OVERGROUPSOF IRREDUCIBLE LINEAR GROUPS,I

BEN FORD

1. INTRODUCTION

In work spreadbver severaldecadesDynkin ([4, 3]), Seitz([10, 11]), andTestermar{[16]) classifiecthe
maximalclosedconnectegubgroup®f simplealgebraiayroups.Theiranalysedor theclassicabroupcases
were basedprimarily on a striking result: If G is a simplealgebraicgroupand¢ : G — SL(V) is a tensor
indecomposablereduciblerationalrepresentatiorthenwith specifiedexceptiongheimageof G is maximal
amongclosedconnectedubgroupof oneof the classicalgroupsSL(V), Sp(V), or SOV). Fromaslightly
differentperspectie, the questionthey answeredvas: Givenanirreducible,closed,connectedubgroupG
of SL(V) for somevectorspaceV, find all possibilitiesfor closed connecteavergroupsy of G in SL(V).

This questionof irreducibleovergroups or therestrictionof irreduciblemoduleso subgroupsappearsn
othercontextsaswell. In this papemwe presensomeresultsin theabsencef theconnectednesgquirement
for the subgroup:The eventualgoalis to classifyall possibletriples (G,Y,V) with G < Aut(Y) bothclosed
irreduciblesubgroupof SL(V), Y # SL(V),SO(V), or Sp(V), andY a simplegroupof classicaltype. In
this paperand|[5], we give completeresultsfor the casewhenG is not connectedbut hassimpleidentity
componeni, andthe Ty-high weightand Tx-high weightsof V arerestricted. Specifically the papersare
concernedvith the proof of Theoreml below.

Let G be a non-connectedlgebraicgroupwith simpleidentity componeniX. LetV be anirreducible
KG-modulewith restrictedX-high weight(s).

Theorem1. LetY bea simplealgebraic groupof classicaltypesud thatX <Y < SL(V), G < Aut(Y), and
V|y is irreduciblewith restrictedhigh weight. ThenY = SQ(V), Y = Sp(V), or (X,Y,V) appeasin Table 1
or Table2.

If G hassimpleidentity componeni, thenG < Aut(X). Sincewe requirethatG # X, we thereforemay
restrictour attentionto X of type Am, Di, Or Es.

ThegroupY is of classicatypeandsohasanaturalmoduleW. Somesimply connectedoverY of Y acts
irreduciblyonW. Let X bethe preimageof X < Y underthe projectionY — Y. ThenX = X - Z for some
cover X of X andsomeZ < Z(Y). Now we replaceY by Y andX by X. If u is anouterautomorphisnof X,
thenthe actionof u canbe extendedto X; if u € Y let G be a preimageof u underthe projectionY — Y. If
u is anouterautomorphisnof Y, it is againpossibleto extendu to G € Aut(Y). Now replaceu by 0. As we
will make useonly of theactionof u on 1-space# Y- andX-modulesthepossiblesxtensionby elementof
Z(Y) doesnot concerrus. Sowe assuméenceforttthaty is simply connectedandthatX andY actonW.

The analysisis differentdependingon whetherX actsreduciblyor irreducibly on W. We settlethe re-
ducible casein this paper andthe irreduciblein [5]. Also, we will assumen [5] thatthe involutory graph
automorphisnof X, if it isin G, alsoactson W (thoughit neednotbein Y). We dealwith the casewhenit
doesnotactonW in thefinal sectionof this paper

If V|x is irreducible thenwe arein the caseexaminedby Seitzin [10], with the additionalconditionthat
X have an outerautomorphisnwhich actsonV. We examineTable 1 of thatpaper andfind thatwe have
sucha situationin the examplestherelabelledl 4, Is, Ig for n = 3,111, $1, Sg (herewe couldtake G = X{t),
G = X({s), or G = X(s,t), wheret, s areouterautomorphismsf X of order2 and3 respectiely), andMR.
Henceforthwe shallassumehatV |x is notirreducible.
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1.1. Notation and Conventions. All structuresareassumedo be constructedver the samealgebraically
closedfield K, of characteristigp > 0. Throughout X will denotea simplealgebraiagroupover K admitting
anouterautomorphisnfso X is of type An, Dm, or Eg). A fixedstandardyraphautomorphisnof order2 will
bedenotedby t, andif X hasanouterautomorphisnof order3 (i.e.if X = D4), we will fix oneanddenoteit
by s. ThusG is X(t) exceptpossiblywhenX = Dy, in which casewe alsoconsideiG = X(s) andG = X(s,t).

We let Bx be a fixedt-stableBorel subgroupof X, containinga fixedt-stablemaximaltorusTx. Define
setsof simpleroots{p1, B2, ...,Bm} = M(X) andfundamentatominantweights{ds,...,0m} with respecto
Tx andBy, but with theoppositeof thestandardorvention:Bx = Ux Tx whereUx = [1U_q for a € 7 (X).
Thenfor J C M(X), Px is the oppositeof the standardparaboliccorrespondingo J. We assumehe &; are
numberedso that & correspondso B3; for everyi. The setof rootsof X is Z(X); the setof positive roots
=+ (X).

ThegroupY will beasimplealgebraiagroupoverK of classicatypeandrankn (An, Bn, C, or Dy), such
thatX <Y andG < Aut(Y). Let {aj,0o,...,an} =T1(Y) beasetof simplerootsof Y, and{A;} the setof
fundamentatlominantweightssuchthatA; correspondso a;. Thesetof rootsof Y is 2(Y); thesetof positive
rootsZ*(Y). Notationandcorventionssimilar to thoseusedfor X areusedfor parabolicsubgroup®f Y.

For agroupH actingonamoduleM, [M,H'] will denotethel-fold commutatoiof H with M.

The K-vectorspaceV is assumedo be a restrictedirreducibleY-modulewith high weightA = 5 ajA;,
suchthatV isirreducibleasa G-modulebut notasan X-module(seethe commentat the endof the previous
subsection).We assumehat the Tx-high weightsof V arerestrictedaswell. Soif G = X(t), thenV|x =
V1 ® Vo, whereeachof V1, V; is arestrictedrreducibleX-module.

Thenaturalmodulefor Y will bedenotedby W. If W is irreducibleasan X-module thend will denoteits
Tx-high weight. We will alwaysassumethatY is the smallestof SL(W), SQW), Sp(W) containingX. To
justify thisassumptionwe musteliminatethe situationwhenX <Y < SL(W),Y = SO(W) or SpW), andV
is areducibleY-module but anirreducibleG-module.Assumewe have sucha situation.

If X=D4 andse G, thenX(s) <Y becausé&’ hasno outerautomorphism®f order3. In this caselet
X = X(s); otherwisesetX = X. Now V|g = V1@V, andV |y = V; @ V- for someirreducibleX- andY-modules
V1 andV. Now if X = X, thensinceX #Y, thetriple (V1,X,Y) mustappeain thelist in [10]. Here,though,
we have the extra hypotheseghatY # A,, X hasa graphautomorphismmotfixing V1 (or V>); bothV; andV,
appeain thetable;andY hasanouterautomorphisn{G < Aut(Y) t € Y sinceV|y is notirreducible).There
areno entriesin [10] which satisfyall theseconditions.

Similarly, if X = D4(s), then (V1,Da4,Y) would appearin Table 2, with G = D4(s); thereareno such
examplesthere.Soour standingassumptiorthatY is the smallesiof SL(W),SOQW), andSp(W) containing
X is justified.

Exceptfor thelastsectionwewill assumehatG actsonW (X clearlyactsonW sinceX <, butt might
notactonW). Whent € G actsonW, X(t) fixesa nondeeneratdilinear form on W ([14, Lemma79]);
but in characteristi@, it is concevablethatX fixesa quadratidorm whicht doesnot. Thenwe would have
X < SOW); X(t) < Sp(W). Let q bethequadratidorm definingSO(W); let g’ bethe quadratidorm given
by ¢ (w) = q(w!) for w € W. Both formsareX-invariant.

Lemma1.1. With theabovesetup,q= ¢, soqist-stableand X{t) < O(W).

Proof. LetR= {we W/|q(w) = ¢ (w)}. It is clearthatR is a subspacef W andthatR is X-invariant.But X
actsirreduciblyonW, soR= 0 or R=W. For a Tx-maximalvectorw™ e W, q(w") = 0= (w*) (lethe Tx
suchthathw* = sw+ for somes € K* suchthat1 # s> — theng(w*) = q(hw*) = sg(w*), sogq(w*) = 0;
similarly for ¢'). SoR=W, whichimpliesqg=¢'. O

We label Dynkin diagramsfor the groupswe will be dealingwith asfollows, and we always number
fundamentatootsandfundamentatlominantweightsto agreewith thislabelling:

1 2 1-11

Ale—e - - o—e
1 2 1-=-1
B:o—e- - e==e



OVERGROUPSOF IRREDUCIBLE LINEAR GROUPS,| 3

1 2 1-11
C.o—e - e=o

D:e—e---
I
1 3 4 5 6
Es: |
2

2. Qx-LEVELS AND EMBEDDINGS OF PARABOLICS

In this sectionwe introduceimportantfactsaboutthe “commutatorseries”of a moduleof a simplealge-
braicgroup.

Lemma2.1. If H is a simplealgebraic group whoseroot systemhasonly oneroot length, thenrestricted
irreducibleH-modulesare tensorindecomposablén particular, restrictedirr educibleX-modulesare tensor
indecomposable).

Proof. Thisis partof 1.60f [10]. O

Lemma2.2. Let M be an irreduciblerestrictedH-modulewith high weighty for somesimple algebraic
groupH. LetP bea properparabolic subgoupof H, with P = QL a Levi decompositionThenM/[M, Q] is
irreduciblefor L andfor L' = [L, L], with T..-highweighty|T,, .

Proof. Thisis1.7and2.10f [10Q]. O

LetH, M, y, andP beasin thelastlemma.Let {& } bethesetof fundamentatootsof H.

Definition 2.3. Let pbeaweightof M, saypu = y— 5 cj, with eachc; > 0. The Q-level of pis 5 cj, where
thesumrangeoverthosej for whichej € NM(H) —M(L’). TheQ-levell of M is thesumof weightspacesor
weightshaving Q-level | andis denotedV,.

LemmaZ2.4. H, M, andP asabove If H is simplylacedor if p> 2 (> 3for H = Gy), then
1. M,Q] = ®My, thesumtakenover thoseweightsu havingQ-level at leastl.
2. [M,Q]/M, Q=M
3. dim([M,Q']/[M,Q'*1]) < s-dim([M,Q'"1]/[M,Q']), wheee s is the numberof positiveroots 8 suc
thatU_pg < Qandp = ¢ + ' for someg; € M(H) —M(L’), with ' = 0 or a sumof rootsin M(L’).
4. dim(M,Q']/[M,Q*]) < dim(Q) - dim([M,Q'~*]/[M, Q).
Proof. Thisis 2.30f [10]. O

We will write M'(Qy) for thequotientM, Q' ~]/[M, Q'].

Lemma2.5. LetH = Aj; let c beaninteger suc that0 < ¢ < p; andletys, yi bethe“end” fundamental
dominantweightsfor H. TheirreduciblemoduleM havinghigh weightcy; or cy; hasall weightspacesof
dimensior; in particular, dim(M) = (I 4+ c)!/llc!.

Proof. Thisis 1.140f [10]. O

We will occasionallyusetheWeyl characteformulafor dimensionf Weyl modules.
Finally, we claim that when X actsirreducibly on W, we may assume/ is in fact restrictedasan X-
module.

Lemma 2.6. If X actsirreduciblyonW, thenasan X-module W hasa restrictedhigh weight.



4 BEN FORD

Proof. By Steinbeg’stensomproductheorem([13]), W =x W* @ W,? @ - - -@ W wheretheW arerestricted
irreducibleX-modulesandqg, ..., g aredistinctpowersof p. Let X; betheisometrygroupof V\l,qi. Thenthe
embeddingf X in Y, whichis givenby theactiononW, factorsthroughanembedding< <— X1 X... X <Y
givenby x — (x® x% ... x9). Butthentheactionof X onV factorsthroughthis sameembeddingsincethe
actionof X onV is givenby theembeddingf X in Y). NoticethateachX; mustactnontrivially onV sinceY
is simple.Now if V|x,x,..x, is irreducible thenasanX-moduleV hasa high weightgivenby therestriction
of the X1 X>... X,-high weightto Tx; but this givesa Tx-high weight of the form qiy1 + - -- + gy for some
non-zeraestrictedlx-weightsy;. Thisisimpossibleunless = 1 andq; = 1, asthe Tx-highweightsof V are
restricted.Similarly, if V is reducibleasan X; X, ... X,-moduleandthereis ani suchthatg; # 1, thenletV,
beaX;Xz...X-subquotiendf VV onwhich X; actsnontrivially. ThenasanX-module)V; hasanon-restricted
highweightasabove,againa contradiction. O

Now let Px be a parabolicsubgroupof X, andPx = QxLx aLevi decompositiorwith Tx < Ly (if P is
t-stable,chooselx to alsobet-stable). Assumethat X actsirreducibly on W with high weight 8, which
is restrictedby the Lemmaabove. We wish to give a constructionof a parabolicsubgroupP, of Y (with
Ry = QvLy aLevi decompositionjuchthatPx < Py, Qx < Qv, Lx <Ly. LetZ =Z(Lx)°.

Lemma2.7. Thestabilizerin Y of thecommutatoiseries

W > [V\/)QX] > [VV7QX7QX] >-->0
is a parabolic subgoupPRy of Y satisfyingthefollowing:
1. Px <Ry andQx < Qy = Ru(Ry).
2. Ly =Cy(2) is a Levi factor of By containingLx.
3. If Ty isamaximaltorusofY containingTy, thenTy < Ly.

Proof. SinceX actsirreduciblyonW, we canapplythe Qx-level constructiorabove to W andPx. Suppose
Y = SpW) or SOW). ThenW = W* andwe identify thesemodulesvia the inner product. So the fixed
point setsW(Qx) andW*(Qx) areequal,anda trivial calculationshavs thatW*(Qx) is the annihilatorin
W* of W,Qx]. But from 1.2in [10] it follows thatW(Qx) = [W, Q‘§(], wherek is minimal with respecto
W, Q1] = 0. By induction,[W, Q] annihilategw, Q&™+1).

