
�
�
a1 a2 an � 2

an � 1

an � 1 / an

�
Call the Dn-modulewith this markingV1. Sincet interchangesthe two summandsandcorrespondsto the
graphautomorphism,theothersummandhasmarking

$ $ $ $
$' ' '( ( (
�
�
a1 a2 an � 2

an � 1 / an

an � 1

�
We call thisDn-moduleV2. Noticeanotherexpressionfor thishighweight:a1λ1 / 
�
�
 / an � 2λn � 2 / � an � 1 /
an � � λn � 1 % λn � / an � 1λn

� a1λ1 / 
�
�
 / an � 2λn � 2 / � an � 1 / an � λn � 1 % anλn
� λ % anαn.

Sincethe Bn-high weight spacehasdimension1, an �� 0 (elsethereis a Bn-high weight vectorin each
summand,whichis impossibleasabove). In thesecondsummand,thehighweightis a1λ1 / 
�
�
 / an � 2λn � 2 /�
an � 1 / an � λn � 1 % anλn

� λ % anαn.
Theweightλ % αn appearsin V (sincean �� 0). Soit mustappearin oneof theDn-summands(theearlier

argumentthat v� is in oneof the summandsshows that any weight which appearsin V mustappearin at
leastoneof the summands).It clearlycannotappearin V1 (theonly weightsappearingthereareλ % β for
β �c� α1 ��������� αn � 1 � αn � 1 / 2αn 
 ), soit mustbein V2, which impliesan

� 1.
NotethatV2

� L
�
Dn � fαnv� andV1

� L
�
Dn � v� . Soby thelastLemma,

fαi � C C C � αnv� � L
�
Dn � fαnv�

for all 1 � i � n.
For w � V, let L

�
Dn � � w denotethe spanof all fβ1

����� fβmw for βi � Σ � � Dn � . Notice that for w � v� or
w � fαnv� , wehaveL

�
Dn � � w � L

�
Dn � w, astheeβ for β � Σ � � Dn � annihilatethesevectors.

Lemma 3.5. Let Vr T k be as before. Fix i and m such that 1 � i � m � n. Then fαr � C C C � αmv� � Vr Tm for all
r �f� i � m� if andonly if fαr � C C C � αmv� � L

�
Dn � � fαmv� for all r �J� i � m� .

Proof. d : This is clear, asL
�
Dn � � fαmv� ? Vλ � X αr � 5 5 5 � αm Y � Vr Tm._ : This is clear for m � i / 1, so assumes � m % i & 1 andwe have proved the Lemmafor m % i �

s; and that fαr � C C C � αmv�g� Vr Tm for all i � r � m. Considerr suchthat i � r � m. If i � r then by the
inductive hypothesisfαr � C C C � αmv� � L

�
Dn � � fαmv� , and fαi � C C C � αmv� is a linearcombinationof termsof the
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form ����� fαr � C C C � αmv� , wherer & i. All thesetermsarein L
�
Dn � � fαmv� by induction;thussois fαi � C C C � αmv� .

Now by Proposition3.1 and the last two Lemmas, fαi � C C C � α j v� � Vi T j whenever ai � a j are consecutive
non-zerolabels: Lemma3.4 implies that fαi � C C C � αnv� � L

�
Dn � fαnv� for every i; then Lemma3.5 gives

fαr � C C C � αnv� � Vr T n for every i andevery i � r � n; finally, Proposition3.1 impliesthat fαi � C C C � α j v� � Vi T j for
every i, wherea j is thefirst non-zerocoefficient afterai . Recallthatan

� 1, andthat“ b ” meanscongruent
modulop.

Lemma 3.6. Let1 � i � j � n such thatal
� 0 for i � l � j , but ai �� 0 �� a j . Then

fαi � C C C � α j v� � Vi T j d _ a
2ai bE% 2

�
j % i �0% 1 if j � n

ai / a j b i % j if j � n.

Proof. Theλ % � αi / 
�
�
 / α j � -weightspaceis spannedby� Fkv� � fαi � C C C � αk fαk Q 1 � C C C � α j v� 	 i � k � j �ih � fαi � C C C � α j v� � �
So fαi � C C C � α j v� � Vi T j if andonly if thereis a relation

0 � fαi � C C C � α j v� / j � 1

∑
k] i

bkFkv� � �[ZFZ �

Thevectorontherighthandsideof
�\ZFZ � is0 if andonly if it iskilled byall eαl ’s:

0 � eα j

�
fαi � C C C � α j v� / ∑ j � 1

k] i bkFkv� �� afαi � C C C � α j G 1v� / a jb j � 1 fαi � C C C � α j G 1v�kj a � 2 if j n

1 if j n
a jb j 1 a

0 � eα j G 1

�
fαi � C C C � α j v� / ∑ j � 1

k] i bkFkv� �� % b j � 2 fαi � C C C � α j G 2 fα j v� / b j � 1 fαi � C C C � α j G 2 fα j v b j 2 b j 1

0 � eα j G 2

�
fαi � C C C � α j v� / ∑ j � 1

k] i bkFkv� �� % b j � 3 fαi � C C C � α j G 3 fα j G 1 � α j v� / b j � 2 fαi � C C C � α j 3 fα j 1 α j v b j 3 b j 2
...

0 � eαi Q 1

�
fαi � C C C � α j v� / ∑ j � 1

k] i bkFkv� �� % bi fαi fαi Q 2 � C C C � α j v� / bi � 1 fαi fαi Q 2 � C C C � α j v� bi bi 1

0 � eαi

�
fαi � C C C � α j v� / ∑ j � 1

k] i bkFkv� �� % fαi Q 1 � C C C � α j v� / � ai / 1� bi fαi Q 1 � C C C � α j v� / bi 1 fαi 1 α j v/ b j � 1 fαi Q 1 � C C C � α j v� 1 bi ai 1 ∑ j 1
k i 1bk 0

(Thisusesthefactthatwemaychoosethesignof N
�
α � β � for all extraspecialpairsα � β ([1, page58]). We

choosethemsothat � eαk Q 1 � C C C � α j � eαk
� � % eαk � C C C � α j ; this forcesall of theabovesigns.)

For l � i or l & j, eαl

�
fαi � C C C � α j v� / ∑ j � 1

k] i bkFkv� � � 0 trivially.

Soif j � n, theabove impliesthatbi
� 
�
�
 � b j � 1

� % 2
a j

� % 2. Thenthelastequation(for eαi ) givesthe

relation % 1 % 2
�
ai / 1� / � j % i % 1� � % 2� � 0; i.e. % 2ai % 2

�
j % i �0% 1 � 0, or 2ai

� % 2
�
j % i �0% 1.

If j � n, thenbi
� 
�
�
 � b j � 1

� % 1
a j

. Sotheequationfor eαi gives % 1 % 1
a j

�
ai / 1�L% 1

a j

�
j % i % 1� � 0, or

a j / ai
� i % j.

Thiscompletestheproofof theLemma.

Thatthesetof congruencesgivenin theLemmais equivalentto theconclusionof Theorem3.3is clear:If
ak is thelastnon-zerolabelbeforean, then

1 b � λ / ρ � αk / 
�
�
 / αn 
 � 2 � λ / ρ � αk / 
�
�
 / αn � 1 
 / � λ / ρ � αn 
 � 2
�
ak / 1� / 2

�
n % k % 1� / 2l 2ak bE% 2

�
n % k�0% 1 �



12 BEN FORD

Also, if ai � a j areconsecutivenon-zerolabelswith j � n, then

1 b � λ / ρ � αi / 
�
�
 / α j 
 � �
λ / ρ � αi / 
�
�
 / α j � � ai / a j / � j % i / 1�l ai / a j b i % j �

Thiscompletestheproofof Theorem3.3in onedirection.
Now assumeV is asin thesetupof thetheorem(anirreduciblerestrictedKBn-module),andthatλ satisfies

thecongruencesin thelastLemma(by thecommentsabove,this is equivalentto satisfyingthecongruences
in theTheorem).We needto show V is irreducibleasa � Dn � t 
 -module.

By Lemmas3.4and3.5, if we show fαi � C C C � αnv� � Vi T n and fαi � C C C � αn fαnv� � L
�
Dn � v� for all i � n, then

V � L
�
Dn � v� � L

�
Dn � fαnv� asanL

�
Dn � -module.First we show that in fact fαi � C C C � αmv� � Vi Tm for every i

andmwith 1 � i � m � n:
a)Assumetherearenonon-zerolabelsbetweenai andam. Thenby Lemma3.6, fαi � C C C � αmv� � Vi Tm. there

is a relation fαi � C C C � αnv� � % ∑n � 1
k] i bkFkv� � L

�
Dn � fαnv� � Vi T n.

b) Assumethereare r
& 2 non-zerolabelsbetweenai andam (inclusive), andthat we have proved the

resultfor fewer thanr non-zerolabels.Then

fαi � C C C � αmv� �;^ � fαi � C C C � αmG 1 fαmv� % fαm fαi � C C C � αmG 1v� ���
We have fαi � C C C � αmG 1 fαmv� � Vi Tm, and fαi � C C C � αmG 1v� � Vi Tm� 1 by induction. So fαi � C C C � αmG 1v� is a sumof
termsof type(†) with morethanone fβ. Then fαm commuteswith all but the last fβ in eachof the terms;
thus fαm fαi � C C C � αmG 1v� � Vi Tm. So fαi � C C C � αmv� � Vi Tm.

Next we mustshow that fαi � C C C � αn fαnv� � L
�
Dn � v� for every i � n. We useinduction,doing the base

casesmuchasin theproofof Lemma3.6.
Let i � n % 1. Theλ % � αn � 1 / 2αn � -weightspaceis spannedby� fαn G 1 � 2αnv� � fαn G 1 � αn fαnv� � fαn G 1 fαn fαnv� � �

Thethird elementin thissetis 0,asan
� 1. Setb � 1 if an � 1

� 0, andsetb � % 2 if an � 1 �� 0. Thenthevector

w � fαn G 1 � αn fαnv� / bfαn G 1 � 2αnv�
is trivially annihilatedby eαl for l � n % 1; eachsummandis annihilatedby eαn G 1; andfinally,

eαn fαn G 1 � αn fαnv� / beαn fαn G 1 � 2αnv�� fαn G 1 � αnhαnv� / 2 fαn G 1 fαnv� / bfαn G 1 � αnv�� a �
1 / 2N

� % αn � 1 ��% αn � / b� fαn G 1 � αnv� � �
b % 1� fαn G 1 � αnv� � 0 if an � 1

� 0 ��
b / 2� fαn G 1 � αnv� � 0 if an � 1 �� 0 �

Sincew is nota highweightvector, thisshowsthatit mustin factbe0, so fαn G 1 � αn fαnv� � L
�
Dn � v� .

Next let i � n % 2. Now theλ % � αn � 2 / αn � 1 / 2αn � -weightspaceis spannedby� fαn G 2 � αn G 1 � 2αnv� � fαn G 2 � αn G 1 � αn fαnv� � fαn G 2 fαn G 1 � 2αnv� � �
aswe just showedthatweneedn’t include fαn G 2 fαn G 1 � αn fαnv� , and

fαn G 2 � αn G 1 fαn fαnv� � 0 � fαn G 2 fαn G 1 fαn fαnv� �
sincean

� 1.
If an � 1

� 0, let b1
� 2 andb2

� % 2. If an � 1 �� 0, let b1
� 2 andb2

� 1. Thenin calculationssimilar to
thoseabove,wefind thateαl annihilates

w � fαn G 2 � αn G 1 � αn fαnv� / b1 fαn G 2 fαn G 1 � 2αnv� / b2 fαn G 2 � αn G 1 � 2αnv� �
soin factthissumis 0 and fαn G 2 � αn G 1 � αn fαnv� � L

�
Dn � v� (theonly complicationis thatin thecasean � 1 �� 0,

wewereforcedto againapplytheeαl to show thateαnw � 0).
Finally, assumethat i � n % 3. Then

fαi � C C C � αn fαnv� � fαn fαi � C C C � αnv� / bfαi � C C C � 2αnv�
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for someb, so fαi � C C C � αn fαnv� � L
�
Dn � v� if andonly if fαn fαi � C C C � αnv� � L

�
Dn � v� . We have

fαn fαi � C C C � αnv�� ^ � fαn fαi � C C C � αn G 2 fαn G 1 � αnv� % fαn fαn G 1 � αn fαi � C C C � αn G 2v� �� ^ � fαi � C C C � αn G 2 fαn fαn G 1 � αnv� % fαn fαn G 1 � αnw���
wherew � Vi T n � 2 (wehave fαe � C C C � αm � V� Tm whenever1 �nmU� m � n). Thefirst termin this lastexpressionis
in L

�
Dn � v� by theabove,andw is asumof termsof type

�
†� with atleasttwo fβ. Thus fαn fαn G 1 � αn commutes

with all but thelastof thesefβ, andby inductionweareagainin L
�
Dn � v� . So fαi � C C C � αn fαnv� � L

�
Dn � v� for

every i � n.
Westill mustshow thatV1

� L
�
Dn � v� andV2

� L
�
Dn � fαnv� areirreducibleL

�
Dn � -modules.By theabove,

V � V1 � V2 asL
�
Dn � -modules.Also, V ,� V # asL

�
Bn � -modules,thusasL

�
Dn � -modules.Now considerV

asanL
�
Dn � -module;it hasa quotientV

�
λ � . If n is even,thenV

�
λ ��# ,� V

�
λ � ([10, 1.8]), soV # ,� V hasV

�
λ �

asa submodule.Sincev� is the only vectorof weight λ, andL
�
Dn � v� � V1, we musthave V1

,� V
�
λ � . If

n is odd,thenV
�
λ ��# ,� V

�
λ % αn � , soV hasV

�
λ % αn � asa submodule.Since fαnv� spansVλ � αn, we have

V2
� L

�
Dn � fαnv� ,� V

�
λ % αn � .

Now doingthesamethingwith V
�
λ % αn � insteadof V

�
λ � , weseethatV1

,� V
�
λ � andV2

,� V
�
λ % αn � . So

V1 � V2 areirreducibleL
�
Dn � -modules.

SotheTheoremis provedfor p �� 2.
Now assumep � 2. By [10, 1.6], V � V ! 2 V ! ! asa KBn- module(thusasa KDn-module),whereV ! is

theirreduciblemodulewith high weighta1λ1 / 
�
�
 / an � 1λn � 1, andV ! ! hashigh weightanλn. If we assume
that V is the sumof two irreduciblesfor L

�
Dn � (V � V1 � V2), then the sameargumentas beforeshows

an
� 1. ThenV ! ! is the sumof two non-zeroirreduciblesfor L

�
Dn � , sayV ! ! � W1 � W2. So V ! 2 V ! ! ��

V ! 2 W1 � � � V ! 2 W2 � � V1 � V2 asDn-modules.But thesameresultin [10] saysthatnorestrictedirreducible
Dn-modulesaretensordecomposable.Sooneof V !o� V ! ! mustbe0. SinceV ! !p�� 0, we musthaveV ! � 0, so
a1
� a2

� 
�
�
 � an � 1
� 0.

Thiscompletestheproofof Theorem3.3.

4. WHEN W 	 X IS REDUCIBLE

Thenotationwill beasin theintroduction:G is analgebraicgroupoverafield K of arbitrarycharacteristic
p (0 or a prime),with simpleidentitycomponentX admittinganouter(graph)automorphism.Soexceptfor
thecaseX � D4, theDynkin diagramfor X hasa singlegraphautomorphisminducinganautomorphismt
of X, andG � X � t 
 . If X � D4, thenAut

�
X � � D4 
 Sym3. Let Sym3

� � s� t 
 , with s3 � 1 � t2. Thenthe
possibilitiesare:G � D4 � t 
 ; G � D4 � s
 ; andG � D4 � s� t 
 .

LetY bea simplealgebraicgroupof classicaltypeandof rankn suchthatX � Y andG � Aut
�
Y � (t may

or maynot bein Y; but if X � D4 ands � G thens � Y sinceno simplegroupproperlycontainingD4 hasan
outerautomorphismof order3). Let � λi � ( � δi � ) bethesetof fundamentaldominantweightsof Y (X), � αi �
( � βi � ) thesetof fundamentalrootsfor Y (X) with respectto somemaximaltorusTY � Y (TX � X) andsome
Borel subgroup.Let V

�
λ � � V beanirreducibleY-moduleonwhichG actsirreduciblybut X actsreducibly,

with λ � ∑aiλi.
In this sectionwe considerthe casewhenX actsreduciblyon the naturalmoduleW for Y. The main

theoremof thesectionis thefollowing:

Theorem4.1. AssumeX actsreduciblyon the natural moduleW for Y. TheneitherY � SL
�
V � , SO

�
V � ,

Sp
�
V � , or

�
X � Y � V � are asin U1, U2, U3, or U4 of Table2.

Theapproachwill beto analyzethevariouspossibilitiesfor aminimalX- or G-invariantsubspaceof W.

4.1. Preliminary Lemmas. Severalpossiblesituationsfor theactionof X onW will arisemorethanonce,
sowehavesomeLemmasto provefirst.

Lemma 4.2. AssumePY is a maximalparabolic subgroup of Y correspondingto the root α j , with j � n
if Y is not of typeAn. Let PY

� LYQY be a Levi decomposition.If there exist only two non-zero quotients
V i � QY � � �V � Qi � 1

Y
� ).�V � Qi

Y
� , anddim

�
V1 � QY ��� � dim

�
V2 � QY ��� , thenoneof thefollowingholds:
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1. V ,� W;
2. n is odd,Y � An, L !Y � An � 1, λ � λ X n� 1Yrq 2; or
3. Y � D4, X � A3, λ � λ3, with V 	 X � VX

�
δ1 � � VX

�
δ3 � andeitherW 	 X � VX

�
δ2 � � 2VX

�
0� , or W 	 X �

VX
�
δ1 � � VX

�
δ3 � .

Proof. Let Λ be the setof TY-weightsof V. Write V i � ∑
µs Λi

Vµ, whereΛi
� � µ � Λ 	µ � λ % β, coefficient

of α j in β � i % 1 � . By 2.7 in [10], V1 ,� V )*�V � QY
� � V1 � QY � andV2 ,� �V � QY

� )*�V � QY � QY
� � V2 � QY � , so

dim
�
V1 � � dim

�
V2 � .

SinceV � V1 � V2, theweightspaceVw0λ mustbein V2 (if Vw0λ � V1 thenV2 � 0,soV � V1 � V ).�V � QY
�

— thusV � V1 is anirreducibleLY-module,which is acontradictionasLY � PY), i.e.w0λ � λ % � 
�
�
 / α j /
�
�
\� . Soλ % w0λ hasα j -coefficient 1. In thecaseswherew0
� % 1 (Dn for n even,Bn � Cn; here j � n), this

implies2λ � 
�
�
 / αn. In theothercases(An, Dn for n odd), let σ bean involutory graphautomorphismof
thegroup;thentheabovegivesλ / λσ � 
�
�
 / α j / ����� (with j � n in theDn case).Thecasesare:t Y � An, L !Y � A j � 1 M An � j : We usethe expressionfor the λi in termsof the αi (e.g. [7, page69])

to calculatethe coefficient (which must be 1 by the above) of α j in λ / λσ. By reversingthe la-
belling if necessary, we may assumej � �

n / 1��) 2. It is a straightforward calculationto seethat
we obtain 1 � �

a1 / an � / 2
�
a2 / an � 1 � / 
�
�
 / j

�
a j / a j � 1 / 
�
�
 / an � j � 1 � . The only nonnegative

integral solutionsto this equationare a1 / an
� 1 � ai

� 0 for i �� 1 � n; and j � 1 � ∑ai
� 1. The

first givesV ,� W. So assumej � 1, 1 � ∑ai. Assumeak
� 1 � ai

� 0 for i �� k. By assumption,
dim

�
V ).�V � QY

� � � dim
� �V � QY

� )*�V � QY � QY
� � .

By Lemma2.2, the high weight of V ).�V � QY
� asan L !Y-moduleis

n

∑
i ] 2

aiλi
� λk 	 L +Y (k � 1 cannot

occurbecausethis would give a top quotientof dimension1 (high weight0) andλ2 asa high weight
for thebottomquotient(asL !Y-modules)by Lemma2.4;but weknow thetwo quotientshave thesame
dimension).The bottomquotienthasa high weight λ % � α1 / 
�
�
 / αk �I	 L +Y � λk� 1 	 L +Y , andsincefor

any k thedimensionof theY-modulewith high weightλk ( u n� 1
k v ) is thesumof thedimensionsof the

L !Y-moduleswith high weightsλk 	 L +Y andλk� 1 	 L +Y ( u n
k � 1 v / u nk v ), λk� 1 is in fact the only high weight

of thebottomquotient. Thesetwo musthave thesamedimension,so u n
k � 1v � u nk v ; thusn is oddand

k � �
n / 1��) 2. Sothis setupdoesgive anexampleof two modulesfor An � 1 summingto a modulefor

An, andwegetitem(2) of theLemma.t Y � Bn: Herethecoefficientof αn in 2λ is 2
n � 1

∑
i ] 1

ai i / ann. Thismustbe1, which is impossible.t Y � Cn: Thecoefficientof αn in 2λ is
n

∑
i ] 1

ai i. This coefficientmustbe1, which impliesa1
� 1 � ai

� 0

for i
& 1. Soherewehaveonly thecaseV ,� W.t Y � Dn, j � n odd: Thecoefficientof αn in λ % w0λ � λ / λσ is

n � 2

∑
i ] 1

ai i / � an � 1 / an �@w n % 1
2 x �

This coefficient must be 1, which implies either a1
� 1 � ai

� 0 for i
& 0, which givesV ,� W, or

n � 3 � a1
� 0 � a2 / a3

� 1. In thesecondinstance,our assumptionis thatΠ
�
LY � � � α1 � α2 � , so there

aretwo distinctpossibilities:
a2
� 1: In the chainV

& �V � QY
� & 0, the top factor is an irreducibleL !Y � A2-modulewith high

weightλ2 	 L +Y ; thesecondfactorhashigh weightλ % � α1 / α2 / α3 �I	 L +Y � 0. Thesetwo have different
dimensions,sowegetnoexampleshere.

a3
� 1: As above, the top factor hashigh weight 0 for L !Y; the secondfactor hashigh weight

λ % α3
� λ1 	 L +Y . Again,thesedonothave thesamedimension.
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n � 2

∑
i ] 1

ai i / an � 1 w n % 2
2 x / an y n

2 z �
This mustbe 1, which implies eithera1

� 1 � ai
� 0 for i & 1, which givesV ,� W; or n � 4 � λ � λ3,

which givesdim
�
V � � 8. SinceX is properin Y � D4, we have X �� D4 andhenceG � X � t 
 . Soas

X-modules,V � V1 � V2, with V1 andV2 irreducibleX-modules,interchangedby t.
Wehavedim

�
V1 � � 4,andtheonly simplegroupsof rank4 or lesswith anirreduciblemoduleof di-

mension4 areA1 C2, andA3. SoX is of typeA3 (notA1 orC2 becauseX admitsagraphautomorphism),
andV1 hashighweightδ1 or δ3.