By Lemma2.4,[W, Q}]/[W, QY] = ¥ Wi =W, with thesumtakenoverthoseweightspi of Qx-levell, so
by thelastparagraplwe have (W,W;) =0unless + j <k. Letc=[(k—1)/2]. Then0 < W < W ®Wk_1 <
- < Wi --- Wk is aflag of totally isotropicsubspacesf W, soits stabilizerR, in Y is a parabolic
subgroup. But our discussiorof weightsshaws this flag is just the flag 0 < W, Q%] < W, Q%] < --- <
W, Q%¢), andif we adjoinannihilatorsye obtainthe full commutatoseriesd < [W, Q] < --- < [W,Qx] <
W. HenceR is thestabilizerof this commutatoseries Let Qy = Ry(Ry).

LetZ =Z(Lx)°. Let L bea Levi factorof Ry containingZ, andlet Ly = Cy(Z) > Lx. ThenZ induces
scalarsonW/[W, Qx] sincethis moduleis anirreducibleLx-module,andso[Z, (] < L hasatrivial actionon
W/[W,Qx], whichimplies [Z,L] < Qy. ButQyNL =1,sol < Cy(Z) = Ly. ThisimpliesL = Ly asL is
amaximalreductie subgroupof Py. Let Ty beamaximaltorusof Y containingTx. ThenTy < Cy(Tx) <
Cv(2) = Ly.

Notethat[W, Q\,] = [W, Q\] for everyl by construction!f ue U_q for a € M(X) —MN(Lx), thenuWs_e g, —e)po—... €
Y150 Ws_e B, —expo——la- SOQx < Qy. SincePx stabilizeseachfactorin theflag, Px < Py.

If Y = SL(W), theargumentis easier:Theflag 0 < [W, Q%] < [W, Q5] < --- < [W,Qx] < W determines
aparabolicsubgroupR, andtheabove agumentshold. O

We give more information aboutthis embeddingfor particulargroupsX and parabolicsubgroupsPx
below andin subsequergectionsFor thenext two Lemmaswe assumehatt € G (wheret is thefixedouter
automorphisnof X) andV =x Vi & Vo, with V1, V5 irreducibleX-modules.

Lemma 2.8. If Px is at-stableparabolic subgpupof X andPx is embeddedh a parabolic subgoup R, of
Y asabove thenPy is likewiset-stable



OVERGROUPSOF IRREDUCIBLE LINEAR GROUPS,| 5

Proof. Thisis clearif t actson W, for theneachsubspac&\{ of W is t-stable(since,if X is of type Ay, for
exampIe,Wets_elﬁl_esz_m_emBm =Ws_aB;—an_1Bs——e:fm)- SOPY is thestabilizerin W of thesameflag asis
Rie R =R

Now assume doesnotactonW. Then,sincet actsonY, we haveY = A, (asouterautomorphismef
D, preserethe naturalmodule).Let the Qx-level of the Tx-low weightof W bek asabove. Thedimensions
of Qx-levels of W aresymmetricaboutk/2; thatis, dim(\W) = dim(Wk-;), sincethey areinterchangedy
arepresentatie in X of the long word of the Weyl group. This meansthat Ry is symmetric;i.e. M(LY) is
presered underthe automorphisnof the Dynkin diagramof Y. Sothereis a graphautomorphisno of Y
which preseresPy; sinceall graphautomorphismsnay be written asthe productof t with anelementof Y,
thereis ag € Y suchthatt = ag. ThenP!, = Pf(’g = P\‘?. SoPRy andP, areconjugate.

SincePy is the stabilizerof the flag W > [W,Qy] > ..., P} = PJ is the stabilizerof W > [W,QJ] >
W,Q¥, Q9] > .... Also, Px = P < P}, soQx = Q} < Q\, = QY. Thisgives|W, Q] = [W, Q] < [W, ()]
for everyi. Butdim([W,Q,]) = dim((W, (Q%)']); soin fact[W, (Q¥)'] = [W, Q] for everyi. But thisimplies
thatRy andP!, arethe stabilizersof thesameflagin W, or Ry = . O

Lemma 2.9. If P is at-stableparabolic subgpupof X and Pk is embeddedh a parabolic subgoup R, of
Y asabove thenV /[V,Qy] = V/[V,Qx] = Vi1/[V1,Qx] & V2/[V2, Qx].

Proof. The involutiont interchangeshe two Tx-high weight 1-spacegvi) C Vi and{v2) C V, of V. We
have [V,Qx] < [V, Qv] sinceQx < Qv, andV/[V,Qx] = Vi/[V1,Qx] ® V2/[V2,Qx], with eachsummandan
irreducibleL} -moduleby Lemma2.2.

Sincely is containedn Ly andV /[V, Qy] is anirreducibleLy-module either(V / [V, Qv]) |y = Vi/[Vi, Qx]
fori=1or2,or (V/[V,Qv])|Ly =Vi1/[V1,Qx] ®V2/[V2,Qx]. If theformer, say(V /[V, Qv]) Ly = Va/[V1,Qx],
thenv, € [V, Qy] (noticethatV1/[V1,Qx] 2 V2/[V2, Qx] asLx-modulesbecausfy < Lx actsdifferentlyona
highweightvectorv; € V; thanonahighweightvectorv, € V,, andv; hasa non-zeramagein Vi /[Vi, Qx]).
But Qy ist-stableby thelastlemma(Qy is acharacteristisubgroumf Ry), so[V, Qy] ist-stable.Thiswould

imply (V3) = (v1) C [V,Qy], whichis impossible.So (V /[V,Qv]) | = Va/[V1,Qx] & V2/[V2,Qx]. O

Let By = LyQy be a parabolicsubgroupof Y. For eachy € M(Y) —M(L{ ), we definea certainnormal
subgroupky of Py, asin [10, page44]: Let Z,(Y) denotethe setof rootsin Z(Y) having y-coeficient —1
andzerocoeficientfor otherrootsin M(Y) —M(L,). ThenletKY bethe productof thoseTy-root subgroups
Ug for B € Z7(Y) — 27 (L) — Zy(Y). Fromthe commutatorelationsit follows that K{ is normalin R, and
we let Q¥ = Qy/K¥. This constructioralsoappliesto a parabolicsubgrougPx of X. In particularif Py isa
maximalparabolicsubgroupcorrespondingo a € M(X), thensetQ§ = Qx /K%, whereK® is the productof
thoseTx-root subgroupgorrespondingo rootshaving a-coeficientstrictly lessthan—1.

Lemma 2.10. If Px = QxLx is a maximalparabolic subgoupcorrespondingo a € M(X), then:

1. K% = [QX7QX]-

2. Q% isanirreducibleL} -modulewith —a asits T,_:X—high weight.
Proof. See3.2in [10] (rememberinghatX is of type Am, Dm, or Eg). O

Againassume € G. Let Px bea parabolicsubgroupof X (not necessarily-stable)containingthe fixed
t-stableBorel subgroupBx. EmbedPx in a parabolicsubgroupP, of Y via the above construction.Write
Ly = L1 x -+ x L, a direct productof simple groups. By Lemma2.2, L}, actsirreducibly on V1(Qy) =
V/[V,Qv]. ThenVi(Qy) =V1®---®V" wherefor eachi, V' is anirreduciblemodulefor L;. Theembedding
Lx — Ly givesanembeddingof Ly into Ly x --- x Ly, andvia the projectionsLy — L;, ary Li-module,in
particularV', canberegardedasa modulefor LY.

SinceQx < Qv, wehave [V, Qx] < [V, Qv] andhenceV /[V,Qv] is aquotientof V /[V,Qx] = V1/[V1,Qx] &
Va/[V2,Qx], with eachof thesesummandsrreducibleLy -modules.Sincel} < L{, thisimpliesthateither

V/[V,Qv] is irreduciblefor L, or V/[V, Q] = V/[V,Qx] = Va/[V1,Qx] & V2/[V2, Qx]. Lemma2.9tells us
thatthelatterhappensvhenPy is t-stable.
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Lemma?2.11. If V, Px = LxQx, Ry = LyQy, andL; are as above with Px t-stable thenonly onel; acts
nontrivially onV /[V, Qy].

Proof. By Lemma2.9,V/[V,Qv] = V/[V,Qx] = V1/[V1,Qx] @ V2/[V2,Qx]. LetV' be the obvious mod-
ule for L; asabove (i.e. if L; correspondso {a,aj1,...,0k} C IM(Y), thenV' is the Lj-modulewith high
weight aj)\j + aj+1)\j+1 +---+aAk)- Then ®iV'||_IX = V/[V,Qy] = Vl/[\/l,Qx] @Vz/[\/z,Qx] = Vll @VZI,
with the latter two (restricted)irreducibleL} -modules. Notice thatV /[V, Qy] hasno tensordecomposable
Ly -submodulessincethe only LY -submodulesf V /[V, Qv] areisomorphicto V; or V;, whicharebothirre-
ducibleL} -modulesandLemma2.1impliesthatnoirreducibleL -moduleis tensordecomposable.

Noneof theV' canbereducibleasL}-modules:Assumev! hasanL}-submodulé/’. ThenV' ®V2 ...
is a propertensordecomposable) -invariantsubspacef V /[V, Qv], which is impossibleby the above. So
eachof theV' is anirreducibleL} -module;they arerestrictedaswell, sincethesumof their L} -highweights
mustbeanL -highweightin V /[V, Qy], andthesearebothrestrictecby assumption.

Similarly, assumeherearemorethantwoV'. ThenV®VZ2is notanirreducibleL} -moduleby Steinbeg’s
tensorproducttheorem([13]) (sincethereis no twist in the embeddind-} < L;), soit musthave a proper
L4 -invariantsubspac#/’. But thenV’' @ V3 ® ... is a propertensordecomposable) -invariantsubspacef
V/[V,Qy], whichis againa contradiction.

Soassumewo V' arenontrivial; we have V1 ® V2 = V] @V}, all restrictedirreducibleL) -modules. Let
N bethe Ty NL; = Ty,-high weightof V'; y the Tx N LY = Ty -high weightof V. The Levi factorLy =
Cv(Z(Lx)°) ist-stablesincelLy is; hencely is t-stable.NotethateachL; hasrankgreaterthan1 (sincely
projectsnontrivially to L;). Thusthe subsystengroupsL; andL, areeitherinterchangedbyt (if Y hastype
A, andt ¢ Y) orfixedbyt (if t € Y orY hastypeotherthanA,). Letv! (respectiely v?) beaT,_/X—highweight

vectorof V! (respectiely V2), with respecto By Ny = BLS< (aBorel subgroupof L%). Thenvl® V2 is a
Ty, -high weightvectorof V1 ® V2 = V/[V,Qy], andsinceZ = Z(Lx)° inducesscalaronV /[V, Qy], vt @ v
isin factaT., = Tx-highweightvectorin V/[V,Qv].

AssumethatY = A, andt ¢ Y, soL} = L,. ThenA is symmetricwith respecto the graphautomorphism
(sincet actsonV), so(v!)' € Kv? and(v?)' € Kv! (ast stabilizesB; andTy ).

If L1 andL, arefixed by t, thent presereseachof Vi andV,; hence,ast stabilizesB,_g( and T it
stabilizeskv! andKv2. Soin ary case,(V! ®V?)! € K(v! ®Vv?), whichis a contradictionasthe two Tx-high
weight1-spacein V1 ® V2 areinterchangedyt. Sooneof theV' mustbetrivial. O

Onefinal cruciallemma,dueto Suprunenk:

Lemma2.12. LetH bea simplealgebraic groupof typeA;, andM anirreducibleH-modulewith restricted
high weighty. Let 7/ be the Weyl modulefor H with high weighty. Assumehat p is a weightsud that
Wy # 0. ThenM, # 0.

Proof. Thisistheresultof [15]. O
3. THE D, < B, CASE

In Sectiond, we will presenthe proofof Theoreml for the casewhenW|x is reducible.lt turnsoutthat
the hardestasewill bewhenX = Dj < B, =Y, sowe do thatcasefirst. Sowe assumeX = Dy, G = X({t),
Y = By, with X containedn Y in theusualway.

Notationis asbefore. For H analgebraiocgroup,let L(H) denotethe Lie algebraof H. For a simpleLie
algebrawith root system® having basis{ay,...,0m}, we usethe standardChevalley basis{ey, fq,hi|o €
®*,1<i<m}, satisfyingtheusualrelations(in particular ey, fo;] = hi). Theusualorderingonweightswill
bedenotedoy >.

Throughouthissection X is asimplealgebraigroupoverK of typeDy,, embeddedh Y = B, in theusual
way (asthederivedgroupof the stabilizerof a 1-space).

First we prove a propositionfor irreduciblerepresentationsf simple Lie algebras. The methodsused
in the proof of the propositionhave aninterestingapplicationto the representatiotheoryof the symmetric
groups;see[6].
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3.1. Lie Algebra Representations.LetV be anirreducibleL(By)-module,with high weight A = ajA; +
aA2+ -+ anAn, an # 0 (A thefundamentatlominantweightcorrespondingo theroota;), andhighweight
vectorvt. Assumep # 2. For theweightp= A — (aj +--- + o) (k> i), Vi is spannedy vectorsof theform

+
fai+"'+ai+| fdi+|+1+'"+0‘i+|r cee fai+|(m)+1+"'+°‘kv 5 (T)

whereevery fg involvessomea; suchthata; # 0. For suchak > i, letV; x denotethe spanof all of theabove
termsexceptfor fq; 4.4, V"; SOVik C Vpu.

Proposition3.1. LetV and\ beasabove Leta;, an benon-zeo labelswith m> i. If fq, 4.Vt € Vim
foralli<r< m,thenfon+...+0(jvJr € Vi,j, whee a; is thefirstnon-zeo label after .

Proof. Assumehehypothesedf j =m, thePropositioris vacuoussoassumeherearenon-zerccoeficients
betweenrg; anday,; we proceedby inductionon the numberof suchnon-zerocoeficients. Let ax bethelast
non-zerocoeficientbeforean,.

For the calculationsbelaw, recallthatsincevt is amaximalvector egv = 0 for ary B € X*, andthateg
and f; commutewheneerB—6¢ 2. If B— 05 € Z, thenegfs = fse3 + deg_5 for somed = N(B,—0) € Z
(wherefora € 27, ey = f_q).

Lemma3.2. fo,4..qa,VT € Vikforalli <r <k

Proof. Assumethatthereis anr € [i,k— 1] suchthat fg, 4.+, V" ¢ Vi
To say fo,+..+amV™ € Vim is to saythatthereis anon-zerdinearcombination

0= f(]r+"'+(1mv+ + z d(pl,...,ps) fpl s fpsv+7 (*)
(P1,---,Ps)

wheref,, ... fovt isatermof type (1), with s> 2andy pj =0y +-+- + 0.