EveryA3-moduleof dimension� 6p is completelyreducibleby [8], soW is completelyreducibleas
anX-module.Let δ bea TX-highweightof W. If δ is not restricted,thenby Steinberg’s tensorproduct
theorem([13]), VX

�
δ � � Wq1

1 2 
�
�
 2 Wqr
r , wheretheWi arerestrictedirreducibleX-modulesandtheqi

aredistinctpowersof p. If therearetwo or moretermsin thisproduct,thendimVX
�
δ � & 8 (aseachWi

hasdimensionat least4), sothereis in factonly oneterm,Wq1
1 . But then,asin theproofof Lemma2.6,

q1
� 1, asthereis no twist in theactionof X onV (which factorsthroughtheembeddingof X in Y).
We musthaveδ2 or bothδ1 andδ3 asX-highweightsof W (sincetheonly A3-highweightmodules

of dimension8 or lessarethosewith highweight0, δ1, δ2, or δ3; X actsnontrivially onW, ruling out
0; andt doesacton W, so if δ1 appearsthensodoesδ3). In fact,bothof thesepossibilitiesgive the
otherexampleslisted in the Lemma: Let X be the derived groupof the Levi factorof the parabolic
subgroupcorrespondingto � α2 � α3 � α4 � � Π

�
Y � . Then X is of type D3

,� A3; W restrictsto X as
VA3

�
δ2 � � 2VA3

�
0� , andtheY-moduleV � VD4

�
λ3 � restrictsto X asVA3

�
δ1 � � VA3

�
δ3 � . Similarly, if we

let X bethederivedgroupof theLevi factorof theparabolicsubgroupcorrespondingto � α1 � α2 � α3 � ,
thenW restrictsto X asVA3

�
δ1 � � VA3

�
δ3 � , asdoesV. In this lattercaseV ,� W asX-modules,but not

asY-modules.
Finally, in the two casesabove thereis an elementt � Y actingasa graphautomorphismon the

specifiedA3 � Y. Considerthefirst case:X correspondsto thesubsystem� α2 � α3 � α4 � � Π
�
Y � . Here

V restrictsto X asVA3

�
δ1 � � VA3

�
δ3 � � U � U # , whereU is thenaturalmodulefor X. Let � u1 � u2 � u3 � u4 �

bea basisfor U � V, and � u#i � a basisfor U # . Thenby Witt’s theorem,thereis anelementof O
�
V �

sendingui to u#i andu#i to ui for every i; thiselementis in factof determinant1 (it hasdeterminant1 on
every2-space� ui � u#i 
 ), sois in SO

�
V � � Y.

Similarly considerthesecondof thepossibleembeddingsX 3 � Y: X correspondsto thesubsystem� α1 � α2 � α3 � � Π
�
Y � . HereW restrictsto X asthe sumof the naturalmoduleandits dual, andwe

proceedasaboveto find t � Y.

RecallthatV 	 X � V1 � 
�
�
 � Vk, with Vi irreducible(k � 2 exceptpossiblywhenX � D4).

Lemma 4.3. AssumethatW 	 X � W1 � 
�
�
 � Wl whereeachWi is irreducibleasanX-module;rad
�
Wi � � 0 (so

Y hastypeBn, Cn, or Dn); andG permutestheWi transitively. If X �>{ � W1 � ! M 
�
�
 M { � Wl � ! � Y and { � Wi � !
actstrivially oneveryVµ onwhich { � Wj � ! (for somej �� i) actsnontrivially, thenV ,� W.

Proof. LetYi
� { � Wi �|! . WhenwesaythatYi actstrivially onVµ, wemeanthat1 M 
�
�
 M Yi M 1 M 
�
�
 M 1 actsas

scalarsonVµ. SinceG permutestheYi transitively,Yi
,� Yj . ThenaturalmoduleW is symplecticor orthogonal

andrad
�
Wi � � 0, soeachYi is alsosymplecticor orthogonal.SothepossibilitiesareX 3 � Yi irreducibleon

Vi for every i, with X properin eachYi ; andX ,� Yi for every i. ExaminingTable1 in [10], we seethatthere
areno possibilitiesfor thefirst optionexceptperhapsVi

� naturalmodulefor Yi for every i. But thenatural
modulesfor theYi aretheWi , andthey sumto thenaturalmodulefor Y. SothisgivesV ,� W.

If X ,� Yi , thensinceX hasagraphautomorphism,wehaveX ,� Yi
� Dm (notAn becauseWi is orthogonal

or symplectic)for somem; Y � Dlm if p �� 2; Y � Dlm or Clm if p � 2.

Combineorthogonalbases� w X i Y1 � w X i Y� 1 ��������� w X i Ym � w X i Y� m � for theWi to get anorthogonalbasisfor W. Write

W �i � � w X i Y1 ��������� w X i Ym 
 ; thenlet PY
� stab

�
W �1 � M stab

�
W �2 � M 
�
�
 M stab

�
W �l � 1 � M stab

�
Wl � . With respectto an



16 BEN FORD

appropriateBorel subgroupandmaximaltorus,PY is theparabolicsubgroupof Y correspondingto Π
�
Y �D%� αm � α2m ��������� α X l � 1Y m � ; andeachsimplefactorof L !Y (PY

� LYQY) is containedin a distinctYi .
Recallthatλ � ∑aiλi is theTY-high weightfor V. As Yi actstrivially whereYj actsnontrivially, we may

concludethat only onefactorof L !Y actsnontrivially on the highestweight spaceVλ of the irreducibleL !Y-
moduleV )*�V � Q� . If a jm �� 0 for somej � l , thenλ % α jm is anL !Y-highweightin �V � QY

� ).�V � QY � QY
� , andhas

non-zerolabelsontwo connectedcomponentsof Π
�
L !Y � , soasabovewecanconcludethatin facta jm

� 0 for
every j � l .

Let j & m beminimal with respectto a j �� 0. By theabove,m � 	 j or j � n. Then j � am / r for somea,
with 0 � r � m. If r �� m % 1, thenλ % � αam / 
�
�
 / α j � is aL !Y-highweightin V2 � QY � with non-zerolabelson
two connectedcomponents,whichis acontradiction.If r � m % 1 and j �� n % 1, thenλ % � α j / 
�
�
 / α X a� 1Y m�
is therequiredhighweightof V2 � QY � . Finally, if j � n % 1 or j � n, thenλ % � α X l � 1Y m / 
�
�
 / α j � (if Y � Cn)
or λ % � α X l � 1Y m / 
�
�
 / αn � 2 / α j � is ahighweightgiving thesamecontradiction.Soa j

� 0 for j � m.
If ai �� 0 for some1 � i � mor a1

& 1 (let i � 1 in thiscase),with a j
� 0 for j & i, thenλ % � λi / 
�
�
 / λm �

is an L !Y-high weight in �V � QY
� )*�V � QY � QY

� , againwith non-zerolabelson two connectedcomponentsof
Π
�
L !Y � . Sotheonly possibilityis a1

� 1 � ai
� 0 for i

& 1; in otherwords,V ,� W.

Lemma 4.4. Assumethat G � X � t 
 , andthatW � W1 � W2, with X stabilizingW1 andW2, t stabilizingthe
decomposition,andrad

�
W1 � � 0. Thenoneof thefollowingholds:

1. V ,� W;
2. U2 of Table2; or
3. U3 of Table2.

Proof. Let Y1
� { � W1 � ! ; Y2

� { � W2 � ! . Then X � Y1 M Y2, with t either interchangingthe two factorsor
stabilizingeach.

Thecasesare:A. V is irreduciblefor Y1 M Y2; B. V is reduciblefor Y1 M Y2.
A) We canreadoff thepossibilitiesfor V andY1 M Y2 � Y from Table1 in [10]:
1. (IV2, IV !2, S6 in [10]): Y � Dn� 1 � λ � λn or λn� 1 � Y1 M Y2

� Bn � k M Bk, V � V
�
λ ��� V 	Y1 } Y2

� V
�
εn � k � 2

V
�
ε !k � , where � εi � and � ε !i � aresetsof fundamentaldominantweightsfor Y1 andY2; OR
(MR5 in [10]): p � 2,Y � Bn, λ � λn, Y1 M Y2

� Bk M Bn � k, V � V
�
λ � , V 	Y1 } Y2

� V
�
εk � 2 V

�
ε !n � k � (εi , ε !i

asabove).
In boththesecasesV � V ! 2 V ! ! � V1 � V2 asX-modules,for someX-modulesV ! andV ! ! . If V ! or V ! ! is

irreducibleasanX-module,we cancheckTable1 in [10] andseethatthereareno simpleconnectedproper
subgroupsof Bn � k (Bk) which act irreducibly on V ! (V ! ! ). This would force X ,� Bn � k (Bk), which hasis
impossiblebecauseX admitsa graphautomorphism.SoV !o� V ! ! arebothreducibleasX-modules;let V !1 � V !
andV ! !1 � V ! ! bepropernon-zeroX-invariantsubspaces.ThenV !1 2 V ! !1 � V !1 2 V ! ! , andV ! 2 V ! !1 areall proper
non-zeroX-invariantsubspacesof V. But thereareonly two suchX-invariantsubspaces.So we have no
exampleshere.