Now considerthosesummand®f the right-handsideof (x) which give a multiple of fg, ...+, VT when
theproductey, ... g, isappliedwherey; = Oky1+- -+ Oktiy, Y2 = Okl 41+ @AY Y = Okp1+- -+ 0m.
Sinceeachf, mustinvolve someq; with a # 0, thesetermsareexactly the

F|V+ = fGr+"'+(1k+| fdk+|+1+"'+(1mv+7 0 S l S m— kJ

sinceall the coeficientsbetweeray, andany, are0. Noticethatsucha productof e,'s appliedto asummandf
(x) givesamultiple of ageneratoof type ().

Let the coeficientof RVt in (x) beb; (= i+, a1 14-—+am)); NOtEthatbm_ = 1. Sinceby our
assumptiorfg, +...+q, V' is Notacombinatiorof otherterms(t) whichappeain theh — (a; +- - - + ax) weight
spaceary ey, ... &y, (v asin thelastparagraphmustkill Y biRvT. In particular

Es= eGk+1+~"+Gk+Sedk+9_1+~"+(1m7 0 <s<m- k7

mustkill thissum.

Now assuméeq, +...+q,_, V" ¢ Vi.k—1. Considethesummand (x) whichgiveamultipleof fq, 4...4.q,_, V"
whensomesg, ...y, (Wherey; = Ok + -+ + Oktiy, Y2 = Qkgly+1+---, AN Vi = Ok + ---+ Om) is applied.
They arethe /vt (0<| <m-Kk), and

+_ +
GVv' = fGr+'"+Gk,1 fﬂk+"'+0k+| f(lk+|+1+"'+0mv ’ 0< I <m—k

(notethatwe neednotincludeGm-k = fo;+-+ay_; fag+-+amV™ hereby ourassumptiorthat fq, ...+, V" €
Vk,m)-

By theassumptiorthat fq, 4...4+a_,V© & Vrk-1, it followsthat fq, 4.1, VT # 0. Soary e, ...ey, (i as
in thelastparagraphjnustkill

m—k—1

m—k N .
|;)bIF1V + l; aGVv',
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whereg; is thecoeficientof Gy in (x). In particular ey, Es mustkill 3 ¢;Gv* for every0 <s< m—k. The
following shavsthatEsGvt = 0if s# |: Assumes< |. Then

+ +
EsGvT = (eak+1+~~-+cxk+seak+s+1+~~~+am far+etap g fager o qu+|+1+~-~+am)V

+
eak+1+~-~+ak+s( far+~~~+ak,1 fak+~~~+ak+| €0y sr1++0m fak+|+1+~-~+amV )

+y
= deﬂk+1+"'+0‘k+s(fﬂr"'"""qkfl fo‘k+"'+°‘k+|eﬂk+s+1+"'+0‘k+lv ) =0

for somestructureconstant. A similar calculationholdsfor s > |. Also,

A +
eGkE| Gv = Gy fo‘r+"'+Gk71e“k+1+"'+0‘k+l qu+"'+ak+l €yt 41+ +0m fo‘k+l+1+“'+0‘mv

+
:tedk f(Xr+"'+(1k_1 fdk th+|+1+"'+(XmV
+akamfortay V'

So:
0= eakEo(z aGVvt) = +coak@mfottay VT = Co=0
0= eakEl(z aGVv") = faad@mfe+ota VI =>c1=0
0=enEmk-1(} aGV") = *Cmi-18@mfa+-+o V" = Cni-1=0.

Sothisimpliequ Gv = 0. Butthen:
0 = yrsan(Y DAV + Y AGV) = (3 DRV

=d far+---+ak_1V+
with

+2 ifm=n
+1 otherwise

(@sFm-kV" = fq, 4+ tanV' istheonly termin 3 byFv' notkilled by ey, +...+a,). Butthisis acontradiction,
sincewe have assumeq # 2.

Soourassumptiorthattherewasanr, i <r < k, suchthat fq, 4...+q, V" € Vi and fo, 4..pqp V7 & Vi1
mustbefalse;i.e. for everyr,i <r <Kk, either(i) fo 4.+, VT € Vi, OF (i) foytetoy VT € Viko1. Wewant
to shav thatin fact(i) holdsalways. Thereareseveralcases:

(@If r <k—2landfg,4..tq_,V" € Vik—1, we seethat:

far+...+akV+ = qu fqr+...+ak_1v+ - fGr+-"+0(k_1 fakV+
— + +
= Z fgk fpl - fpmv - fqr+...+qk71 quV
(plr“spm)amzz

— + +

= Z fpl .. pr1 qu fpmv - far+...+ak71 kaV

— + + +
= > for-o fon fou Vo +5fos o Forao V™ — ooy foV

for someintegerss (dependingn (p1, ..., Pm)), SO fa, -t V" € Vik.
(b) If r = k—1andax_1 # O, (i) cannothappensinceVi_1 k-1 = 0 and fg, +...+a, VT = fq, VT #0.
(c)If r=k—1andax_; =0,then

fgk71+gkv+ == ﬂ:(fgk fgk71V+ - fgk71 quV+) =4 fgk71 fng+,

sinceak_1 = 0. SO fo,4-ta VT = foy_ s+ VT € Vie 1k = Vik
SotheLemmais proved. O

Sincetherearefewernon-zerdabelsbetweerg; anday thanbetweers; andap, by ourinductive hypoth-
esisfo(i+...+o(jv+ €V, j. SothePropositionis proved. O
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3.2. The caseD,, < Bn. AssumeX = Dy, is embeddedn Y = B, in the usualway (asthe derived groupof
thestabilizerof a 1-spacen the naturalmodulefor Y). Now V is arestrictedrreducibleKBy-module,with
highweightA = ajA1 + apA2 + - - - + apAp (recallthatA; is the fundamentatominantweight corresponding
to theroota; of Y = By) andhighweightvectorv™. ThenD,, is thesubgroupof B, generatedby all theroot
subgroupgorrespondindo long roots,andt may be choseno be a representatie in By, of the Weyl group
reflectionsy,. TheK-vectorspaceV is irreducibleasa KDp(t)- module,but notasa KDn-module.Thehigh
weightsof V asa Dp-modulearerestricted.The symbol“=" will meancongruenmodulop.

Theorem3.3. If p# 2, thenV restrictedio KD (t) isirreducibleif andonlyif a, = 1, (A+p,ai +---+aj) =
1 for everypair of successivaon-zeo coeficientsa;, aj withi < j <n. If p= 2, thenV restrictedto KDn(t)
isirreducibleif andonlyif a, =1 anda = Ofori < n.

Notethatin any characteristicthe spinmodule(highweightAy) for By, is the sumof two spinmodulesor
Dn.

Proof. We will work overthelLie algebraof X andY, ratherthanthe groupalgebrasBy Lemma1l.1ii) of
[10], V is anirreducibleL(By)-module. The notationfor elementof the Lie algebrawasintroducedin the
previoussection.Theproofwill consistof a seriesof Lemmas.

The following arethe roots which correspondo nodesof the Dynkin diagramsfor X andY (sincewe
know theembedding < Y preciselyandX containsthe full maximaltorusof Y, we know whatthe 3; are

in termsof thea):
On-1
a1 Oy Op_1 Op o1 oy On-2 n
—e0 - =—x» ° PO
Op—1+ 20n

Thefundamentatlominantweightsfor X are

M Az Anp AAn-1=hn

An
wherehi, A, ..., An arethefundamentatlominantweightsfor B,.

Lemma 3.4. Assumehata, < 1andp# 2. ThenV = L(Dy)vt & L(Dy) fa,v" asa KD,-moduleif andonly
if foi+-tanVT € L(Dn) fo, VT and fo; +-tap fo, VT € L(Dn)v* for all i < n.

Proof. Notethat fy, vt is @ maximalvectorfor D,, andasmentionedabove Dy, containsthe full maximal
torusof B,.

=: First: fo4ta,V" € L(Dn)fa,v". Thisis clearif fg,+...+q,v" = 0 for everyi. If thisis not the
caseleti < nsuchthat0# w= fg,+..4+q,V". Thenw is aweightvectorof weightp=A — (aj + --- + ap).
Soif w=wj + Wy, with wy € L(Dn)v andw, € L(Dp) fq,v+, thenwy,w, areboth alsoweightvectorsof
weightA — (aj +--- + ap); sow; = 0, sinceall weightsappearingn L(D,)v*™ are of the form A — 3 for
B € (a1,...,0n-1,0n—1+ 20p). Thusw =ws € L(Dp) fo,v*. Similaragumentsshow that fg;+....+ap fo, V' €
L(Dn)V*.

<: LetVy =L(Dn)vt andV, = L(Dp) fo,,v. Weclaimthatif fo ... a,V" € Vi@ Vo andfy4..rap fa, VT €
Vi@V, foralli < n,thenV =V; @ Vo.

Proof (claim). a) Firstwe provethatthe hypothesesf theclaimimply
fVl e fys fgnV+ eV1 Vo,

wheneera=0or1,y; isashortroot,andys, ..., ys arelong. Assumehisis notthecaseandlet fy, ... fy,, fo";‘anr
beacountergamplewith m minimal. By the hypothesism > 2. Then

fyl . fym fgnv+ = fy2 fyl fy3 e fym faanv+ + N(y]_,yz) fyl+y2 fy3 e fym faanV+,
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andfy, fy, ... fy, f& v (thusfy, fy, fy, ... fy, 18 v©) andfy, 4y, fy, ... fy, £ v arein Vi @V, by theminimality
of m. But this contradictourassumptionthat fy, ... fy, & v ¢ V1@ V.. Soa)is proved.

b) TheY-moduleV is spannedy elementof theform fg, ... fB[v+, with the 3; rootsof Y = B,,. Assume
theclaimis false,andlet fg, ... fg v beoneof thesespanningelementsiotin Vi @ V2, with mminimal. By
minimality, fg, ... fg V7 = fg (T afy, ... f v + Y bfe, ... fe fa,v'), whereall theyj, g; arelong roots. By
a), andour assumptior(that fg v*, fg fo, vt e Vi@ V2 if s=00rt =0), fg, ... fg, Vi € Vi@ V> (sincethe
only shortrootsarethea; + - - - + ap), contraryto our choiceof fg, ... fg, v*. Sotheclaimis proved. O

Finally, it is clearthat fq; ...+ o, V" € L(Dn)VT @ L(Dp) fa,v* if andonly if fo;+...+a,VT € L(Dn) fo, vt by
consideringherootsthatappeain eachsummandasimilarargumentholdsfor fg, ..., fa,v". Puttingthis
togethemvith theclaim, we have thelemma. O

Assumenow thatV is thedirectsumof two irreducibleL(Dp)-modules.ThegroupX = Dy containsthe
full torusT of By, soa By-high weightvectorvt € V mustalsobe a weightvectorfor Dy, If vi =vi+ v
(vi € Vi), thenvy, v» arebothweightvectorsof weightA, the By-high weight. But the highweightspacdan V
hasdimensionl. Sov; = 0 or v, = 0, which impliesthatv™ is in oneof the summand¥/, V. Fix a Borel
subgrou®B’ of Dy containedn the Borel subgrouB of By,. SinceB stabilizeskvt, sodoesB’. Thusv* isa
maximalvectorin oneof theirreduciblesummandsSooneof the summandéasmarking

an-1
a ay an-2
._.---

An-1+an

Call the Dy,-modulewith this markingVs. Sincet interchangeshe two summandsnd correspondso the
graphautomorphismthe othersummancasmarking

a a -2 @n-1+8n

an-1

We call this D,-moduleV,. Noticeanotherexpressiorfor this highweight: ajA1 + - -+ + an—2An—2+ (@n—1+
an)(An—1—An) +an-1An = A1+ + @-2An—2+ (@—1+an)An-1— 8nAn = A — @lin.

Sincethe By-high weight spacehasdimensionl, a, # 0 (elsethereis a By-high weight vectorin each
summandwhichisimpossibleasabove). In thesecondsummandthehighweightis ajA 1+ - - -+ an—2An_2+
(@n-1+8n)An—1—8An = A — @nlin.

TheweightA — a,, appearsn V (sincea, # 0). Soit mustappeain oneof the Dp-summandsgthe earlier
argumentthatv* is in oneof the summandshaws that any weightwhich appearsn V mustappearin at
leastone of the summands)lt clearly cannotappeatin Vi (the only weightsappearinghereareA — 3 for
B e {ay,...,an_1,0n_1+ 20)), SOit mustbein V,, whichimpliesa, = 1.

NotethatV, = L(Dp) fq,v" andV; = L(Dp)vt. Soby thelastLemma,

faj+-tanV" € L(Dn) fo, V"
forall1<i<n.

Forw eV, let L(Dn)~w denotethe spanof all fg, ...fs, w for i € =¥ (Dp). Notice thatfor w=v* or
w = fq,v", wehave L(Dn)~w = L(Dn)w, astheeg for B € =*(Dp) annihilatethesevectors.

Lemma3.5. LetV; i beasbefoe. Fix i andmsudithatl <i<m<n. Thenfq 4.4 anV € Vim for all
r € [i,m) if andonlyif fo,+.t+a,V" € L(Dn)™ fo,,v" forall r € [i,m).

Proof. <: Thisis cleat asL(Dn) ™ fo, V" N"VA_ (g +...+am) € Vem:

= Thisis clearfor m=i+ 1, soassumes= m—i > 1 andwe have provedthe Lemmafor m—i <
s, andthat fg,4...ta,V" € Vim for all i <r < m. Considerr suchthati <r <m. If i <r thenby the
inductive hypothesisfg, +...+anV™ € L(Dn) ™ fo, VT, and fo+...+0,V" is @linearcombinationof termsof the
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form... fo,+-ta,v", Wherer > i. All thesetermsarein L(Dn)~ fq,,v" by induction;thussois fg;+...4 oV
O

Now by Proposition3.1 and the last two Lemmas,fo(hL...Jro(jvJr € Vi; wheneer a;,a; areconsecutie
non-zerolabels: Lemma3.4 implies that fg;+...+qa,VT € L(Dn) fa,v" for every i; thenLemma3.5 gives
fa,+-+a,VT € Vi for everyi andeveryi <r < n; finally, Proposition3.1impliesthat fqi+...+qjv+ €V, for
everyi, wherea; is thefirst non-zerocoeficient aftera;. Recallthata, = 1, andthat”=" meanscongruent
modulop.