2. (IV1, IV !1 in [10]): Y � Dn� 1 � Y1 M Y2
� 1 M Bn � λ � aλn / bλi or aλn� 1 / bλi, eitherb � 0 or (a �� 0 �� b

anda / b / n % i b 0
�
mod p� ), V 	Y2

� V
�
aεn / bεi � (with � εi � thesetof fundamentaldominantweightsfor

Y2).
HereW1 hasdimension1, andso t stabilizesW1 andW2 (we know it stabilizesthe decompositionW �

W1 � W2, andif it interchangedthemwewould haveY � A1, which is impossible).Sowehave thesituation
X � Bn, G � Aut

�
Bn � , with V an irreducibleBn- andG-modulebut reducibleX-module. So we may use

induction. In [5], it is shown thatthereareno exampleswith X actingirreduciblyon thenaturalmodulefor
Bn. SoX mustactreduciblyonthenaturalmodulefor Bn; i.e.wemustbebackin thesituationweinvestigate
in this section.Soby induction,X � Dn (theonly casein theTheoremwhereBn appearsasanovergroupis
for X � Dn).

In Theorem3.3wesaw thatV � V
�
λ � is irreduciblefor Dn � t 
i� Bn if andonly if a � 1 andb � 0, or a � 1

and2b bE% 2
�
n % i �0% 1

�
mod p� . But 2b / 2n % 2i / 1 b 0 andb / n % i / 1 b 0 imply that1 b 0

�
mod p� .

Sob � 0 givestheonly exampleshere;this is U3 of Table2.
B) V is reduciblefor Y1 M Y2. Recallthatt normalizesY1 M Y2.
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LetV ! beaminimalproperY1 M Y2-invariantsubspaceof V. SinceX � Y1 M Y2, V ! � V1 orV2; without loss
of generalityassumeV ! � V2. TheproductY1 M Y2 actsirreduciblyonV2, soV2

� V !2 2 V ! !2 asY1 M Y2-modules,
for someY1-representationV !2 andY2-representationV ! !2 . By Lemma2.1,oneof V !2 � V ! !2 mustbetrivial (since
no restrictedirreducibleX-modulesaretensordecomposable).

Sooneof Y1 � Y2 actsirreduciblyonV2 while theotheractstrivially. Without lossof generalityassumeY2

is irreducibleonV2 andY1 actstrivially.
By ourassumptionthatt stabilizesthedecompositionW � W1 � W2, t normalizesY1 M Y2 andinterchanges

V1 andV2. So, asabove, oneof Y1 � Y2 actsirreduciblyon V1 andthe otheractstrivially. In particular, if t
interchangesY1 andY2, thenY1 is irreducibleonV1 andY2 onV2; if t preserveseachof thefactorsY1 andY2,
thenY2 is irreducibleonbothV1 andV2.

AssumeY2 is irreducibleonbothV1 andV2. ThenY is irreducibleonV � V1 � V2 andY1 � Y actstrivially;
thusY1 � Z

�
Y � . ButY is simple,soZ

�
Y � is finite. SoY1

� 1 � { � W1 � ! ; sodim
�
W1 �"� 2 andW is orthogonal,

sincerad
�
W1 � � 0. ThenX � Y2 � Y with

�
Y2 � Y � � �

Bn � 1 � Dn � , � Dn � Bn � , � Dn � 1 � Dn � , or
�
Bn � 1 � Bn � , with V1

andV2 bothirreducibleY2-modules.In thefirst andlastcases(Y2
� Bn � 1), we have X �� Y2 (sinceX admits

a graphautomorphism),soeitherVi is thenaturalmodulefor Y2, or the triple
�
X � Y2 � Vi � appearsin Table1

of [10]. No suchtriples(Y2
� Bn � 1, X admittinga graphautomorphism,Vi 	 X not symmetricwith respectto

thegraphautomorphism)appearin thattable,soVi mustbethenaturalmodulefor Y2, of dimension2n % 1.
ThendimV � 4n % 2. But Y � Dn or Bn, andneitherof thesegroupshaveany restrictedirreduciblemodules
of dimension4n % 2 in any characteristic.Sothesecasesdon’t occur.

If
�
Y2 � Y � � �

Dn � 1 � Dn � , thenthesameargumentsasaboveapplyif X �� Dn � 1, with theexceptionthatnow
dimV � 4n % 4,andD5 doeshaveanirreduciblerestrictedmoduleof dimension16. SoX � A2 or A3, andwe
needto checkfor irreducibleX-modulesof dimension8, whosehighweightsarenotsymmetricwith respect
to thegraphautomorphism.Therearenosuchmodules.

SoX � Dn � 1. Considera groupof typeBn � 1 sitting betweenDn � 1 andDn. If V 	 Bn G 1 is irreducible,then
asat theendof item 2) of caseA) above, we arein caseU3 of Table2. If V 	 Bn G 1 is reducible,let V ! be a
minimal Bn � 1-invariantsubspace.SinceX � Bn � 1, V ! � V1 or V2, sayV1. As above, we checkTable1 of
[10] andfind thatV1 mustbethenaturalmodulefor Bn � 1. But dimV1

� dimV2, sodimV � 4n % 2, which is
impossibleasabove.

Finally, if X � Dn � Bn, we know by Theorem3.3whatV 	Y � V 	Y2 are.By examiningTable1 in [10], we
seethatthereis only oneproperconnectedsimplesubgroupX � Dn admittinga graphautomorphismwhich
is irreducibleon any of theDn-moduleswe obtainin Theorem3.3; this occursin S7 of thetable.But in this
case,

�
V1 	 X � t ,� V1 	 X, sowehavenoexampleSoX � Dn is theonly casehere;this is U2 of Table2.

Sowe areleft with Y1 actingirreduciblyonV1 andY2 onV2; andsincet interchangesthem,Y1
,� Y2. But

now weareexactly in thesituationof Lemma4.3,which tellsusthatV ,� W.

4.2. Proof of Theorem 4.1 for G � X � t 
 . Throughoutthis sectionwe assumethatG � X � t 
 , wheret is an
involutorygraphautomorphismof X.

If t doesnot acton W, then(sincet � Aut
�
Y � ) we musthave Y � An (if Y � D4, we have chosenW to

be the 8-dimensionalmodulefixedby t), andwe let A be a minimal X-invariantsubspaceof W. If G acts
irreduciblyonW, let A � W bea minimal X-invariantsubspace(soW � � G 
 A
 ). If G actsreduciblyonW,
let A � W bea minimalG-invariantsubspace.Now eitherrad

�
A� � A or rad

�
A� � 0.

If rad
�
A� � A, eitherA is totally singular, or p � 2, W is orthogonal,anddim

�
A� � 1 (thesetof singular

vectorsin A is an X- (or G-) invariantsubspace,so minimality forcesA to be eithera 1-spaceor totally
singular).In thisexceptionalcase,wehaveW even-dimensionalandY of typeDn, sinceif p � 2 andY � Bn

we takeW to be thesymplectic2n-dimensionalmodule.So,sinceX is simpleand { � A� ! � 1, we have the
situationX � Bn � 1

� Y2 � Dn
� Y, with Y2 beingt-stable(wemustbein thecaseA � At here,sinceotherwise

W � � G 
 A
 hasdimension2, which would imply X � A1 admitsno graphautomorphism).As in theproof
of Lemma4.4, therearetwo possibilities:A. V is irreduciblefor Bn � 1; or B. V 	 Bn G 1

� V1 � V2. If A holds,
thenasin Lemma4.4,theonly possibilityis U3 of Table2 (by inductionfrom theresultin [10]). If B holds,
thenweagaingetacontradictionasin theproofof 4.4.Sothisexceptionalcasegivesonly U3.
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SupposeA is totally singularandt )� Y but t actsonW, preservingA. ThenX � stabY
�
A� � PY, a t-stable

parabolicsubgroupof Y. So PY � t 
 actsirreduciblyon V. Let PY
� QYLY be theLevi decomposition;then

QY hasfixedpointsVQY �� 0 onV, andVQY is an irreducibleLY-submodule(hencePY-submodule)of V by
theresultof [12]. But t preservesQY, soVQY is in facta PY � t 
 - submoduleof V, contraryto our statement
abovethatPY � t 
 actsirreduciblyonV (VQY �� V sincethiswould imply thatLY actsirreduciblyonV, which
is impossible).If A is totally singular, t � Y, andA is t-stable,we have G � stabY

�
A� , which is a parabolic

subgroupof Y. However, aparabolicsubgroupcannotactirreduciblyonV.
So if A is totally singular, we musthave eitherW � A � At an irreducibleG-module,or t not actingon

W (in thesecondcasethe form onW is trivial). If the form onW is nontrivial, thenA is a maximaltotally
singularsubspace(sincedim

�
A� � dim

�
W ��) 2), andstabY

�
A� � PY is a maximalparabolicsugroupsuchthat

(with appropriatechoiceof Borelsubgroup,andswitchingthelabelsof αn � αn � 1 if necessaryin theDn case)
Π
�
Y �K% Π

�
L !Y � � αn (wherePY

� QYLY is the Levi decomposition).In the caseY � SL
�
W � , stab

�
A� is a

parabolicsubgroupPY of Y suchthat (with appropriatechoiceof Borel subgroup)Π
�
Y �D% Π

�
LY � � α j for

somej. In bothcases,X � PY. In thecaseof anontrivial form let j � n.
Now wewantto applyLemma4.2;to doso,weneedonly show thatthereareonly two non-zeroV i � QY � ,

andthatthey havethesamedimension.We know thatX � L !Y hasonly two irreduciblesummandsin V, both
of thesamedimension.But eachquotient �V � Qi

Y
� )*�V � Qi � 1

Y
� is X � LY-invariant. So in factonly V1 � QY � �

V ).�V � QY
� andV2 � QY � � �V � QY

� )*�V � QY � QY
� canbenon-zero;they musthave thesamedimensionbecause

eachis isomorphicto oneor theotherof theVi, which have thesamedimension.Soby Lemma4.2weonly
havethepossibilitiesV ,� W; Y � D4

&
X � A3 with λ � λ3 with V 	 X � VX

�
δ1 � � VX

�
δ3 � ,� W 	 X; andY � An

for n odd,L !Y � An � 1, λ � λ X n� 1Yrq 2. Now for thelastcasewecheckTable1 in [10] andseethatthereareno
simpleconnectedpropersubgroupsof An � 1 (n odd)admittinga graphautomorphismwhich act irreducibly
on theAn � 1-modulewith high weight λ X n� 1Yrq 2. SoX � L !Y � An � 1. Similarly no simpleconnectedproper
subgroupof A3 admittinga graphautomorphismactsirreduciblyon theA3-modulewith highweightδ1.

It remainsto find t: t )� Y becauseotherwisedim
�
A� � dim

�
W ��) 2 � �

n / 1��) 2,W � A � At, andX does
not stabilizean n-dimensionalsubspace(but PY

&
X does). Let t ! be the standardgraphautomorphismof

Y � An. Let w0 bethelongwordin theWeyl group.Thent ! w0 is anouterautomorphismof Y whichstabilizes
theLevi factorof PY. SoU1 of Table2 occurshere.

The automorphismt for the A3 � D4 casewasdesribedin the proof of Lemma4.2. So U4 of Table2
occurshere.

Thiscompletestheproofof thetheoremfor thecaserad
�
A� � A.

If G � X � t 
 andrad
�
A� � 0, thenW is orthogonalor symplecticandeitherW � A � At , X �9{ � A� ! M{ � At � ! � Y1 M Y2, and t stabilizesY1 M Y2, interchangingthe two factors;or A � At , W � A ~ A� , X �{ � A� ! M { � A�i� ! � Y1 M Y2, andt stabilizeseachfactor. This is thesetupof Lemma4.4,whichtellsuswemust

bein oneof thesituationslistedin theTheorem.
We havenow provedTheorem4.1undertheassumptionthatG � X � t 
 .

4.3. X � D4. AssumeX � D4 andG � X � s
 or X � s� t 
 . Note thats � Y becauseno simplegroupproperly
containingD4 hasan outerautomorphismof order3. If G � X � s� t 
 andV 	 X � V1 � V2, thenVs

1
� V1, so

theX-high weightof V1 is symmetricwith respectto s. But thenthis high weight is symmetricwith respect
to t aswell, wich meansthatV is not irreducibleasa G-module( � � v� vt �-	 v � V1 � is a submodule),which
is a contradiction.A similar argumentshows thatwhenever G actsirreduciblyonW, W 	 X haseither3 or 6
irreduciblesummands.Finally, if V 	 X � V1 � V2 � V3 with Vi irreducible,thenwemayassumeG � X � s
 . So
if G � X � s� t 
 , thenV hassix summandsasanX-module.

If G actson W, we let A be a minimal G-invariantsubspaceof W if G actsreducibly, anda minimal
X-invariantsubspaceof W if G actsirreduciblyonW. If G � X � s� t 
 andt doesnot actonW, we let A bea
minimalX-invariantsubgroupif X � s
 actsirreducibly, anda minimalX � s
 -invariantsubspaceotherwise.

As before,rad
�
A� � A or rad

�
A� � 0. If rad

�
A� � A, eitherA is totally singular, or p � 2,W is orthogonal,

anddim
�
A� � 1 (thesetof singularvectorsin A is anX- (or G-) invariantsubspace,sominimality forcesA to

bea 1-spaceor totally singular).As before,in thisexceptionalcasewehavedim
�
W � evenandY of typeDn,
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andthust actsonW. So,sinceX is simpleand { � A� ! � 1, we have thesituationX � Bn � 1
� Y2 � Dn

� Y,
with Y2 beingt-stable(wemustbein thecaseA � � G 
 A
 here,sinceotherwiseW � � G 
 A
 hasdimension3
or 6; but neitherA5 nor A2 hasa subgroupof typeD4

� X). We proceedexactlyaswe did in thiscaseat the
beginningof thelastsection;therearenonew examples.

If G � D4 � s
 and A is totally singular, then, as with G � X � t 
 , we have W � � G 
 A
 � A � As � As2

irreduciblefor G (otherwiseG is containedin aparabolicsubgroupof Y). If theform onW is nontrivial, then
wehave anX-stablechain0 � A � A�J� W, andW ) A� ,� A# . Now for any irreducibleD4-modulewehave
A ,� A# , i.e.As � As2 ,� W ) A containsaD4-compositionfactorisomorphicto A. SoA ,� As or As2

, sayAs. But
thenA ,� As ,� As2

, andW � A � As � As2
containsa G-stablepropersubspace� � a � as � as2 �I	 a � A � , contrary

to thestatementabovethatW is irreduciblefor G. Soin facttheform onW mustbetrivial; i.e.Y � An.
A similar argumentfor G � D4 � s� t 
 shows thatW mustbeirreduciblefor G andtheform onW mustbe

trivial whent actson W. If t doesnot act on W, we alreadyknow the form mustbe trivial, but we must
considerthecasewhenW is reduciblefor X � s
 . Assumethis is thecase;thenA is a minimal X � s
 -invariant
subspaceof W, soX � s
"� stabY

�
A� � PY a parabolicsubgroupof Y. But thensincePY cannotactirreducibly

on V andX � s
 hasonly two irreduciblesummandsin V, Lemma4.2 applies. We seethat we musthave
Y � An, L !Y � An � 1, with λ � λ X n� 1Yrq 2 andthe restrictionof V to L !Y asin U1 of Table2. Let G1

� X � s
 ,
Y1
� L !Y, andV1

� VY1

�
λ X n� 1Y�q 2 � . Thenwe inductively have thesituationwe areexaminingin this section:

G1 � Y1, V1 is anirreduciblerestrictedY1-modulewhichis alsoirreduciblefor G1 butnotfor X, with restricted
X-highweights.Sincetherearenoexamplesfor thissetup,wehavenonefor G � Y.

SoY � An andW is irreduciblefor G (or for X � s
 whent � G doesnotactonW). Considertheactionof
X � D4 on W. Via the isomorphismA ,�

X A# , X fixesa nondegenerateform on A (this form is orthogonal
if p �� 2 by [14, Lemma79]). Similarly, X fixesa form of the sametype on eachof its othersummands
in W, given by the actionof s (and t if necessary):

�
as � bs � � �

a � b� for a � b � A. Definea form on W by
setting

�
a � b� � 0 for a � b in differentsummands;thenX fixesthis form. If the form is orthogonal,choose

anorthogonalbasisfor A; translatethis basisby s (andt) to obtainbasesof As andAs2
(andAt � Ats � Ats2

if
t � G andt actsonW). Theunionof thesebasesis anorthogonalbasisfor W, andby Witt’sTheoremthereis
anelementŝ � SO

�
W � which permutestheX-summandsof W ass does.Soin factX � ŝ
 ,� X � s
 fixessome

form, contraryto Y � An (we alwaystakeY to be thesmallestof SL
�
W ��� SO

�
W ��� Sp

�
W � which containsX

andwhoseautomorphismgroupcontainsG). If the form on A is symplectic(asnotedabove, this canonly
happenfor p � 2), thenchoosea hyperbolicbasisoneachX-summandof W andcontinueasabove.

Thiscompletestheargumentfor rad
�
A� � A.

If rad
�
A� � 0, X � D4 andG � X � s
 or G � X � s� t 
 , thenoneof thefollowing holds(noticethatt mustact

onW if it is in G, sinceY �� An):
A) A � � G 
 A
 andW � A ~ A� , X �<{ � A� M { � A� � � Y1 M Y2. As s � Y andspreservesA andA� , in fact

X � s
��:{ � A� M { � A��� . SoeitherV 	Y1 } Y2 is irreducible,or V 	Y1 } Y2 hastwo summands,interchangedby t (t
preservesA andsoactsonY1 andY2).

If V 	Y1 } Y2 is irreducible,then the possibilitiesfor V � Y !1 M Y !2 areason page16. In case1) there,V �
V ! 2 V ! ! � V1 � 
�
�
 � Vk (k � 3 or 6) asX-modules,for someX-modulesV ! andV ! ! , which mustboth be
reducibleasX-modulesasonpage16.

If µ1 is a TX-high weight of V ! and µ2 a TX-high weight of V ! ! , then µ1 / µ2 is a TX-high weight of
V ! 2 V ! ! � V. In our case,sinces preservesA, it actsonV ! andV ! ! . Soµs

1 andµs2

1 arealsohigh weightsof

V ! . If µ1 andµ2 arenot symmetricwith respectto s, thenit is easyto seethatthepossiblesumsµsi

1 / µsj

2 for
0 � i � j � 2 arenotall imagesunder � s� t 
 of asingleTX-weight. If bothµ1 andµ2 aresymmetricwith respect
to s, thensois µ1 / µ2 — butV hasnoTX-highweightswhicharesymmetricwith respectto s. Finally, if µ1

is not symmetricwith respectto s, andall theTX-high weights(thereareat leasttwo, sayµ2 andµ!2) of V ! !
aresymmetric,weseethateitherµ1 / µ2 andµ1 / µ!2 arenotconjugateundertheactionof � s� t 
 (if µ2 �� µ!2),
or thereis aTX-highweightspacein V of dimensionbiggerthan1. Neitheris possible.

If V � Y !1 M Y !2 areasin case2) on page16, thenwe have D4 � s
�� Bn � Dn� 1. In fact, though,sincet also
actson Bn (if t � G) andBn hasno outerautomorphisms,we have G � Bn. In [5] it is shown that thereare
no exampleswith X actingirreduciblyon thenaturalmodulefor Bn. SoX mustactreduciblyon thenatural
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modulefor Bn; i.e. we arebackin thesituationwe considerhere. So we have no examples,asBn doesn’t
appearasanovergroupfor D4 � s
 .

If V 	Y1 } Y2 is reducible,thent � G andV 	Y1 } Y2 hastwo summands,interchangedby t (t normalizesY1 M Y2).
Let V ! be oneof thesesummands;then,renumberingif necessary, V ! � V1 � V2 � V3. SoV1 � V2 � V3

�
V1 2 V2 for someY1-moduleV1 andY2-moduleV2.

ThesemodulesV1 andV2 mustbereducibleasX-modules,sinceotherwisethe fact thats actson them
would forcetheTX-highweightµi of V i to bes-symmetric,in whichcasetheTX-high weightµ1 / µ2 of V is
s-symmetric,which is acontradiction.

Now we argue as above and concludethat one of the V i , sayV2, must be trivial. But then
�
G0

�
X � s
�� Y1 � V1 � mustbe an exampleappearingin Table2; sincetherearenoneof this form, we have no ex-
ampleshere.

B) W is irreducibleasa G-moduleandA is an irreducibleX-module. ThenW � A � As � As2
( � At �

Ats � Ats2
, possibly)� W1 � 
�
�
 � Wl andX �<{ � A� ! M { � As � ! M { � As2 � ( M 
�
�
 M { � Ats2 � ) � Y1 M 
�
�
 M Yl . Recall

V �
X V1 � 
�
�
 � Vk (k � 3 for G � X � s
 , 6 for G � X � s� t 
 ).

We canseeby examiningTable1 of [10] thattherearenopossibilitiesherefor V 	Y1 } C C C } Yl irreducible.
SoV is a reducibleY1 M 
�
�
 M Yl -module;let V ! beaY1 M 
�
�
 M Yl -stablesubspaceof minimal dimension.