Lemma3.6. Let1<i< j<nsudthatag =0fori <| < j, buta # 0# a;. Then

2 =—-2(j—)—1 ifj=n

faj+ta VT EVij <=
j+-+0j i {a‘.+aj5i_j if j <n.

Proof. TheA — (a; + -- -+ aj)-weightspacds spannedy
{RV" = foittay o g rog VI S K < JHU{ fonta VT3

So fo(i+...+o(jv+ €V, j if andonly if thereis arelation

-1
0: fai+...+ajv+ + Z bkaV+ (**)
k=i

0 = eq;(fota; VT + 2|J<;|1 biFev™)
= afqi+...+qj_1\/+ + aj bj_lfqi+...+qj_l\/+ (a =

o

= eGj_l(fGi+'"+ij+ + Z|J(;|l bkav+)

= _bj—Zfai+~~-+aj,2 faj V+ + bj—lfdi+~~~+0(j,2 fq
0 = eaj,z(fai+~~~+ajv+ + Z|J<;|1 bkaV+)
Thevectorontherighthandsideof (xx) is Oif andonlyif it iskilled by all &;,s: = —bj_3fai+taj 5 fajfl+ajv+ + bj_2 a4+t

0 = edi+1(fdi+---+(1jv+ + le(;l bkaV+)

= —b fori f(li+2+~~~+(1jv+_+ bi+lf(1i f(li+2+~~~+(1jv+
0 = ey (furmto; V" + 3 BFRVT)

= fai+1+-~-+ajv+ + (ai + 1)bl fdi+1+---+djv+ +

+bj—lfdi+1+-"+djv+
(Thisuseghefactthatwe maychoosehesignof N(a, B) for all extraspeciapairsa, B ([1, page58]). We
choosehemsothat (e, ;+-+a;, €] = —€a+-+a;; thisforcesall of theabove signs.)

Forl <iorl > j, ey (faeta VT + Shci kFv™) = O trivially.

Soif j =n, theaboveimpliesthatbj =--- =bj_1 = ;—jz = —2. Thenthelastequation(for ey, ) givesthe
relation—1—2(aj+1)+(j—i—1)(—2)=0;i.e.—2a—2(j—i) —1=0,0r 28y = —2(j —i) — 1.

If j <n, thenbj=---=bj_1= ;—jl. Sotheequatiorfor e, gives—1— a—lj(aj +1)— a—lj(j —i—1)=0,0r
ajta=i—]j.

This completeghe proof of theLemma. O

Thatthe setof congruencegivenin theLemmais equialentto the conclusiorof Theorem3.3is clear: If
ay is thelastnon-zerdabelbeforea,, then

1 = (A p,0k+---+0n) =2A+p,0k+---+0dn-1) + (A+p,0n) = 2(a+ 1) +2(n—k—1) +2
& 28 =-2(h—k)—1.
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Also, if &,a; areconsecutie non-zerdabelswith j < n, then
1 = (A p,ai+---40))=A+p,0i+---4+0aj) =a+aj+(j—i+1)
& gt+aj= i—j.

This completeghe proof of Theoren3.3in onedirection.

Now assumé/ is asin thesetupof thetheorem(anirreduciblerestrictedK B,-module),andthatA satisfies
the congruencem thelastLemma(by the commentsabore, thisis equivalentto satisfyingthe congruences
in the Theorem) We needto showv V is irreducibleasa {Dp,t)-module.

By Lemmas3.4and3.5,if we shaw fg;+...4a,V" € Vin and fo; +...4a, fan VT € L(Dn)VT for all i < n, then
V = L(Dn)v* & L(Dp) fo,v" asanL(Dn)-module. First we shaw thatin fact fg;+..4amV" € Vim for everyi
andmwith 1<i<m<n:

a) Assumethereareno non-zerdabelsbetweers; anday. Thenby Lemma3.6, fo;+...+anV" € Vim. there
is arelation fg..ta,V" = — Y=t okFvt € L(Dp) fa, v C Vip.

|
b) Assumetherearer > 2 non-zerolabelsbetweens; andan, (inclusive), andthatwe have provedthe

resultfor fewerthanr non-zerdabels. Then
fotomV" = E(fap oy FamV = fom foi V)

We have fq;+.tapy 1 famV™ € Vim, and fo;4.ta,, VT € Vim—1 by induction. So fg;+...tq,, ,V+ is @ sumof
termsof type (1) with morethanone fg. Then fy,, commuteswith all but the last fg in eachof the terms;
thus fo, fai+--tam_, VT € Vim. SO fai+qamV™ € Vim.

Next we mustshaw that fg;+...+q, fa, V™ € L(Dn)v* for everyi < n. We useinduction, doing the base
casesnuchasin the proof of Lemma3.6.

Leti =n—1. TheA — (an—1+ 2ap)-weightspaces spannedy

{ fan—1+2(1nv+7 fan—1+(1n fan+, fo‘n—l 1:Gn fan+}.
Thethird elemenin thissetis 0, asa, = 1. Setb=1if a,_1 = 0, andsetb= -2 if a,_1 # 0. Thenthevector
W= fo, j4an fornV+ + bfan,1+2can+
is trivially annihilatedoy &y, for | < n— 1; eachsummands annihilatedoy ey, ,; andfinally,
€ fqn71+qn fﬂnv+ + I:)Q?‘n f0n71+2(1nv+
= fopstanha V" + 2fa,_, fo, VT 4+ bfay_ja, V"
(1+ ZN(—an_l, —an) + b) fgn_1+gnv+ = (b— 1) fgn_1+gnv+ = 0 |f an_l = O,
(b+ 2) fgn_l_l,_gnv—'— = 0 |f an_l ;é O
Sincew is nota high weightvector this shavs thatit mustin factbe0, so fq,, ;+a, fo, V" € L(Dn)Vv'.
Next leti = n— 2. Now theA — (a2 + 0n—1 + 20,)-weightspacds spannedy
{ fan,2+an,1+2anv+; fon o0 1+an fanV+; fon, fan,1+2anV+};
aswejustshavedthatwe neednt include fq,, , fa,, ;+an fa V', @and
fdn,2+dn,1 fdn fdnv+ = 0 = f(Xn,z fdn,l fGn f(Xnv+7

sincea, = 1.
If a1 =0, letb; =2andby = —2. If a,_1 # 0, letb; = 2 andb, = 1. Thenin calculationssimilar to
thoseabove, we find thatey, annihilates

W= fa, ,+an_i+an faaV" + b1 fa, » fan,1+2anV+ +bo fan,2+an,1+2anV+;

soin factthissumis 0 andfq,_,+a;,_j-+an fanVT € L(Dn)VvT (theonly complicationis thatin thecasean—1 # 0,
we wereforcedto againapplytheey, to show thateg,w = 0).
Finally, assumehati < n— 3. Then

fqi+...+gn fgnV+ - fgn fgi+...+qnv+ + bfgi+...+2qnv+
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for someb, so fg;+-tap fa, VT € L(Dn)VT if andonlyif fq, fa+-ta,VT € L(Dn)VT. We have
fan fajtetanVh

= (foy faistan_s fans+onV" = fan fon_san forton V")

= *(fa4tan, fan fotn,1+otnv+ — fop fan_g+anW),
wherew € V; n_2 (wehave fq, ... 1a, € VemWheneerl < £ < m< n). Thefirsttermin thislastexpressioris
in L(Dn)v* by theabove,andw is asumof termsof type(t) with atleasttwo fg. Thusfq, fa,_,+a, COMMutes
with all but thelastof thesefg, andby inductionwe areagainin L(Dn)V*. SO foj4tan fa, VT € L(Dn)VT for
everyi < n.

We still mustshaw thatV; = L(Dy)vt andV, = L(Dy) fq, vt areirreducibleL (D, )-modules By theabove,
V =Vi @V, asL(Dy)-modules.Also, V 2 V* asL(By)-modules thusasL(Dy)-modules.Now consider
asanL(Dpn)-module;it hasaquotientV (A). If nis even,thenV (A)* 2V (A) ([10, 1.8]),soV* =V hasV(A)
asa submodule.Sincev™ is the only vectorof weightA, andL(Dp)vt = Vi, we musthave Vi 2V (A). If
nis odd,thenV(A)* = V(A —ap), soV hasV (A —a) asasubmodule Sincefq v spansvy_g,, we have
Vo = L(Dp) fo, VT 22 V(A — aip).

Now doingthesamethingwith V(A — ay,) insteadof V(A), we seethatV; =V (A) andV, = V(A —ap). So
V1, Vs areirreducibleL(Dp)-modules.

Sothe Theoremis provedfor p # 2.

Now assumep = 2. By [10, 1.6],V =V’ ® V" asa KBy- module(thusasa KDy-module),whereV' is
theirreduciblemodulewith highweightaiA; + - - - + an—1An—1, andV” hashigh weightanAn. If we assume
thatV is the sumof two irreduciblesfor L(Dy) (V = V1 @ V), thenthe sameargumentas beforeshows
an = 1. ThenV” is the sumof two non-zeroirreduciblesfor L(Dy), sayV"” =W, ®Ws. SoV' V" =
(V' @W) & (V' @ Wh) = V1 &V, asDp-modules But thesameresultin [10] saysthatnorestrictedrreducible
Dn-modulesaretensordecomposableSooneof V/,V” mustbe 0. SinceV” # 0, we musthave V' =0, so
y=ap=--=a-1=0.

This completeghe proof of Theorem3.3. O

4. WHEN W|x 1S REDUCIBLE

Thenotationwill beasin theintroduction:G is analgebraigroupoverafield K of arbitrarycharacteristic
p (O or aprime),with simpleidentity componenX admittinganouter(graph)automorphismSo exceptfor
the caseX = Dg4, the Dynkin diagramfor X hasa singlegraphautomorphisninducingan automorphisnt
of X, andG = X(t). If X = Dy, thenAut(X) = D4 - Symy. Let Sym; = (s;t), with s> = 1 =t2. Thenthe
possibilitiesare: G = D4(t); G = D4(s); andG = Dy(s, t).

LetY beasimplealgebraiogroupof classicaktypeandof rankn suchthatX <Y andG < Aut(Y) (t may
or maynotbein Y; butif X = D4 ands € G thens e Y sinceno simplegroupproperlycontainingD4 hasan
outerautomorphisnof order3). Let {A;} ({di}) bethe setof fundamentatiominantweightsof Y (X), {a;}
({Bi}) thesetof fundamentatootsfor Y (X) with respecto somemaximaltorusTy <Y (Tx < X) andsome
BorelsubgroupLetV(A) =V beanirreducibleY-moduleon which G actsirreduciblybut X actsreducibly
with A = 5 ajA;.

In this sectionwe considerthe casewhen X actsreducibly on the naturalmoduleW for Y. The main
theoremof the sectionis thefollowing:

Theorem4.1. AssumeX actsreduciblyon the natural moduleW for Y. TheneitherY = SL(V), SQ(V),
Sp(V), or (X,Y,V) areasin Uy, Uy, Us, or Us of Table 2.
Theapproachwill beto analyzethevariouspossibilitiesfor aminimal X- or G-invariantsubspacef W.

4.1. Preliminary Lemmas. Severalpossiblesituationsfor theactionof X onW will arisemorethanonce,
sowe have somelL.emmagdo provefirst.

Lemma4.2. AssumeP, is a maximalparabolic subgoup of Y correspondingio the root aj, with j =n
if Y is not of typeAn. Let Ry = LyQy bea Levi decompositionlf there exist only two non-zeo quotients
Vi(Qy) =V, QyY/[V, Q,], anddim(V1(Qy)) = dim(V3(Qy)), thenoneof thefollowing holds:
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1. V=W,

2. nisodd,Y = Aq, LY = An_1, A = Any1)/2; OF

3. Y = D4, X = Az, A = A3, with V|x =VWx(01) ®Vx(d3) andeitherW|x = Vx(82) ® 2Vx(0), or W|x =
V(1) © Vx (83).

Proof Let A bethe setof Ty-weightsof V. Write V! = Z Vi, where/\j = {p e Aju= A — B, coeficient
HEN;
of aj in p=i—1}. By 2.7in [10], V* = V/]V,Qv] = V(Qv) andV? = [V,Qv]/[V,Qv,Qv] = V*(Qv), so
dim(V?) = dim(Vv?).
SinceV = V1@ V2, theweightspace,, mustbein V2 (if Vi, CVthenv2=0,s0V =V =V/[V,Qy]
— thusV = V1is anirreducibleLy-module whichis acontradictiorasLy < Py), i.e.WoA = A — (--+aj+
--). SOA —wpA hasaj-coeficientl. In the casesvherewg = —1 (Dy, for n even, Bn,Cy; herej = n), this
implies2\ = --- + ap. In the othercaseqAn, Dy for n odd),let o be aninvolutory graphautomorphisnof
thegroup;thentheabosegivesA +A° = --- +a; +... (with j = nin theD, case).Thecasesare:

o Y =A,, L}, = Aj_1 x An—j: We usethe expressionfor the A; in termsof the a; (e.g.[7, page69])
to calculatethe coeficient (which mustbe 1 by the above) of aj in A +A°. By reversingthe la-
belling if necessarywe may assumej < (n+1)/2. It is a straightforvard calculationto seethat
we obtainl = (a1 + an) + 2(a2 + an—1) +--- + j(@j + aj+1+ --- + an—j+1). The only nonngative
integral solutionsto this equationarea; +a, = 1,8 =0 fori # 1,n; and j = 1,5& = 1. The
first givesV =2 W. Soassumej =1, 1 =Y a. Assumeax = 1,5 = 0 for i # k. By assumption,
dim(V /[V, Q]) = dim([V, Qv]/ IV, Qv, Qv]).

By Lemmaz2.2, the high weight of V/[V,Qy] asan L{,-moduleis Za.)\, = M|y, (k=1 cannot

occurbecausehis would give a top quotientof dimensionl (high weight0) andA» asa high weight
for the bottomquotient(asL{,-modules)y Lemma2.4; but we know thetwo quotientshave the same
dimension). The bottomquotienthasa high weightA — (a1 +--- + O(k)|LzY = )\k+1|uy, andsincefor

ary k thedimensionof the Y-modulewith highweightAg ((”+1)) is the sumof thedimensionof the
L{-moduleswith high weightsA|p; and Ay, (") + (D)), Akga is in factthe only high weight
of the bottomquotient. Thesetwo musthave the samedimension,so (") = (i); thusn is odd and

k= (n+1)/2. Sothis setupdoesgive an exampleof two modulesfor A,_1 summingto a modulefor

An, andwe getitem (2) of theLemma.
n—1
e Y = B,: Herethecoeficientof a, in 2\ is 2 Z aji + apn. Thismustbe 1, whichis impossible.

e Y = C,: Thecoeficientof an in 2\ is Zla.l This coeficientmustbe 1, whichimpliesa; = 1,8 =0

fori> 1. Soherewe have only thecasev =W.
e Y =Dy, j =nodd: Thecoeficientof anin A —wpA =A+A%is

:Zaai + (an-1+an) (%) .

This coeficient mustbe 1, which implies eithera; = 1,8 = 0 for i > 0, which givesV =W, or
n=3,a; = 0,a2+az = 1. In thesecondnstancepur assumptioris thatM(Ly) = {a1,0;}, sothere
aretwo distinctpossibilities:

az = 1: In thechainV > [V,Qy] > 0, the top factoris anirreducibleL{, = A>-modulewith high
Weight)\zh_((; the secondactorhashigh weightA — (a1 + a2 + 0(3,)|LrY = 0. Thesetwo have different
dimensionssowe getno exampleshere.

az = 1: As above, the top factor hashigh weight O for L{; the secondfactor hashigh weight
A—oO3= )\1||_((. Again, thesedo not have the samedimension.



OVERGROUPSOF IRREDUCIBLE LINEAR GROUPS,| 15

e Y =Dp, n> 4 even: Thecoeficientof a, in 2\ is

n2 n—2 n

5 (%59) ra ()
This mustbe 1, which implies eithera; = 1,8 = 0 for i > 1, which givesV =W; or n = 4,A = Ag,
which givesdim(V) = 8. SinceX is properin Y = D4, we have X # D4 andhenceG = X{t). Soas
X-modulesy =V; @& V,, with V1 andV; irreducibleX-modulesjnterchangedby t.

We have dim(V1) = 4, andtheonly simplegroupsof rank4 or lesswith anirreduciblemoduleof di-
mensio areA; C,, andAg. SoX is of typeAs (notA; or C; becaus&X admitsagraphautomorphism),
andV; hashighweightd; or &s.

Every Az-moduleof dimension< 6p is completelyreducibleby [8], soW is completelyreducibleas
anX-module.Let & bea Tx-highweightof W. If & is notrestrictedthenby Steinbeg’stensomproduct
theorem([13]), Vx(0) = qul ®---@WT, wheretheW arerestrictedrreducibleX-modulesandtheg
aredistinctpowersof p. If therearetwo or moretermsin this product thendimVx () > 8 (aseachw
hasdimensioratleast4), sothereis in factonly oneterm,qul. Butthen,asin theproofof Lemma2.6,
a1 = 1, asthereis notwist in theactionof X onV (whichfactorsthroughtheembeddingf X in Y).

We musthave &; or bothd; andds asX-highweightsof W (sincethe only Az-highweightmodules
of dimensiorB or lessarethosewith highweight0, 81, &, or &3; X actsnontrivially onW, ruling out
0; andt doesactonW, soif d; appeargshensodoesds). In fact, both of thesepossibilitiesgive the
otherexampleslistedin the Lemma: Let X be the derived groupof the Levi factorof the parabolic
subgroupcorrespondingo {az,a3,04} C M(Y). ThenX is of type D3 = Ag; W restrictsto X as
Va,(82) @ 2Va4(0), andtheY-moduleV = Vp, (A3) restrictsto X asVag(01) @ Va,(83). Similarly, if we
let X bethe derivedgroupof the Levi factorof the parabolicsubgroupcorrespondingo {a1, a2, a3},
thenW restrictsto X asVa,(81) @ Va,(83), asdoesV. In this lattercaseV = W asX-modulesbut not
asY-modules.

Finally, in the two casesabove thereis anelementt € Y actingasa graphautomorphisnon the
specifiedAz < Y. Considetthefirst case:X correspondso the subsysten{ay,a3,04} C M(Y). Here
V restrictsto X asVa, (01) ®Va,(83) =U @ U™, whereU isthenaturaimodulefor X. Let{u, Uz, uz,us}
beabasisfor U <V, and{uf} abasisfor U*. Thenby Witt's theorem thereis an elementof O(V)
sendingy; to U andu;’ to u; for everyi; this elemenis in factof determinani (it hasdeterminani on
every 2-spacgu;, Uy)), soisin SO(V) =Y.

Similarly considerthe secondof the possibleembeddingX — Y: X correspondso the subsystem
{ag,0p,03} CM(Y). HereW restrictsto X asthe sumof the naturalmoduleandits dual, andwe
proceedasabovetofindt e Y.

O
RecallthatV|x =Vi @ --- @V, with V; irreducible(k = 2 exceptpossiblywhenX = Dy).

Lemma4.3. Assumé¢hatW|x =W @ ---®W whee eah W isirreducibleasan X-module;radW) = 0 (so
Y hastypeBy, Cy, or Dy); andG permutegsheW transitively If X < 1(Wy)' x --- x I(W)" <Y and (W)’
actstrivially oneveryV,, onwhich I(W;)’ (for somej # i) actsnontrivially, thenV = W.

Proof. LetY; = I(W)’. Whenwe saythat; actstrivially onVj, wemeanthatlx ---xY; x 1x--- x 1 actsas
scalaronV,,. SinceG permuteghe; transitively, Y; =Y;. ThenaturalmoduleW is symplecticor orthogonal
andradW) = 0, soeachy; is alsosymplecticor orthogonal.Sothe possibilitiesare X < Y; irreducibleon
V; for everyi, with X properin eachy;; andX 2; for everyi. ExaminingTablel in [10], we seethatthere
areno possibilitiesfor thefirst optionexceptperhaps/; = naturalmodulefor Y; for everyi. But thenatural
moduledfor theY; aretheW, andthey sumto the naturalmodulefor Y. Sothis givesV =W.

If X 22, thensinceX hasagraphautomorphismwe have X 22Y; = Dy, (not A, becaus&\ is orthogonal
or symplectic)for somem; Y = Dy if p# 2;Y = DImor G, if p= 2.
Combineorthogonalbases{w(l'),W(_')l,...,Wr(ﬁ),w(_')m} for theW to getan orthogonalbasisfor W. Write
Wt = (W(l'),...,w%)); thenlet Py = stalfW;") x stabfW;) x --- x stalfW* ;) x stalf{Wi). With respecto an
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appropriateBorel subgroupandmaximaltorus, Py is the parabolicsubgroupof Y correspondingo M(Y) —
{Om, Oz2m, ..., 0 —1ym}; andeachsimplefactorof L, (R, = LyQy) is containedn adistinctY;.

RecallthatA = 5 aA; is the Ty-highweightfor V. AsY; actstrivially whereY; actsnontrivially, we may
concludethat only onefactorof L{ actsnontrivially on the highestweightspaceV, of theirreducibleL! -
moduleV/[V,Q]. If ajm# 0for somej < I, then\ —ajm is anL{ -highweightin [V, Qv]/[V, Qy,Qv], andhas
non-zerdabelsontwo connectedomponentsf (LY ), soasabove we canconcludethatin factajm = 0 for
every j <.

Let j > mbeminimal with respecto a; # 0. By theabove,m } j or j = n. Thenj = am+r for somea,
with0<r <m. If r #m—1,then\ — (@am+ - -+ ;) is aL{,-highweightin V?(Qy) with non-zerdabelson
two connecte¢omponentsyhichis acontradictionlf r = m—1andj #n—1,thenA — (o + -+ 0(ay 1ym)
is therequiredhighweightof V2(Qy). Finally, if j =n—1or j = n, then\ — (@g_ym+---+aj) (if Y =Cy)
or A — (a(—1ym+---+0n_2+@j) is ahigh weightgiving the samecontradiction.Soa; = 0 for j > m.

If & # Ofor somel <i < morag > 1(leti =1in thiscase)with aj =0for j > i, thenA — (Aj+---+Am)
is an Ly -high weightin [V,Qv]/[V,Qy,Qv], againwith non-zerolabelson two connecteccomponentof
M(L,). Sotheonly possibilityisa; = 1, = 0 for i > 1;in otherwords,V = W. O

Lemma4.4. Assumehat G = X(t), andthatW = W & W, with X stabilizingW, andW, t stabilizingthe
decompositionandradW;) = 0. Thenoneof the following holds:

1.v=Ww,;
2. U, of Table 2; or
3. Uz of Table?2.

Proof. LetY; = I(Wh)'; Y2 = I(W,)'. ThenX < Y1 x Yy, with t eitherinterchanginghe two factorsor
stabilizingeach.

Thecasesre:A. V isirreduciblefor Y1 x Yo; B. V isreduciblefor Y1 x Ya.

A) We canreadoff the possibilitiesfor V andY; x Y2 <Y from Tablel in [10]:

1. (|V2, \V% , S in [10])2 Y = Dn+1,)\ = )\n or )\n+1,Y1 X Yy =Bn_k x By, V =V()\),V|Y1XY2 = V(8n_k) ®
V(g), where{g;} and{¢/} aresetsof fundamentatlominantweightsfor Y; andY,; OR

(MRsin[10]): p=2,Y =Bn, A =An, Y1 X Y2 =By X By, V =V(A), V]y,xy, = V(&) @V (&],_}) (&, &
asabove).

In boththesecased/ = V' @ V" =V, &V, asX-modulesfor someX-modulesv’ andV”. If V' orV" is
irreducibleasan X-module,we cancheckTable1 in [10] andseethatthereareno simpleconnectegroper
subgroupsof Bn_k (Bx) which actirreduciblyonV’ (V”). This would force X = B,_x (Bx), which hasis
impossiblebecaus& admitsa graphautomorphismSoV’,V" arebothreducibleasX-modulesjetV; <V’
andV,’ < V" be propernon-zeroX-invariantsubspacesThenV, ® V',V @ V”, andV’ ® V" areall proper
non-zeroX-invariantsubspacesf V. But thereare only two suchX-invariantsubspacesSo we have no
exampleshere.

2.(IV1, IV in[10]): Y =Dn41,Y1 X Yo = 1 x By, A = @An+ bAj oraAn1+bAj, eitherb=0o0r(a# 0#b
anda+b+n—i=0 (mod p)), Vl]y, = V(aen + bej) (with {&;} thesetof fundamentatlominantweightsfor
Y2).

HereW; hasdimensionl, andsot stabilizesWw; andW, (we know it stabilizesthe decompositiotv =
Wi &Ws,, andif it interchangedhemwe would haveY = A4, whichis impossible).Sowe have the situation
X < Bp, G < Aut(By), with V anirreducibleB,- and G-modulebut reducibleX-module. So we may use
induction. In [5], it is shavn thatthereareno exampleswith X actingirreducibly on the naturalmodulefor
Bnh. SoX mustactreduciblyonthenaturalmodulefor By; i.e.we mustbebackin the situationwe investigate
in this section.Soby induction,X = Dy, (theonly casein the TheoremwhereB,, appearasanovergroupis
for X = Dy).

In TheorenB.3we saw thatV =V (A) isirreduciblefor Dy(t) < By, if andonlyif a=1andb=0,ora=1
and2b=—-2(n—i)—1 (mod p). But2b+2n—-2i+ 1=0andb+n—i+ 1= 0imply that1 =0 (mod p).
Sob = 0 givesthe only exampleshere;thisis Us of Table2.

B) V is reduciblefor Y; x Y,. Recallthatt normalizesy; x Yo.
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LetV’ beaminimal properY; x Yz-invariantsubspacefV. SinceX <Y1 x Yz, V' =V; orVs; withoutloss
of generalityassum&/’ = V». Theproducty; x Y, actsirreduciblyonVs, soV, =V, ®V,' asY: x Yo-modules,
for someY;-representatiol’; andYz-representatiok;’. By Lemma2.1,oneof V;,V,’ mustbetrivial (since
no restrictedrreducibleX-modulesaretensordecomposable).

Sooneof Y1, Y, actsirreduciblyonV, while the otheractstrivially. Withoutlossof generalityassuméy,
isirreducibleonV, andY; actstrivially.

By ourassumptionthatt stabilizeshedecompositioW =W ®Ws, t normalizesy; x Y, andinterchanges
V1 andV,. So,asabove, oneof Yi,Y, actsirreducibly onVy andthe otheractstrivially. In particular if t
interchange¥; andY,, thenY; is irreducibleonV; andY, onVs; if t presereseachof thefactorsY; andY,,
thenY: is irreducibleon bothV; andVs.

AssumeY; is irreducibleonbothV; andV,. ThenY isirreducibleonV =V, &V, andY; < Y actstrivially;
thusY; < Z(Y). ButY is simple,soZ(Y) isfinite. SoY; = 1= 1(W)’; sodim(W;) < 2 andW is orthogonal,
sinceradW;) = 0. ThenX <Y, <Y with (Y2,Y) = (Bn-1,Dn), (Dn,Bn), (Dn=1,Dn), or (Bn—1,Bn), with V;
andV, bothirreducibleYz-modules.In thefirst andlastcaseqY> = B,_1), we have X # Y (sinceX admits
a graphautomorphism)so eitherV; is the naturalmodulefor Yz, or thetriple (X, Y2, Vi) appearsn Tablel
of [10]. No suchtriples(Y2 = Bn—1, X admittinga graphautomorphismy;|x notsymmetricwith respecto
the graphautomorphismappeain thattable,soV; mustbethe naturalmodulefor Y,, of dimension2n— 1.
ThendimV = 4n— 2. ButY = Dy, or By, andneitherof thesegroupshave ary restrictedrreduciblemodules
of dimensiorn — 2 in ary characteristicSothesecaseslon’t occur

If (Y2,Y) = (Dn-1,Dn), thenthesameargumentsasabore applyif X # Dn_1, with theexceptionthatnow
dimV = 4n—4,andDs doeshave anirreduciblerestrictednoduleof dimensionl6. SoX = A, or Az, andwe
needto checkfor irreducibleX-modulesof dimensior8, whosehigh weightsarenot symmetricwith respect
to thegraphautomorphismThereareno suchmodules.

SoX = Dp_1. Considera groupof type B,_1 sitting betweerDn_; andDh. If V|g, , is irreducible,then
asat theendof item 2) of caseA) above, we arein caseUs of Table2. If V|g, , is reducible letV’ bea
minimal B,_1-invariantsubspace SinceX < Bn—1, V/ = V1 or V,, sayVi. As above, we checkTablel of
[10] andfind thatV; mustbethe naturalmodulefor By_1. But dimVi = dimV,, sodimV = 4n— 2, whichis
impossibleasabove.