SinceX � Y1 M 
�
�
 M Yl , this impliesthatV ! � ∑i s I Vi � I �>� 1 ��������� k � ��	 I 	=� k ) 2 (sincet ands normalizeY1 M
�
�
 M Yl , V ! s is anotherY1 M 
�
�
 M Yl -stablesubspace).If V ! � V1 (i.e. 	 I 	 � 1), thenwehaveV1
�

X V
X
1Y

1 2 
�
�
 2
V
X
l Y

1 for someYi-modulesV
X
i Y

1 . But restrictedirreducibleD4-modulesarenot tensordecomposable(2.1), so

only oneV
X
i Y

1 is nontrivial, sayV
X
1Y

1 ; i.e. only Y1 actsnontrivially on V1. But G permutestheVi andtheYi

andwe seethat for every j, Vj is actedon irreduciblyby oneYi , trivially by theothers.Thenwe arein the
situationof Lemma4.3,which tellsusV ,� W.

If 	 I 	 & 1, we mustbe in the casek � 6 (since 	 I 	�� k ) 2). We have (perhapsrenumberingtheVi) V1 �
V2
� � V3 � � V

X
1Y 2 
�
�
 2 V

X
l Y for Yi-modulesV

X
i Y . If one of the V

X
i Y is reducibleas an X-module(via the

projectionX 3 � Yi), we concludeasabove that only oneof theV
X
i Y is nontrivial andapply Lemma4.3, as

otherwisewecouldconcludethatoneof theVj wastensordecomposableasanX-module.
SoweassumethateachV

X
i Y is irreducibleasanX-module,andat leasttwo of themarenontrivial. As sand

t permutethem,all theYi areisomorphic.Notethatsandt actonY1 M 
�
�
 M Yl , andagainsinceX � Y1 M 
�
�
 M Yl ,

V is irreduciblefor
�
Y1 M 
�
�
 M Yl ��� s� t 
 . So if V ! � V1 � V2, this implies that V � V ! � V ! s � V ! s2

, with t
stabilizingV ! and interchangingV1 andV2. In this caset mustpermutethe Yi which act nontrivially. If
V ! � V1 � V2 � V3, we haveV � V ! � V ! t , with s stabilizingV ! andpermutingV1, V2, andV3, andpermuting
theYi whichactnontrivially onV ! .

Notethat if l � 6, sinceG actsirreduciblyonW, all six X-summandsof W mustbenon-isomorphic.In
otherwords,the labelling of the TX-high weight γ of W1

� A (which is the naturalmoduleof Y1) mustbe
non-symmetricwith respectto theactionof sandt on theDynkin diagramfor X (if γ � γσ for σ theinduced
actionof s or t on theDynkin diagram,thenG preservesa “diagonal” submoduleof W). Similarly, if l � 3
thenγ cannotbeof theform aδ1 / bδ2 / aδ3 / aδ4.

Now considerthepossibilitiesfor theV
X
i Y . ThegroupD4 appearsonlyoncein Table1of [10] asasubgroup

of a classicalgroupotherthanAn (caseS8 there),andin thatcasetherestrictionof thenaturalmoduleof Yi

to D4 hasa symmetrichigh weight. Thuseithereachof the nontrivial V
X
i Y is thenaturalmodulefor Yi , or

X � D4
,� Yi for every i.

Assumethat eachof the nontrivial V
X
i Y is the naturalmodulefor Yi . If V ! � V1 � V2, we know that t

preservesV ! , permutingtheYi which actnontrivially. But thehigh weightsof thenaturalmodulesof Yi and
Yt

i aret-conjugate;in otherwords,theirsumis symmetricwith respectto t. Sincethesumof thehighweights
for theV

X
i Y is a high weight in 2 V

X
i Y , this givesa t-symmetrichigh weight in V ! , which is impossibleast

interchangesthe two TX-high weightsthere. Similarly if V ! � V1 � V2 � V3, thens actson V ! andthehigh
weightsof thenaturalmodulesof Y1, Ys

1 , andYs2

1 addup to ans-symmetrichighweightin V ! , which is again
impossible.
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Sotheonly setupwehavenot ruledout is X � D4
,� Yi for every i. In thiscase,thenaturalmodulefor Y1

restrictsto X asa naturalmodulefor D4, whosehigh weightdoesnot have six S3-conjugates.Sowe know
thatl � 3 with t fixing oneof Y1, Y2, andY3 andinterchangingtheothertwo,andY � D12. If V ! � V1 � V2 then
t stabilizesV ! andsothehigh weightsof theV

X
i Y addup to a t-stablehigh weightin V ! , which is impossible

asabove.
If V ! � V1 � V2 � V3, thensstabilizesV ! , wehaveV � V ! � V ! t , andspermutestheYi whichactnontrivially

onV ! (which impliesall threeYi actnontrivially). But thentheTX-high weightsof theV
X
i Y ares-conjugates

of eachother, andtheir sumis symmetricwith respectto s, whichagainis a contradiction.
Thiscompletestheproofof Theorem4.1.

5. THE CASE WHEN t DOES NOT ACT ON W

In thissectionweconsiderthecaseswhenX actsirreduciblyonW, t � G, andt doesnotactonW.
Noticethatif G � D4 � s� t 
 andD4 actsirreduciblyonW, thenthefactthats � Y forcestheD4-highweight

of W to beof theform aδ1 / bδ2 / aδ3 / aδ4, which impliesthatt alsoactsonW. Soweneedconsideronly
G � X � t 
 . Themainresultis:

Theorem5.1. If G � X � t 
 , X actsirreduciblyonW, andt doesnot act onW, thenweare in situationU7,
U8, or U9 of Table2, all of which occur.

Proof. We will useheavily theconstructiongivenin Lemma2.7 of a parabolicsubgroupof Y containinga
givenparabolicsubgroupof X (weusuallyapplyit to theBorelsubgroupBX). Firstweneeda Lemmaabout
thatembedding;thiswill beusefulin [5] aswell:

Lemma 5.2. If PY is a t-stableparabolic subgroup of Y such that BX � PY, UX � QY, TX � L !Y (where
PY

� QYLY � BX
� UXTX are Levi decompositions),thenoneof thesimplefactors of L !Y hastypeA1; and if

this factorcorrespondsto α j , thena j
� 1. In addition,ai

� 0 for αi � Π
�
L !Y � , i �� j .

Proof. With suchasetup,2.10in [10] impliesthatV )*�V � QY
� is anirreducibleL !Y-module.

SincePY is t-stable,�V � QY
� is TX � t 
 -stable,hence�V � QY

� � �V � UX
� ( �V � UX

� �;�V � QY
� sinceUX � QY, and

wehaveequalitybecauseV ).�V � UX
� is anirreducibleTX � t 
 -moduleandTX � LY). So

V )*�V � QY
� � V ).�V � UX

� � V1 )*�V1 � UX
� � V2 ).�V2 � UX

� �
which hasdimension2 by Lemma2.4. Sosomesimplefactorof L !Y hastypeA1, themarkingon thecorre-
spondingnodeof theDynkin diagramin thelabellingfor λ is 1, andall othermarkingsare0.

Now embeddinga Borel subgroupBX of X in a parabolicsubgroupof Y via theUX-level construction
of Lemma2.7 givesa parabolicsubgroupPY which by Lemma2.8 is t-stable.Let PY

� QYLY betheLevi
decompositionproducedin theconstructionof Lemma2.7.

ThegroupY is a simplealgebraicgroupof classicaltype,andeithert � Y or t is anouterautomorphism
of Y. If Y is of typeBn or Cn, thenY hasno outerautomorphisms,sot � Y andt actsonW. If Y � Dn andt
is outer, thent actson thenaturalmoduleW (which hashigh weightλ1). Sincewe areassumingt doesnot
actonW, wemustthereforehaveY � An.

Sincet actson V, we have a t-symmetricTY-high weight for V, which imposesstrongrestrictionsas
Y � An.

By Lemma5.2,oneof thefactorsL1 of L !Y mustbeof typeA1, andif thisfactorcorrespondsto α j � Π
�
Y � ,

thenai
� δi j for every i suchthatαi � Π

�
L !Y � . The fact thatPY is t-stableimplies that if α j correspondsto

anA1-factorof L !Y, thensodoesαn � j � 1. Sinceλ is alsot-stable,a j
� an � j � 1. But this saysthateitherthere

aretwo non-zerolabelson Π
�
L !Y � (which is impossibleby Lemma5.2),or j � n % j / 1. Sowe mustin fact

haveanL1-factorof L !Y correspondingto α X n� 1Y�q 2 (in particular, n mustbeodd).
We notedin theproof of Lemma2.8 that thedimensionof UX-level i of W is thesameasthedimension

of UX-level lδ % i, wherelδ is thelevel of thelow weight(lδ is alsominimal with respectto �W � U lδ � 1
X

� � 0).
This impliesthattheUX-level correspondingto theA1-factorwith Π

�
L1 � � � α X n� 1Y�q 2 � mustbelevel lδ ) 2. So

to prove thata givenhigh weightδ for W 	 X givesno examples,it sufficesto show thatWlδ q 2 hasdimension
differentthan2. In particular, if lδ is odd,wehavenothingto check,sincethenlevel lδ ) 2 doesnotexist.
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Werely heavily ontheresultsin [15] (for X � Am) and[9] (for X � Dm andX � E6) thatall weightswhich
appearin the Weyl modulefor X with high weight δ alsoappearin W � VX

�
δ � . We useinductionon the

heightof δ in theweightlattice,basedonthefactthatif µ is aweightin VX
�
δ � (i.e.VX

�
δ � µ �� 0) at level l , and

ν is a weightin VX
�
µ� at level k, thenν is a weightin VX

�
δ � at level l / k. Usingthis fact,theinductivestep

is trivial.

5.1. X � Am. AssumeX is of typeAm. Let δ � d1δ1 / d2δ2 / 
�
�
 / dmδm (di � 0) betheTX-high weightof
W. Sincet doesnotactonW, di �� dm� i � 1 for somei. First wewill establishthatδ hasa fundamentaldom-
inantweightor 0 asa subdominantweight; following thatwe will show thatAm-moduleswith fundamental
dominantweightshave at least3 weightsat the “middle” level exceptin a few cases;finally, we will deal
with thesefew casesandwith thecaseδ P 0.

Lemma 5.3. Eitherδ P δi for somei, 1 � i � m,or δ P 0.

Proof. SeeexerciseIII.13 in [7].

So if we show thatVX
�
δi � hasthreeor moreweightsat level lδi

) 2, thenall δ with δi asa subdominant
weightwill beruledout. Thenext stepis:

Lemma 5.4. If δ is a non-zero dominantweightfor X which is notsymmetricwith respectto theactionof t,
such that level lδ ) 2 hasexactlytwonon-zero weights,thenweare in oneof thefollowingsituations(perhaps
after reversingthelabelling):

1. X � A2, with δ � 3δ1, δ � 2δ2, δ � 2δ1 / δ2, or δ � 3δ1 / δ2;
2. X � A3, with δ � 2δ1; or
3. X � A4, with δ � δ2.

Proof. Theproof is long andsomewhattedious;we give a sketchhere.By thelast lemma,δ hassomeδi or
0 asa subdominantweight.We mayassumei � �

m / 1��) 2 by reversingthelabellingif necessary.
If werestricttheusualorderingon theweightsof TX (µ P ν if µ % ν is asumof positiveroots)to thedom-

inantweights,thensomeof theweightsin questionhave thenicepropertythatthey have uniqueimmediate
successors;e.g.δ1 � δ2 / δm; 0 � δ1 / δm � δ2 / δm� 1 (m � 3), or δ1 � 2δ2 � 2δ1 / δ2 (m � 2). We usethis
fact,thelastlemma,andthefactthatδ is not t-symmetric,to exhibit at least3 weights(or show thatthereis
atmost1 weight)at themiddlelevel whenδ is notoneof theweightslistedin thelemma.