Finally, if X < Dy < B, we know by Theorem3.3whatV|y,V |y, are. By examiningTablel in [10], we
seethatthereis only oneproperconnectegimplesubgroupX < Dy, admittinga graphautomorphisnwhich
is irreducibleon ary of the D,-moduleswe obtainin Theorem3.3;this occursin S; of thetable. But in this
case,(V1|x)t =~ Vj|x, sowe have no exampleSo X = Dy, is theonly casehere;thisis U, of Table2.

Sowe areleft with Y; actingirreduciblyonV; andY; onV,; andsincet interchangeshem,Y; = Y,. But
now we areexactly in the situationof Lemmad4.3,whichtellsusthatV =W. O

4.2. Proof of Theorem4.1for G = X{(t). Throughouthis sectionwe assumahatG = X{(t), wheret is an
involutory graphautomorphisnof X.

If t doesnotactonW, then(sincet € Aut(Y)) we musthave Y = A, (if Y = D4, we have chosenW to
be the 8-dimensionamodulefixed by t), andwe let A be a minimal X-invariantsubspacef W. If G acts
irreduciblyonW, let A < W beaminimal X-invariantsubspacé¢soW = (G- A)). If G actsreduciblyonW,
let A < W beaminimal G-invariantsubspaceNow eitherrad(A) = AorradA) = 0.

If rad(A) = A, eitherA is totally singular or p =2, W is orthogonalanddim(A) = 1 (the setof singular
vectorsin A is an X- (or G-) invariantsubspaceso minimality forcesA to be eithera 1-spaceor totally
singular).In this exceptionalcasewe have W even-dimensionahndY of type Dy, sinceif p=2 andY = By,
we take W to be the symplectic2n-dimensionamodule. So, sinceX is simpleand I(A)’ = 1, we have the
situationX < Bn_1 = Y2 < D, =Y, with Y beingt-stable(we mustbein thecaseA = A! here sinceotherwise
W = (G- A) hasdimension2, which would imply X < A; admitsno graphautomorphism)As in the proof
of Lemma4.4, therearetwo possibilities:A. V is irreduciblefor By_1; or B. V|g, ;, = V1 ® V. If A holds,
thenasin Lemmad4.4,theonly possibilityis Uz of Table2 (by inductionfrom theresultin [10]). If B holds,
thenwe againgeta contradictiorasin the proof of 4.4. Sothis exceptionalcasegivesonly Us.



18 BEN FORD

SupposeA is totally singularandt ¢ Y butt actsonW, preservingA. ThenX < staly (A) = Ry, at-stable
parabolicsubgroupof Y. So Ry (t) actsirreduciblyonV. Let R, = QyLy betheLevi decompositionthen
Qv hasfixedpointsV® # 0 onV, andV® is anirreducibleLy-submodulghenceR,-submodulepf V by
theresultof [12]. Butt preseresQy, soV isin facta Ry(t)- submoduleof V, contraryto our statement
abovethatPy (t) actsirreduciblyonV (V' #V sincethis would imply thatLy actsirreduciblyonV, which
is impossible).If Ais totally singulart € Y, andA is t-stable we have G < staly (A), whichis a parabolic
subgroupof Y. However, aparabolicsubgroupcannotactirreduciblyonV.

Soif Ais totally singular we musthave eitherw = A® Al anirreducibleG-module,or t not actingon
W (in the secondcasethe form onW s trivial). If theform onW is nontrivial, thenA is a maximaltotally
singularsubspacésincedim(A) = dim(W)/2), andstaly (A) = Py is amaximalparabolicsugroupsuchthat
(with appropriatechoiceof Borel subgroupandswitchingthelabelsof an, a1 if necessarin theD,, case)
ne) —n(L,) = an (whereRy = QvLy is the Levi decomposition).In the caseY = SL(W), stal{A) is a
parabolicsubgroupR, of Y suchthat (with appropriatechoiceof Borel subgroup)1(Y) — N(Ly) = a; for
somej. In bothcasesX < Py. In thecaseof anontrivial formlet j = n.

Now we wantto applyLemma4.2;to do so,we needonly shawv thatthereareonly two non-zerdv' (Qy),
andthatthey have the samedimension We know thatX < L{, hasonly two irreduciblesummandén V, both
of the samedimension.But eachquotient[V, Q,]/[V, QY] is X < Ly-invariant. Soin factonly V(Qy) =
V/[V,Qv] andV?(Qy) = [V,Qv]/[V, Qv,Qv] canbe non-zero;they musthave the samedimensionbecause
eachis isomorphicto oneor the otherof theV;, which have the samedimension.Soby Lemma4.2 we only
havethepossibilitiesV =W;Y = D4 > X = Ag with A = Az with V |x = Vx (1) & Vx (d3) = W|x; andY = A,
for nodd,Ly = Aq_1, A = A(ny1)/2. Now for thelastcasewe checkTablel in [10] andseethatthereareno
simpleconnectegropersubgroupof An—1 (n odd) admittinga graphautomorphisnwhich actirreducibly
on the Ay_;-modulewith high weightA ., 1)/2. S0X = L\, = Ap_1. Similarly no simple connectecproper
subgroupof Az admittinga graphautomorphisnactsirreducibly on the Az-modulewith high weightd;.

It remaingto find t: t ¢ Y becaus@therwisedim(A) = dim(W)/2= (n+1)/2,W = A@ A', andX does
not stabilizean n-dimensionakubspacébut R, > X does). Lett’ be the standardgraphautomorphisnof
Y = A,. Letwp bethelongwordin theWeyl group. Thent’wy is anouterautomorphisnof Y which stabilizes
theLevi factorof Ry. SoU; of Table2 occurshere.

The automorphisnt for the Az < D4 casewasdesribedin the proof of Lemma4.2. So Uy of Table2
occurshere.

This completeghe proof of thetheorenfor thecaseradA) = A.

If G= X(t) andrad(A) = 0, thenW is orthogonalor symplecticand eitherW = A® A, X < I(A)’ x
I(AY) = Y1 x Y2, andt stabilizesY; x Y,, interchangingthe two factors;or A= A, W =A 1 A, X <
I(A) x I(AY) =Y1 x Yo, andt stabilizeseachfactor Thisis thesetupof Lemma4.4,whichtells uswe must
bein oneof thesituationdistedin the Theorem.

We have now provedTheoremd.1undertheassumptiorthatG = X(t).

4.3. X = D4. AssumeX = D4 andG = X(s) or X{s,t). Notethats € Y becauseo simplegroupproperly
containingD4 hasan outerautomorphisnof order3. If G = X(s;t) andV|x = V1 ® Vs, thenVy =V, so
the X-high weightof Vy is symmetricwith respecto s. But thenthis high weightis symmetricwith respect
tot aswell, wich meanghatV is notirreducibleasa G-module({(v,\!) | v € V4 } is a submodule)which
is a contradiction.A similar agumentshavs thatwheneer G actsirreduciblyon W, W|x haseither3 or 6
irreduciblesummandsFinally, if V|x = V1 ® V2 ® V3 with V; irreducible thenwe mayassumes = X(s). So
if G=X(st), thenV hassix summandssanX-module.

If G actsonW, we let A be a minimal G-invariantsubspacef W if G actsreducibly anda minimal
X-invariantsubspacef W if G actsirreduciblyonW. If G = X{s,t) andt doesnotactonW, we let Abea
minimal X-invariantsubgroupf X{s) actsirreducibly, anda minimal X{s)-invariantsubspacetherwise.

As beforerad/A) = Aorrad/A) = 0. If rad(/A) = A, eitherAis totally singular or p=2,W is orthogonal,
anddim(A) = 1 (thesetof singularvectorsin Ais anX- (or G-) invariantsubspacesominimality forcesA to
bea 1-spaceor totally singular).As before,in this exceptionalcasewe have dim(W) evenandy of type Dy,
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andthust actsonW. So,sinceX is simpleand I(A)’ = 1, we have the situationX < Bh_1 =Y> < Dy =,
with Y, beingt-stable(we mustbein thecaseA = (G- A) here,sinceotherwiséV = (G- A) hasdimension3
or 6; but neitherAs nor A, hasa subgroupof type D4 = X). We proceedexactly aswe did in this caseatthe
beginningof thelastsectionthereareno new examples.

If G = D4{s) andA is totally singular then, aswith G = X(t), we have W = (G- A) = A A AS
irreduciblefor G (otherwiseG is containedn a parabolicsubgroupf Y). If theform onW is nontrivial, then
we have an X-stablechain0 < A < AX <W, andW/A* = A*. Now for ary irreducibleD4-modulewe have
AZA e ASpAS = W/A containsa D4-compositiorfactorisomorphicto A. SoA = AS or AS, sayAS. But
thenA= AS= AS andW = A@ AS® AS containsa G-stablepropersubspacd (a, a, a52)|a € A}, contrary
to the statemenabovethatW is irreduciblefor G. Soin facttheform onW mustbetrivial; i.e.Y = A,.

A similaragumentfor G = D4(s,t) showvsthatW mustbeirreduciblefor G andthe form onW mustbe
trivial whent actsonW. If t doesnot acton W, we alreadyknow the form mustbe trivial, but we must
considerthe casewhenW is reduciblefor X{s). Assumethisis the casethenA is a minimal X(s)-invariant
subspacefW, soX(s) < staly (A) = Ry aparabolicsubgroupf Y. But thensinceR, cannotactirreducibly
onV andX(s) hasonly two irreduciblesummandsn V, Lemma4.2 applies. We seethat we musthave
Y =An, L = An_1, with A = A(n+1)/2 @ndtherestrictionof V to LY asin Uz of Table2. Let Gy = X(s),
Y1 =L, andVy = W, (A(n+1)/2)- Thenwe inductively have the situationwe areexaminingin this section:
G1 < VY1, Vi isanirreduciblerestrictedy;-modulewhichis alsoirreduciblefor G but notfor X, with restricted
X-highweights.Sincethereareno exampledor this setupwe have nonefor G <'Y.

SoY = A, andW is irreduciblefor G (or for X(s) whent € G doesnotactonW). Considettheactionof
X = D4 onW. Via theisomorphismA =x A*, X fixesa nondegeneratdorm on A (this form is orthogonal
if p# 2 by[14, Lemma79]). Similarly, X fixesa form of the sametype on eachof its othersummands
in W, given by the actionof s (andt if necessary){a®,b%) = (a,b) for a,b € A. Definea form on W by
setting(a,b) = 0 for a,b in differentsummandsthenX fixesthis form. If the form is orthogonal,choose
anorthogonalbasisfor A; translatethis basisby s (andt) to obtainbasesf AS and A (and AL, AS, A if
t € G andt actsonW). Theunionof thesebasess anorthogonabasisfor W, andby Witt's Theorenthereis
anelements € SOQW) which permuteghe X-summand®f W ass does.Soin factX($) = X(s) fixessome
form, contraryto Y = A, (we alwaystake Y to be the smallestof SL(W),SOW), Sp(W) which containsX
andwhoseautomorphisngroupcontainsG). If theform on A is symplectic(asnotedabove, this canonly
happerfor p = 2), thenchoosea hyperbolicbasison eachX-summandf W andcontinueasabove.

This completeghe agumentfor rad/A) = A.

If radA) =0, X =D andG = X{s) or G = X(s,t), thenoneof thefollowing holds(noticethatt mustact
onW if it isin G, sinceY # A):

A)A=(G-A)andW =A L AL, X < I(A) x I(AY) =Yy x Yo. Asse Y andspreseresA andAl, in fact
X(s) < I(A) x I(A%). So eitherV|y, xv, is irreducible,or V|y, xy, hastwo summandsinterchangedby t (t
preseresA andsoactsonY; andY>).

If Vv, xv, is irreducible,thenthe possibilitiesfor V,Y; x Y, areason pagel6. In casel) there,V =
V' @V"=V1®---®V (k= 3 or 6) as X-modules,for someX-modulesV’ andV”, which mustboth be
reducibleasX-modulesason pagel6.

If W is a Tx-high weight of V' and i, a Tx-high weight of V”, then + 2 is a Tx-high weight of
V'®@V” =V. In our case sinces preseresA, it actsonV’ andV”. Sop§ and uiz arealsohigh weightsof

V', If i andy, arenot symmetricwith respecto s, thenit is easyto seethatthe possibl&umsuf + ugj for
0<1i,j < 2arenotall imagesunder(s,t) of asingleTx-weight. If bothpy andp, aresymmetricwith respect
to s, thensois 1 + Y — butV hasno Tx-high weightswhich aresymmetricwith respecto s. Finally, if
is not symmetricwith respecto s, andall the Tx-high weights(thereareat leasttwo, sayp, andy,) of V”/
aresymmetricwe seethateitherpy + p andpy + |, arenot conjugateundertheactionof (s, t) (if po # 1),
or thereis a Tx-highweightspacen V of dimensiorbiggerthanl. Neitheris possible.

If V,Y] x Y5 areasin case2) on pagel6, thenwe have D4(s) < Bn < Dn41. In fact,though,sincet also
actson By, (if t € G) andB,, hasno outerautomorphismsye have G < By. In [5] it is shavn thatthereare
no exampleswith X actingirreduciblyon the naturalmodulefor B,. SoX mustactreduciblyon the natural
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modulefor By; i.e. we arebackin the situationwe considerhere. Sowe have no examples,asB,, doesnt
appeaasanovergroupfor D4(s).

If Vv, xy, is reduciblethent € G andV |y, xv, hastwo summandsinterchangedbyt (t normalizesy; x Y»).
Let V' be oneof thesesummandsthen, renumberingf necessaryWw’ =V ®Vo ®Vz. SoVi Vo dVz =
V1® V2 for someY;-moduleV! andY,-moduleV2.

Thesemodulesv! andV? mustbe reducibleas X-modules sinceotherwisethe factthats actson them
would forcethe Tx -high weightp; of V' to bes-symmetricjn which casethe Tx-high weightpy + po of V is
s-symmetric whichis a contradiction.

Now we argue as above and concludethat one of the V', sayV?, must be trivial. But then (Go =
X(s),Y1,V1) mustbe an exampleappearingn Table 2; sincethereare noneof this form, we have no ex-
ampleshere.