So we needconsideronly thoseδ listed in the statementof the Lemma,asthe middle level mustbe of
dimension2, andtheonly δ with a singleweightat themiddlelevel have a weightspaceof dimension1 for
thatweight.
(1) AssumeX � A2 andδ � 3δ1. ThenY is of type A9, andif PY

� QYLY is the parabolicsubgroupcon-
taining the Borel subgroupBX of X, given asthe stabilizerof theUX-levelsof W, thenPY correspondsto� α3 � α5 � α7 � � Π

�
Y � . For λ � ∑aiλi theTY-highweightof V, by Lemma5.2andthecommentswhichfollow

it, we have a5
� 1 anda3

� a7
� 0. Now by Lemma2.9, we have �V � Qy

� � �V � QX
� and,sinceQx � QY,

we have �V � QX � QX
� ���V � QY � QY

� . Thusdim
� �V � QY

� )*�V � QY � QY
� � � dim

�
V2 � QY ���-� dim

�
V2 � QX ��� . Then

applyingLemma2.4to QX, wehavedim
�
V2 � QY ���"� dim

�
V2 � QX ����� 2dim

�
V1 � QX ��� � 2dim

�
V1 � QY ��� � 4.

But thenai
& 0 for somei �� 5 violatesthisbound.Soin factV �N� 5 � W � , of dimensionu 10

5 v � 252.
A high weightvectorof � 5 � W 	 X � is w1 � w2 � w3 � w4 � w5, wherew1 � Wδ, w2 � Wδ � β1

, w3 � Wδ � 2β1
,

w4 � Wδ � β1 � β2
, andw5 � Wδ � 2β1 � β2

. SoaTX-highweightof V is 5δ % 6β1 % 2β2
� 5δ1 / 2δ2. Thedimension

of theWeyl modulewith thishighweightis 81,sodim
�
V1 �p� 81 � 126 � 1

2 dim
�
V � , whichis acontradiction.

Soδ � 3δ1 givesnoexamples.
If δ � 2δ2, thenY is of typeA5 andPY

� QYLY asabove correspondsto α3 � Π
�
Y � . As above,any non-

zeroai otherthana3
� 1 contradictsdim

�
V2 � QY ��� � 4 (sinceλ is symmetricwith respectto theactionof t).

SoV ��� 3 � W � , of dimension20. As above, we cancomputetheweightof a TX-high weightvectorof V;
wefind thatit is 3δ1 or 3δ2. TheA2-moduleswith thesehighweightseachhavedimension10 � 1

2 dim
�
V � if

p �� 2 � 3. SoherewehavecaseU7 of Table2: p �� 2 � 3, X � A2, Y � A5, V1
� VA2

�
3δ1 � , andV � VA5

�
λ3 � .
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If δ � 2δ1 / δ2, thenalthoughthereareonly 2 weightsat themiddlelevel (δ % β1 % 2β2 andδ % 2β1 % β2),
oneof them(δ % 2β1 % β2) hasa weightspaceof dimension2 in all characteristics.So dim

�
W3 � � 3, and

thereis noA1-factorof L !Y correspondingto the“middle” level.
Finally, if δ � 3δ1 / δ2, thenasabove theweightsin themiddle level have weightspacesof dimension

2 or moreexcept in characteristic5. So for p �� 5 thereareno exampleshere. If p � 5, thenY hastype
A17, anda9

� 1 is the only non-zeroai for αi � Π
�
L !Y � . Now if someai �� 0 for αi � Π

�
Y ��% Π

�
L !Y � , we

obtaina contradictionto dim
�
V2 � QY ���@� 4. Soin factV �>� 9 � W � , of dimension48,620.But no restricted

A2-modulehasdimension24,310(Weyl’s characterformulashows that thedimensionof theWeyl module
with a restrictedhigh weight is at mostthedimensionof theWeyl modulewith high weight

�
p % 1� ρ, and

thisdimensionis 125).Sotherearenoexampleshere.
(2) SupposeX � A3 andδ � 2δ1. ThenY is of type A9 anda5

� 1. By Lemmas2.4 and2.9 asbefore,
dim

�
V2 � QY ���-� dim

�
V2 � QX ���-� 3dim

�
V1 � QX ��� � 3dim

�
V1 � QY ��� � 6, whenPY

� QYLY is the parabolic
subgroupof Y containingBX, constructedasthe stabilizerof theUX-levelsof W. In this situationPY cor-
respondsto � α3 � α5 � α7 � � Π

�
Y � . Thendim

�
V2 � QY ���U� 6 impliesai

� 0 for i �� 5, asotherwisetoo many
non-zeroweight spacesappearin V2 � QY � . SoV �:� 5 � W � , of dimension252; asabove, we cancompute
a TX-high weight of V andobtain2δ1 / 2δ2 or 2δ2 / 2δ3. The A3-moduleswith thesehigh weightshave
dimension126 � 1

2 dim
�
V � for p �� 2 � 5, soherewehavecaseU8.

(3) Let X � A4 andδ � δ2. ThenY � A9 anda5
� 1. By examiningthestabilizerof theUX-levelsasabove,

we canconcludethat ai
� 0 for i �� 1 � 5 � 9. So the possiblehigh weight is aλ1 / λ5 / aλ9. Thenif we let

PX betheparabolicsubgroupcorrespondingto � β1 � β4 � , andembedPX in a parabolicsubgroupPY asusual,
we find thata �� 0 forcesa too-largeV2 � QY � . Soagain,V � � 5 � W � , of dimension252. Again we compute
a high weight of � 5 � W 	 X � , obtainingδ2 / 2δ4 or 2δ1 / δ3. The A4-moduleswith thesehigh weightshave
dimension126exceptin characteristics2 and5. Soherewehavethelastexamplegivenin Table2.

Thiscompletestheexaminationof thecasesfor X � Am.

5.2. X � Dm. We mustestablisha resultanalogousto thefirst lemmaof the lastsubsection,narrowing the
rangeof possibilitiesfor δ wemustexamine.

Lemma 5.5. If δ �� δ1 is a non-zero dominantweightof TX, thenδ hasoneof δ2, δ3, δm� 1, or δm (or δ3 / δ4

if X � D4) asa subdominantweight.

Proof. By exerciseIII.13 in [7], δ hasoneof 0, δ1, δm� 1, or δm asa subdominantweight.
Theuniquesuccessorto 0 in thepartialorderonthedominantweightsis δ2, soif δ P 0, thenδ P δ2 (since

δ �� 0).
Assumeδ P δ1. Weassumedδ �� δ1, andaddingpositiverootsto getadominantweightforcesδ P δ3 P δ1

if m & 4, or δ P δ3 / δ4 if m � 4. Soin factδ P δ3.

Notethatδ � δ1 andδ � δ2 arenot possibilities,sinceδ is not symmetricwith respectto t (ast doesnot
actonW). Thetwo immediatesuccessorsto δ2 in thepartialorderon thedominantweightsare2δ1 andδ4

(or, if m � 4, 2δ3 or 2δ4; if m � 5, δ4 / δ5). Soif m & 5 andδ P δ2, thenδ P 2δ1 or δ P δ4. If wecanshow
thatVD4

�
δ3 / δ4 � , VD4

�
2δ3 � , VD5

�
δ4 / δ5 � , VDm

�
2δ1 � andVDm

�
δi � for i �n� 3 � 4 � m % 1 � m� have at leastthree

weightsat theirmiddlelevels,wewill bedone.
Thefirst possibilitieslisted(2δ3 andδ3 / δ4 for m � 4, δ4 / δ5 for m � 5, 2δ1, δ3, andδ4) arerelatively

easilydealtwith by simply listing threeweightsat themiddlelevel. For example,in VX
�
δ3 � thelow weightis

atlevel6m % 12,sothemiddlelevel is level3m % 6. At thislevel, for m � 6 wehavetheweightŝ
�
δm� 1 % δm �

(byfirstsubtractingβ3 / 
�
�
 / βm� 1, thenβ2 / 
�
�
 / βm� 2 / βm, andfinally β1 / 
�
�
 / βm� 1 orβ1 / 
�
�
 / βm� 2 /
βm), and

δ3 % 2β1 % 2β2 % 3β3 % 3β4 %�
�
�
�% 3βm� 2 % βm� 1 % βm
� % 2δ1 / δ2 % δm� 2 / δm� 1 / δm �

Thecasesfor m � 5 andtheotherweightsaresimilar.
Listing threeweightsat themiddle level for δ � δm is moredifficult (δ � δm� 1 is thesameargumentby

symmetry).Thelow weighthereis at level m
�
m % 1��) 2, sowemustchecklevel m

�
m % 1��) 4. Thelevel only
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exists if m � 4k or m � 4k / 1 for somek. For m � 8 or 9, we cancheckdirectly, writing down at least3
weightsat thismiddlelevel. Soassumem � 12. Then

δ ! � δm % � β2 / 
�
�
 / βm� 2 / βm�0% � β3 / 
�
�
 / βm� 1 �� δ1 % δ3 / δm

is a weight of VX
�
δm� at level 2m % 5. Let PX � X be the obvious parabolicsubgroupwith Levi factor

L suchthat L ! is of type Dm� 4, and let � γ1 ��������� γm� 4 � be the fundamentaldominantweightsof L ! . Then
δ !�	 TL + � δm 	 TL + � γm� 4, andby inductionthisDm� 4-weighthasatleastthreeweightsatlevel

�
m % 5� � m % 4��) 4.

This impliesδ ! hasat leastthreeweightsat this level, which in turn impliesthatδm hasat leastthreeat level�
2m % 5� / � m % 5� � m % 4��) 4 � m

�
m % 1��) 4, which is its middlelevel. Soif δ P δm for m � 6, thenδ hasat

least3 weightsat its middlelevel.
For m � 4 or 5,VX

�
δm � hasonly two weights,bothwith weightspacesof dimension1,atlevel m

�
m % 1��) 4.