B) W is irreducibleasa G-moduleandA is anirreducibleX-module. ThenW = A® AS® A (@A @
Alsg A possibly)=Wi & --- &W andX < I(A)' x I(AS) x I(AS) (x -+ x I(AS)) =Y x --- x ;. Recall
V =xVi&---®V (k= 3for G= X(s), 6 for G = X(s,t)).

We canseeby examiningTable1 of [10] thatthereareno possibilitiesherefor V|y, x...xy, irreducible.

SoV is areducibleY; x --- x Yj-module;letV/ beaY; x --- x Yj-stablesubspacef minimal dimension.
SinceX < Yi x --- x Y, thisimpliesthatV' = ¥ Vi,| C {1,...,k},|I| < k/2 (sincet ands normalizeY; x
.-+ x Y, V'®isanothelY; x --- x Y;-stablesubspace)f V' =V (i.e.|l| = 1), thenwe have V; =x Vl(l) ® - ®

Vl(') for someYi—moduIes\/l(i). But restrictedirreducibleD4-modulesarenot tensordecomposablé2.1), so

only onevl(') is nontrivial, sayvl(l); i.e. only Y; actsnontrivially onVi. But G permutegheV; andthe;
andwe seethatfor every j, V; is actedon irreducibly by oneY;, trivially by the others. Thenwe arein the
situationof Lemmad4.3,whichtellsusV = W.

If |I| > 1, we mustbein the casek = 6 (since|l| < k/2). We have (perhapgenumberinghe Vi) Vi &
Vo(aVz) =V @ ---@ VD for Y,-modulesv). If oneof theV() is reducibleas an X-module (via the
projectionX < Y;), we concludeasabove that only oneof the V() is nontrivial andapply Lemma4.3, as
otherwisewe could concludethatoneof theV; wastensordecomposablasanX-module.

Soweassumeéhateachv () is irreducibleasanX-module andatleasttwo of themarenontrivial. As sand
t permuteghem,all theY; areisomorphic.Notethatsandt actonY; x - -- x Yj, andagainsinceX <VY; x --- x Y],
V is irreduciblefor (Y1 x --- x Y)){s,t}. Soif V' = Vi & V;, thisimpliesthatV =V’ @V’SEBV’SZ, with t
stabilizingV' andinterchangingvy andVs. In this caset mustpermutethe Y; which act nontrivially. If
V/ =Vi®Vo @ Vs, we haveV = V' @ V", with s stabilizingV’ andpermutingVi, Vo, andVs, andpermuting
theY; which actnontrivially onV'.

Notethatif | = 6, sinceG actsirreduciblyonW, all six X-summand®f W mustbe non-isomorphic.n
otherwords, the labelling of the Tx-high weighty of Wi = A (which is the naturalmoduleof Y;) mustbe
non-symmetriavith respecto theactionof s andt on the Dynkin diagramfor X (if y=y° for o theinduced
actionof sort onthe Dynkin diagram thenG preseresa “diagonal” submoduleof W). Similarly, if | =3
theny cannotbe of theform ad; + bd, + ads + ada.

Now considethepossibilitiesfor theV (). ThegroupD4 appearsnly oncein Tablel of [10] asasubgroup
of a classicalgroupotherthanA,, (caseSg there),andin that casetherestrictionof the naturalmoduleof
to D4 hasa symmetrichigh weight. Thuseithereachof the nontrivial V() is the naturalmodulefor Y;, or
X =Dg 22, for everyi.

Assumethat eachof the nontrivial V() is the naturalmodulefor Y;. If V! =V, & Vs,, we know thatt
preseresV’, permutingtheY; which actnontrivially. But the high weightsof the naturalmodulesof Y; and
Yt aret-conjugatein otherwords,their sumis symmetricwith respectot. Sincethesumof thehighweights
for theV() is a high weightin @V, this givesa t-symmetrichigh weightin V’/, which is impossibleast
interchangeshe two Tx-high weightsthere. Similarly if V/ =V, &V, @ V3, thens actson V' andthe high
weightsof the naturalmodulesof Yz, Y7, ande'2 addupto ans-symmetrichighweightin V’/, whichis again
impossible.
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Sotheonly setupwe have notruledoutis X = D4 22Y; for everyi. In this casethe naturalmodulefor Y;
restrictsto X asa naturalmodulefor D4, whosehigh weightdoesnot have six S3-conjugatesSowe know
thatl = 3with t fixing oneof Y1, Y2, andYz andinterchangingheothertwo, andY = D12. If V! =V1 &V, then
t stabilizesv’ andsothe high weightsof theV() addupto at-stablehigh weightin V/, which is impossible
asabove.

If V! =V, & VL@ Vs, thensstabilizes/’, wehaveV = V' @ V", ands permutegheY; whichactnontrivially
onV’ (whichimpliesall threeY; actnontrivially). But thenthe Tx-high weightsof theV () ares-conjugates
of eachother andtheir sumis symmetricwith respecto s, which againis a contradiction.

This completeghe proof of Theoremd. 1. O

5. THE CASE WHEN t DOES NOT ACT ONW

In this sectionwe considetthecasesvhenX actsirreduciblyonW, t € G, andt doesnotactonW.

Noticethatif G = D4(s,t) andD4 actsirreduciblyonW, thenthefactthats € Y forcestheD4-highweight
of W to be of theform ad; + bd, + ads + ad4, whichimpliesthatt alsoactson W. Sowe needconsideronly
G = X(t). Themainresultis:

Theorem5.1. If G = X({t), X actsirreduciblyonW, andt doesnotact onW, thenwe are in situationUz,
Ug, or Ug of Table 2, all of which occut

Proof. We will useheavily the constructiorgivenin Lemmaz2.7 of a parabolicsubgroupof Y containinga
givenparabolicsubgroumf X (we usuallyapplyit to the Borel subgrouBx). Firstwe needa Lemmaabout
thatembeddingthiswill beusefulin [5] aswell:

Lemma5.2. If Py is a t-stableparabolic subgoup of Y sudh that Bx < Ry, Ux < Qy, Tx < LY, (whee
Ry = QvLy,Bx = UxTx are Levi decompositionsthenoneof the simplefactors of LY, hastypeA;; andif
thisfactor correspondso aj, thena; = 1. In addition,a; = 0 for a; € M(LY), i # j.

Proof. With suchasetup,2.10in [10] impliesthatV /[V, Qy] is anirreducibleL{ -module.

SinceRy ist-stable [V, Qy] is Tx(t)-stable hencelV, Qy] = [V,Ux] ([V,Ux] < [V, Qvy] sinceUx < Qy, and
we have equalitybecaus®/ /[V,Ux] is anirreducibleTx (t)-moduleandTx < Ly). So

V/[\/a QY] = V/[VaUX] = Vl/[vlaUX] EBVZ/[\/ZaUX]a
which hasdimension2 by Lemma2.4. Sosomesimplefactorof L{, hastype A;, the markingon the corre-
spondingnodeof the Dynkin diagramin thelabellingfor A is 1, andall othermarkingsare0. O

Now embeddinga Borel subgroupBy of X in a parabolicsubgroupof Y via the Ux-level construction
of Lemma?2.7 givesa parabolicsubgroupR?, which by Lemma2.8is t-stable.Let Py = QyLy bethe Levi
decompositiorproducedn theconstructiorof Lemma2.7.

ThegroupY is asimplealgebraicgroupof classicatype,andeithert € Y ort is anouterautomorphism
of Y. If Y is of type B, or Cy, thenY hasno outerautomorphismssot € Y andt actsonW. If Y = D, andt
is outer thent actson the naturalmoduleW (which hashighweightA1). Sincewe areassuming doesnot
actonW, we mustthereforehaveY = A,.

Sincet actsonV, we have a t-symmetricTy-high weight for V, which imposesstrongrestrictionsas
Y = A,

By Lemmab5.2,oneof thefactorsl; of L, mustbeof typeA;, andif thisfactorcorrespondso a; € M(Y),
thena = &;j for everyi suchthata; € M(LYy). ThefactthatPy is t-stableimpliesthatif a; correspondso
an/A-factorof LY, thensodoesan-j+1. Since is alsot-stable aj = an—j+1. Butthis saysthateitherthere
aretwo non-zerdabelson (L) (whichis impossibleby Lemma5.2),0r j = n— j + 1. Sowe mustin fact
have anL-factorof Ly, correspondingo o n..1), (in particular n mustbeodd).

We notedin the proof of Lemma2.8 thatthe dimensionof Ux-level i of W is the sameasthe dimension
of Ux-level Is — i, wherel; is the level of thelow weight(l5 is alsominimal with respecto [W, U)'<5+1] =0).
ThisimpliesthattheUx-level correspondingo the As-factorwith M(L1) = {0(ns.1)/2} mustbelevel l5/2. So
to prove thata givenhigh weightd for W|x givesno examples;t sufiicesto shav thatW,,, hasdimension
differentthan2. In particular if |5 is odd,we have nothingto check,sincethenlevel I5/2 doesnot exist.
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Werely heavily ontheresultsin [15] (for X = An,) and[9] (for X = Dy, andX = Eg) thatall weightswhich
appeaiin the Weyl modulefor X with high weight 6 alsoappearin W = Vx(3). We useinductionon the
heightof & in theweightlattice,basedn thefactthatif pis aweightin Vx () (i.e.Vx (), # 0) atlevell, and
v is aweightin Vx () atlevel k, thenv is aweightin Vx(0) atlevel | + k. Usingthis fact,theinductive step
is trivial.

5.1. X = Ap. AssumeX is of type Ap. Letd = d101 + dd2 + - - - + dmdm (d; > 0) bethe Tx-high weight of

W. Sincet doesnotactonW, d; # dm_i+1 for somei. Firstwe will establisithatd hasa fundamentatlom-

inantweightor 0 asa subdominantveight; following thatwe will shawv that An,-moduleswith fundamental
dominantweightshave at least3 weightsat the “middle” level exceptin a few casesfinally, we will deal
with thesefew casesaandwith thecased - 0.

Lemma5.3. Eitherd > &; forsome, 1 <i<m,ord> 0.

Proof. Seeexerciselll.13 in [7]. O

Soif we shawv thatVx (i) hasthreeor moreweightsat level |5 /2, thenall & with & asa subdominant
weightwill beruledout. Thenext stepis:

Lemma5.4. If is a non-zeo dominantweightfor X which is not symmetriavith respecto theactionoft,
sud thatlevells/2 hasexactlytwo non-zeo weights thenweare in oneof thefollowing situations(perhaps
afterreversingthelabelling):

1. X = Ao, withd =381, d =20, = 20, + &, or d = 307 + &;
2. X = Az, withd = 201; or
3. X = A4, with d = 6,.

Proof. The proofis longandsomeavhattedious;we give a sketchhere.By thelastlemma,d hassomed; or
0 asa subdominantveight. We mayassumeé < (m+ 1) /2 by reversingthelabellingif necessary

If werestricttheusualorderingontheweightsof Tx (U > v if p— v is asumof positive roots)to thedom-
inantweights,thensomeof the weightsin questionhave the nice propertythatthey have unigueimmediate
successore.g.01 < 82+ Om; 0 < 01+ 0m < 02+ Om—1 (M > 3),0r 81 < 28 < 201 + &2 (M= 2). We usethis
fact,thelastlemma,andthefactthatd is nott-symmetric to exhibit atleast3 weights(or show thatthereis
atmostl weight)atthe middle level whend is not oneof theweightslistedin thelemma. O

Sowe needconsideronly thosed listed in the statemenbf the Lemma,asthe middle level mustbe of

dimension2, andthe only & with a singleweightat the middlelevel have a weightspaceof dimensionl for
thatweight.
(1) AssumeX = A, andd = 306;. ThenY is of type Ag, andif Ry = QyLy is the parabolicsubgroupcon-
taining the Borel subgroupBx of X, given asthe stabilizerof the Ux-levels of W, thenP, correspondso
{az,as,a7} CM(Y). ForA =S aAi theTy-highweightof V, by Lemmab.2andthecommentsvhichfollow
it, we have as = 1 andaz = ay = 0. Now by Lemmaz2.9, we have [V,Q,] = [V, Qx] and,sinceQy < Qy,
we have [V, Qx, Qx] < [V, Qv,Qv]. Thusdim([V,Qv]/]V,Qy,Qv]) = dim(V2(Qy)) < dim(V2(Qx)). Then
applyingLemma2.4to Qx, we have dim(V2(Qy)) < dim(V?(Qx)) < 2dim(V1(Qx)) = 2dim(V(Qy)) = 4.
Butthena; > 0 for somei # 5 violatesthis bound.Soin factV = A(W), of dimension(150) =252,

A high weightvectorof /\5(W|x) is W Awz AWz AWg AWws, wherewy € Ws, wp € Ws_g,, W3 € Ws_og,,
Wy € Ws_g, _p,, andws € Ws_pg, _g,. SoaTx-highweightofV is 53— 631 — 23, = 58; + 20,. Thedimension
of theWeyl modulewith this highweightis 81,sodim(V;) < 81< 126= %dim(V), whichis acontradiction.
So006 = 3d; givesnoexamples.

If 5= 20y, thenY is of type As andP, = QyLy asabove correspondso as € M(Y). As above,any non-
zerog; otherthanag = 1 contradictdim(V2(Qy)) < 4 (sinceA is symmetricwith respecto theactionof t).
SoV = /\3(W), of dimension20. As above, we cancomputethe weight of a Tx-high weightvectorof V;
we find thatit is 36; or 30,. The A;-moduleswith thesehigh weightseachhave dimensionl0= %dim(V) if
p# 2,3. Soherewe have caseU; of Table2: p# 2,3, X = A, Y = As, V1 = Vj,(301), andV = Va,(A3).
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If &= 281+ &, thenalthoughthereareonly 2 weightsatthe middlelevel (d— 31 — 232> andd— 231 — B2),
oneof them(d— 231 — B2) hasa weightspaceof dimension2 in all characteristicsSo dim(\Ws) = 3, and
thereis no Aq-factorof L, correspondingo the“middle” level.

Finally, if d = 331 + &, thenasabove the weightsin the middle level have weight spacesf dimension
2 or moreexceptin characteristi. Sofor p # 5 thereareno exampleshere. If p=5, thenY hastype
Aq7, andag = 1 is the only non-zerog; for a; € M(Ly). Now if somea # 0 for a; € M(Y) —M(LY), we
obtaina contradictionto dim(V2(Qy)) < 4. Soin factV = A%(W), of dimensior48,620.But no restricted
Ax-modulehasdimension24,310(Wey!’s characteformula shovs that the dimensionof the Weyl module
with a restrictedhigh weightis at mostthe dimensionof the Weyl modulewith high weight (p— 1)p, and
this dimensionis 125). Sothereareno exampleshere.