Assumem � 4. ThenY hastypeA7, andwhenwe embedthe Borel subgroupBX in a parabolicsubgroup
PY

� QYLY of Y, thesubgroupwe obtaincorrespondsto α4 � Π
�
Y � . Soa4

� 1. By Lemmas2.4 and2.9,
we havedim

�
V2 � QY ��� � dim

�
V2 � QX ��� � 4dim

�
V1 � QX ��� � 4dim

�
V1 � QY ��� � 8. Sincet actsonV, wehave

a1
� a7, a2

� a6, anda3
� a5. Now if morethanoneof a1 � a2, anda3 is non-zero,weobtaina contradiction

to dim
�
V2 � QY ���U� 8 by Lemma2.4. Soat mostoneof theseis non-zero.Let theTX-high weightof V1 be

b1δ1 / b2δ2 / b3δ3 / b4δ4.
Next considerthe embeddingof the (t-stable)parabolicsubgroupPX

� QXLX of X correspondingto� β1 � � Π
�
X � in a parabolicsubgroupPY

� QYLY of Y via QX-levels. HerePY correspondsto � α3 � α5 � �
Π
�
Y � . Sinceby Lemma2.9 we have V ).�V � QY

� � V1 )*�V1 � QX
� � V2 )*�V2 � QX

� , we cancomputedimensions
(sincean irreduciblerestrictedA1-modulehasthesamedimensionastheWeyl modulewith thesamehigh

weight)andobtain2
�
b1 / 1� � �

a3 / 1� � a5 / 1� � �
a3 / 1� 2, or b1

� X
a3 � 1Y 2

2 % 1. But b1 is integral, sothis
impliesa3 �� 0 (indeed,a3 mustbeodd).Soa1

� a2
� 0 by ourabovecommentthatonly oneof thesethree

canbenon-zero.
Our penultimatet-stableparabolicsubgroupto considerin this caseis theonecorrespondingto � β2 � �

Π
�
X � . Whenweembedthisvia QX-levels,wehavePY

� QYLY correspondingto � α2 � α4 � α6 � � Π
�
Y � . Here

again,by Lemmas2.4and2.9,wehavedim
�
V2 � QY ���i� dim

�
V2 � QX ���p� 6dim

�
V1 � QX ��� � 6dim

�
V1 � QY ��� �

12 (we have dim
�
V1 � QY ��� � 2 becausewe discoveredabove thata2

� a6
� 0). Sincea3 �� 0, we have the

high weightsλ % α3 andλ % α5 in V2 � QY � , eachgiving L !Y-modulesof dimension6 (unlessp � 2, in which
caseeachhasdimension4). If a3 �� p % 2, thenλ % α3 % α4 hasa 2-dimensionalweightspacein V, which
impliesthatλ % α3 % α4 is anotherhighweightin V2 � QY � . But thiscontradictsdim

�
V2 � QY ���"� 12, if p �� 2.

Soa3
� p % 2, or p � 2. Assumea3

� p % 2. Above we hadb1
� X

a3 � 1Y 2
2 % 1. Sinceb1 � p % 1, this givesX

p � 1Y 2
2 % 1 � p % 1,or p � 4. Soif 0 �� a3

� p % 2,wehave p � 3 anda3
� 1; otherwisep � 2 anda3

� 1. The
p � 2 casecannotoccurastheA7-modulewith this high weighthasdimension64512;thelargestrestricted
irreducibleD4-modulehasdimension4096.

Now for one last t-stableparabolicsubgroupof X: Let PX correspondto the subset � β2 � β3 � β4 � of
Π
�
X � . Whenwe embedthis in a parabolicsubgroupPY of Y via QX-levels,we have PY correspondingto� α1 � α2 � α3 � α5 � α6 � α7 � � Π

�
Y � . By Lemmas2.4 and2.9 again,we have dim

�
V2 � QY ���U� dim

�
V2 � QX ���U�

6dim
�
V1 � QX ��� � 6dim

�
V1 � QY ��� � 6 
 4 
 4 � 96. But a4 �� 0, soλ % α4 is ahighweightin V2 � QY � , giving an

L !Y-moduleof dimension u 52 v 2 � 100. This is a contradiction,sowe getno examplesin this X � D4, δ � δ4

case.
If m � 4 andδ P δ4, δ �� δ4, thenδ P δ1 / δ3, which hasat its middle level (level 6) morethanthree

weights(δ % 2β1 % 2β2 % 2β3, δ % β1 % 2β2 % 2β3 % β4, andδ % β1 % 2β2 % β3 % 2β4, for example).Sowe in
factgetnoexamplesfor m � 4, δ P δ4.

For m � 5 andδ � δ5, we have Y of type A15, andby embeddingBX into a parabolicsubgroupPY
�

QYLY of Y via QX-levels, we obtain the subgroupcorrespondingto � α4 � α6 � α8 � α10 � α12 � � Π
�
Y � . Here

dim
�
V2 � QY ����� 5dim

�
V1 � QY ��� � 10 by Lemmas2.4and2.9,which impliesa3

� a5
� a7

� a1a2
� 0. We

know a4
� a6

� 0 andtheai aresymmetric(ai
� a16� i).
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Now we embedthe parabolicsubgroupof X correspondingto � β3 � β4 � β5 � � Π
�
X � . ThenPY

� QYLY

correspondsto Π
�
Y �K%�� α4 � α8 � α12 � , so L !Y is a productof four groupsof type A3. Sincea1 � a2, a8, a14,

anda15 aretheonly possiblenon-zerocoefficientsof λ, dim
�
V )*�V � QY

� � � �
dim

�
VA3

�
a1γ1 / a2γ2 ����� 2 (where

the γi are the fundamentaldominantweightsof A3). By Lemmas2.4 and 2.9, we have dim
�
V2 � QY �����

6dim
�
V1 � QY ��� , but λ % α8 is ahighweightin V2 � QY � , givinganL !Y-moduleof dimension4 
 4 
 dim

�
V1 � QY ��� ,

which is acontradiction.Sowehavenoexamplesfor m � 5, δ � δ5.
If m � 5 andδ P δ5, δ �� δ5, thenδ P δ1 / δ4, whichhasmorethanthreeweightsat its middlelevel asin

them � 4 caseabove. Sotherearenoexamplesfor m � 5, δ P δ5.
Thiscompletestheargumentfor X � Dm.

5.3. X � E6. AssumeX � E6. We againneeda few “small” weights,amongwhich every dominantE6-
weighthasa subdominantweight.

Lemma 5.6. If δ � d1δ1 / d2δ2 / d3δ3 / d4δ4 / d5δ5 / d6δ6 is a non-zero dominantweightof TX, thenδ has
oneof δ1, δ6, or 0 asa subdominantweight.

Proof. SeeproblemIII.13 in [7].

Assumeδ P 0. We know δ �� 0 asX actsirreduciblyonW; addingpositive rootsto 0, theuniquelowest
dominantweightin theorderis δ2. Continuingto addroots,theuniquesuccessorto δ2 in thepartialorderon
dominantweightsis δ1 / δ6. As δ �� δ2 (sincet doesnotactonW), wehaveδ P δ1 / δ6. Theweightδ1 / δ6

has0 asa weightat level 16;a simplecheckshow thatthereareat leasttwo otherweightsat this level. Soif
δ P 0 wehavenoexamples.

If δ P δ1 (δ P δ6 is thesameargumentby symmetry),thenδ hasat leastthreeweightsat its middlelevel
becauseδ1 does:Themiddle level for δ1 is 8 (asthe low weight is at level 16), andat level 8 arethe three
weights

δ1 % β1 % β2 % 2β3 % 2β4 % β5 % β6
� δ1 % δ3 / δ5 % δ6 �

δ1 % β1 % β2 % β3 % 2β4 % 2β5 % β6
� δ3 % δ5, and

δ % 2β1 % β2 % 2β3 % 2β4 % β5
� % δ1 / δ6 �

Sotherearenoexamplesfor X � E6.
Thiscompletestheproofof Theorem8.1.

What remainsto be consideredto completethe proof of Theorem1 arethe casesin which X actsirre-
duciblyonW, andW is t-stable(if t � G). Thiswill becompletedin partII ([5]).
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TABLE 1. Examplesarisingfrom theconnectedcase

No. X Y W 	 X V 	 X V 	Y char
�
K �

I4 Dn �
n � 4�A2n � 1 δ1 $ $ $ $ $

$' ' '( ( (
�
�
 
�
�
1

βk
n % 1 & k � 2

$ $ $ $ $
�
�
 
�
�
1

αk
p �� 2

I5 Dn �
n � 4�A2n � 1 δ1 $ $ $ $

$' ' '( ( (
�
�
 1

1

$ $ $ $ $
�
�
 
�
�
1

αn � 1
p �� 2

I6 A3 A5 δ2 $ $ $1 1 $ $ $ $ $1
p �� 2

II1 A5 C10 δ3 $ $ $ $ $1 1 $ $ $ $ $�
�
�
1
p �� 2

S1 A2 B3 δ1 / δ2 $ $2 2 $ $ $&2
p � 3

S7 A3 D7 δ1 / δ3 $ $ $1 1 1 $ $ $ $
$' ' '( ( (
�
�
 1

p � 2

S8 D4 �
s� t � Y �D13 δ2 $ $

$$ ' ' '( ( (1 1
1

1

$ $ $ $
$' ' '( ( (
�
�
 1

p � 2

MR4 Dn Cn δ1 $ $ $ $
$' ' '( ( (
�
�
c1 c2 cn � 2

cn � 1

cn � 1

$ $ $ $�
�
�
c1 c2 cn � 1 0
p � 2
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TABLE 2. New Examples

No. X Y W 	 X V1 	 X V 	Y char
�
K �

U1 An � 1

(n odd)
An usual $ $ $ $
�
�
 
�
�
1

β n G 1
2

$ $ $ $ $
�
�
 
�
�
1

α nQ 1
2

any

U2 Dn Bn usual $ $ $ $
$' ' '( ( (
�
�
a1 a2 an � 2

an � 1

an � 1 / 1

$ $ $ $&
�
�
a1 a2 an � 1 1
below

with ai / a j b i % j
�
mod p� whenever ai and a j arenon-zerocoeffi-

cientswith only 0’s betweenthemandi � j � n; and2ai b:% 2
�
n % i �L%

1
�
mod p� for ai thelastnon-zerocoefficientbeforean

� 1.

U3 Dn Dn� 1 usual $ $ $ $
$' ' '( ( (
�
�
 1 $ $ $ $

$' ' '( ( (
�
�
 1

any

U4 A3 D4 δ1 � δ3 $ $ $1 $ $
$$ ' ' '( ( ( 1

any

U5 A3 D10 2δ2 $ $ $3 1 1 $ $ $ $
$' ' '( ( (
�
�
 1

p �� 2 � 3 � 5 � 7
U6 Dm �

m
& 3�Cm � Bm δ1 $ $ $ $

$' ' '( ( (
�
�
 1 $ $ $ $
�
�
 1
p � 2

U7 A2 A5 2δ1 $ $3 $ $ $ $ $1
p �� 2 � 3

U8 A3 A9 2δ1 $ $ $2 2 $�$�$E$�$E$�$E$:$1
p �� 2 � 5

U9 A4 A9 δ2 $ $ $ $2 1 $�$�$E$�$E$�$E$:$1
p �� 2 � 5
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