(2) SupposeX = Az andd = 20;. ThenY is of type Ag andas = 1. By Lemmas2.4 and 2.9 asbefore,
dim(V3(Qy)) < dim(V2(Qx)) < 3dim(V1(Qx)) = 3dim(V1(Qy)) = 6, whenP, = QyLy is the parabolic
subgroupof Y containingByx, constructedasthe stabilizerof the Ux-levels of W. In this situationP, cor-

respondso {as,as,a7} C MN(Y). Thendim(V?(Qy)) < 6 impliesa = 0 for i # 5, asotherwisetoo mary

non-zeroweight spacesappearn V(Qy). SoV = A%(W), of dimension252; asabove, we cancompute
a Tx-high weight of V and obtain 28; + 25, or 26, + 283. The Az-moduleswith thesehigh weightshave

dimensionl26= 3 dim(V) for p # 2,5, soherewe have caseUs.

(3) Let X = A4 andd = &,. ThenY = Ag andas = 1. By examiningthe stabilizerof the Ux-levelsasabove,

we canconcludethata; = 0 for i # 1,5,9. Sothe possiblehigh weightis a1 + A5+ ahg. Thenif we let

Px bethe parabolicsubgroupcorrespondingo {B1,B4}, andembedPx in a parabolicsubgroug?, asusual,
we find thata # 0 forcesa too-lageV2(Qy). Soagain,V = A%(W), of dimension252. Again we compute
a high weight of /\5(W|x), obtainingd; + 284 or 281 + &3. The Ay-moduleswith thesehigh weightshave

dimensionl26 exceptin characteristic® and5. Soherewe have thelastexamplegivenin Table2.

This completeghe examinationof the casedor X = An.

5.2. X = Dy We mustestablisha resultanalogougo thefirst lemmaof the last subsectionparraving the
rangeof possibilitiesfor d we mustexamine.

Lemma5.5. If 8 # 9, is a non-zeo dominantweightof Tx, thend hasoneof &y, &3, Om—1, Or Om (Or 03+ 04
if X = Dy4) asa subdominantveight.

Proof. By exerciselll.13 in [7], & hasoneof 0, 81, dm-1, Or &y asa subdominantveight.
Theuniquesuccessato 0 in thepartialorderonthedominantweightsis &, soif 4 > 0, thend - &, (since
0 # 0).
Assumed = 8. Weassumed # &1, andaddingpositiverootsto getadominantweightforceso = d3 = &1
if m>4,0rd > &3+ 04 if m=4. Soin factd > 3. O

Notethatd = &; andd = &, arenot possibilities,sinced is not symmetricwith respectot (ast doesnot
actonW). Thetwo immediatesuccessor® &, in the partial orderon the dominantweightsare26; andds
(or, if m= 4,283 or 284; if m=5, 84+ ). Soif m> 5andd > &y, thend > 25; or d > d4. If we canshav
thatVp, (83 + 64), Vp,(203), Vs (84 + 85), Vb,,(281) andVp,,,(&;) for i € {3,4,m—1,m} have atleastthree
weightsattheir middlelevels,we will bedone.

Thefirst possibilitieslisted (203 andd3 + 84 for m= 4, 34 + &s for m= 5, 281, &3, andd,) arerelatively
easilydealtwith by simply listing threeweightsatthe middlelevel. For example,in Vx (83) thelow weightis
atlevel6m— 12,sothemiddlelevelis level 3m— 6. At thislevel, for m> 6 we have theweights+(dm—1 — Om)
(byfirstsubtracting3z+- - - + Bm-1, thenfa+ - - - 4+ Bm—2+ Bm, andfinally B1+- - - +Pm-1 Or P1+- - - + Pm—2+
Bm), and

83— 2B1—2B2—3B3—3Ps— - —3Pm-—2—Pm-1—PBm= —201+ 8 — dm_2+ Om-1+ Om.

Thecasedor m < 5 andtheotherweightsaresimilar.
Listing threeweightsat the middlelevel for 6 = &, is moredifficult (6 = &1 is the sameargumentby
symmetry).Thelow weighthereis atlevel m(m—1)/2, sowe mustchecklevel m(m— 1) /4. Thelevel only
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existsif m= 4k or m= 4k+ 1 for somek. For m= 8 or 9, we cancheckdirectly, writing down at least3
weightsatthis middlelevel. Soassumen > 12. Then

¥ = Om—(B2+-+Bm2+PBm) — B+ +Pm-1)
= 01— 03+0dm

is a weight of W (dm) at level 2m—5. Let Px < X be the obvious parabolicsubgroupwith Levi factor
L suchthatL’ is of type Dm_4, andlet {yi,...,ym-a} bethe fundamentadominantweightsof L’. Then
6’|TL, = 6m|TL, = Ym-4, andby inductionthis Dy,_s-weighthasatleastthreeweightsatlevel (m—5)(m—4) /4.
Thisimpliesd hasat leastthreeweightsat this level, whichin turnimpliesthatdy hasat leastthreeat level
(2m—5) + (m—5)(m—4)/4=m(m— 1) /4, whichis its middlelevel. Soif & > &y, for m> 6, thend hasat
least3 weightsatits middlelevel.

Form=4or5,Vx(dm) hasonly two weights bothwith weightspace®f dimensior, atlevel m(m—1) /4.
Assumem = 4. ThenY hastype A7, andwhenwe embedthe Borel subgroupBx in a parabolicsubgroup
P, = QyLy of Y, the subgroupwe obtaincorrespondso a4 € M(Y). Soas = 1. By Lemmas2.4and2.9,
we have dim(V2(Qy)) < dim(V3(Qx)) < 4dim(V1(Qx)) = 4dim(V1(Qy)) = 8. Sincet actsonV, we have
a1 = ay, a2 = ag, andaz = as. Now if morethanoneof a;,ap, andag is non-zerowe obtaina contradiction
to dim(V?(Qy)) < 8 by Lemmaz2.4. Soat mostoneof theseis non-zero.Let the Tx-high weightof V; be
b1d1 + b0 + b3d3 + Dada.

Next considerthe embeddingof the (t-stable)parabolicsubgroupPx = QxLx of X correspondingo
{B1} C N(X) in a parabolicsubgroupRy = QvLy of Y via Qx-levels. HereR, correspondso {a3,05} C
M(y). Sinceby Lemma2.9we have V/[V,Qv] = V1/[V1,Qx] ® V2/[V2,Qx], we cancomputedimensions
(sinceanirreduciblerestrictedA;-modulehasthe samedimensionasthe Weyl modulewith the samehigh
weight)andobtain2(b; + 1) = (ag+1)(as + 1) = (ag+ 1)?, orby = M — 1. But by is integral, sothis
impliesaz # 0 (indeedaz mustbe odd). Soa; = a, = 0 by ourabore commenthatonly oneof thesethree
canbenon-zero.

Our penultimatet-stableparabolicsubgroupto considerin this caseis the one correspondingo {32} C
M(X). Whenwe embedhis via Qx-levels,we have P, = QyLy correspondingo {a2,04,06} C M(Y). Here
again by Lemmas2.4and2.9,we have dim(V3(Qy)) < dim(V3(Qx)) < 6dim(V1(Qx)) = 6dim(V1(Qy)) =
12 (we have dim(V1(Qy)) = 2 becausave discoseredabove thata, = ag = 0). Sinceag # 0, we have the
highweightsA — a3 and\ — a5 in V2(Qy), eachgiving L), -modulesof dimension6 (unlessp = 2, in which
caseeachhasdimensiod). If ag # p— 2, thenA — a3 — a4 hasa 2-dimensionalveightspacen V, which
impliesthatA — az — a4 is anothethigh weightin V2(Qy). But this contradictsdim(V2(Qy)) < 12,if p # 2.

Soaz=p—2,0r p=2. Assumeaz = p— 2. Abovewe hadb; = w — 1. Sinceb; < p—1, thisgives

(‘)_—21)2 —1<p-1,orp<4. Soif 0#a3=p—2,wehave p=3andag =1; otherwisep=2andaz = 1. The
p = 2 casecannotoccurasthe Az-modulewith this highweighthasdimension64512;thelargestrestricted
irreducibleD4-modulehasdimensior4096.

Now for one last t-stableparabolicsubgroupof X: Let P« correspondo the subset{,,Bs,B4} of
M(X). Whenwe embedthis in a parabolicsubgroupR, of Y via Qx-levels, we have Ry correspondingo
{a1,02,03,05,06,07} C M(Y). By Lemmas2.4 and2.9 again,we have dim(V3(Qy)) < dim(V2(Qx)) <
6dim(V1(Qx)) = 6dim(V1(Qy)) = 6-4-4=96.Butay # 0, SO\ — a4 is ahighweightin V?(Qy), giving an
L{,-moduleof dimension(‘;’)2 = 100. Thisis a contradictionsowe getno examplesin this X = D4, d = &4
case.

If m=4andd > d4, 0 # &4, thend = &; + 03, which hasat its middle level (level 6) morethanthree
weights(d— 231 — 2B2 — 2B3, 0 — B1 — 2B2 — 2B3 — B4, andd — B1 — 2B2 — B3 — 2P4, for example).Sowein
factgetnoexampledor m= 4, = &.

Form=5 andd = &5, we have Y of type Ais, andby embeddingBx into a parabolicsubgroupP, =
QvLy of Y via Qx-levels, we obtain the subgroupcorrespondingo {04,06,0s,010,012} C M(Y). Here
dim(V2(Qy)) < 5dim(V(Qy)) = 10 by Lemmas2.4 and2.9, whichimpliesag = a5 = a; = aja, = 0. We
know a4 = ag = 0 andthea; aresymmetric(a = az6_;)-
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Now we embedthe parabolicsubgroupof X correspondindo {Bs,B4,Bs} C M(X). ThenRy = QyLy
correspondso M(Y) — {aa4,0s,012}, so LY is a productof four groupsof type As. Sinceay,ap, as, aia,
andays arethe only possiblenon-zeracoeficientsof A, dim(V/[V, Qy]) = (dim(Va, (211 + a2y2)))? (Where
the y, are the fundamentadominantweightsof Ag). By Lemmas2.4 and 2.9, we have dim(V?(Qy)) <
6dim(V1(Qy)), but A —ag is ahighweightin V2(Qy), giving anL{,-moduleof dimensiors- 4-dim(V1(Qy)),
whichis a contradiction.Sowe have no exampledor m=5, 4 = &s.

If m=5andd > ds, & # 85, thend = &; + 84, which hasmorethanthreeweightsatits middlelevel asin
them= 4 caseabove. Sothereareno examplesfor m=5, d > Js.

This completegheargumentfor X = D,

5.3. X = Eg. AssumeX = Eg. We againneeda few “small” weights,amongwhich every dominantEg-
weighthasa subdominantveight.

Lemmab5.6. If d= d101 + d20 + d3d3 + d404 + d505 + dgds is @ non-zeo dominantweightof Ty, thend has
oneof 8, dg, or 0 asa subdominantveight.

Proof. Seeproblemlll.13 in [7]. O

Assumed - 0. We know & # 0 asX actsirreduciblyonW; addingpositive rootsto 0, the uniquelowest
dominantweightin theorderis d,. Continuingto addroots,theuniguesuccessaoto & in the partialorderon
dominantweightsis 0; + 8s. As d # &, (sincet doesnotactonW), we have d - 81 + 8. Theweightd; + dg
has0 asaweightatlevel 16; a simplecheckshow thatthereareat leasttwo otherweightsat this level. Soif
0 > 0 we have noexamples.

If 3> 31 (0> 6 is thesameargumentby symmetry) thend hasat leastthreeweightsat its middlelevel
becaus&; does:Themiddlelevel for 8, is 8 (asthe low weightis at level 16), andat level 8 arethe three
weights

O —P1—PB2—2B3—2Bs—Ps—Ps = 01— 83+ d5 — g,
01 — B1— B2 — B3 — 2B4— 2B5 — B = 83 — 85, and
O0—2P1—PB2—2B3—2P4—Ps=—d1 + .
Sothereareno exampledor X = Eg.
This completeghe proof of Theorem8.1. O

Whatremainsto be consideredo completethe proof of Theoreml arethe casesn which X actsirre-
duciblyonW, andW is t-stable(if t € G). Thiswill becompletedn partll ([5]).
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No. X

|4 Dn
Is Dn
le A
y As
S A
ST A3
Sz Dgs
MR4 Dp

Aon_1

(n>4)

Aon_1

(n>4)

Cio

B3

D7

D13
(steyY)

Cn

TABLE 1. Examplesarisingfrom the connectedtase

W|x

O3

01+ 0

01+ 03

01

BEN FORD

Vx
1
> —=9 ... 0 ...
Bk
n—-1>k>2
1
1
1 1
*—=o
1
*—o—o0—0o0—0
2 2
*——=0
1 1 1
*—=o—

Vly
1
—eo...0... —o
Qk
1
*—e---0..- 0—@
On—1

1
* —o—o—0o0—9
1
—o—o - =<9
2
r—ea—=e

._.<1

i C

Ch-1 0
*—

char(K)

p#2



No.

Uy

U,

Us

Uy

Us

Us

Uz
Usg

Ug

X Y
A1 Aq

(n odd)
Dn Bn
Dn Dny1
Az Dy
Az Dio
DI’T'I Cm; Bm

(m>3)
A As
Az Ag
Ay Ag
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TABLE 2. New Examples

W|x Vi|x Vly char(K)
1 1
usual e...—o... 0 —o...0... 00— gy
Bn—l Ayt
2 A
ap ay @n-2 On-1 a; a an-1 1
usual — o --- — o e—xe below
an_1+1
with & +a; =i —j (mod p) whenever a anda; are non-zerocoefi-

cientswith only 0’s betweerthemandi < j < n; and2a = —2(n—1i) —
1 (modp) for & thelastnon-zeracoeficientbeforea, = 1.

1 1
usual e—e--- < —o - ary

1
1
0 P03 e—o—e ary
1
3
20 .—2—} — o p#235,7
1 1
ol —o--- —9... —e p=2
3
201 —e 0—0—1-—0—0 p#2,3
2 2 1
281 ———o—o —o—0—0—0—0—90—0—0 p#25
o 3—0—1-—0 0—0—0—0—1-—0—0—0—0 p#2,5
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