IRREDUCIBLE RESTRICTIONS OF REPRESENTATIONS

OF THE SYMMETRIC GROUPS

BEN FORD

ABSTRACT

A proof is given of a recent conjecture of Jantzen and Seitz giving a necessary and
sufficient condition for a representation of the symmetric group on n objects (over an alge-
braically closed field of prime characteristic p < n) to remain irreducible upon restriction

to the symmetric group on n — 1 objects.

In this paper Sym,, denotes the symmetric group on n objects, and Sym,, ;
is embedded in Sym,, as the stabilizer of one of the objects. Representations are
understood to be over an algebraically closed field K of characteristic p > 0. The
methods used here were originally developed in work on the restriction of represen-
tations of algebraic groups; see [0] and [0].

We recall a few facts from the representation theory of the symmetric groups
(see [0] for more). The irreducible K Sym,,-modules are parameterized by p-regular
partitions p = (7", ..., ;""") of n, where p-regular means that m; < p— 1 for every
1<i<l.

A fundamental result in the representation theory of the symmetric groups over

a field of characteristic 0 is the branching theorem, which describes exactly what

happens when an irreducible representation of Sym,, is restricted to Sym,,_;. No
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similar result is known for representations in finite characteristic p < n, and finding
branching theorems over fields of arbitrary characteristic was the object of [0]. A
more limited problem is determining those representations of K Sym,, which remain
irreducible for KSym,, ;. In [0], Jantzen and Seitz state the following conjecture,

proving the “if” direction (for p = 2 the conjecture was made by D. Benson):

CONJECTURE 1 Let M be an irreducible KSym,,-module corresponding to the

p-regular partition p = (pi**, ..., ;""). Then M|syy, _, is irreducible if and only if

1
Wi — i1 +m; +mip1 =0 (mod p), fori=1,....,01 — 1.

Note: Kleshchev gives a different proof of this conjecture in [0]. His proof
consists of two pieces; the first, his Corollary 2.11, is quoted below (Proposition 3)
and is the easier of the two. The second part (Theorem 7.2 in [0], showing — in the
notation used following Proposition 3 below — that if V4 is an irreducible L’-module,
then the congruences on the coefficients of A hold) requires a long computational
proof, with considerable attention paid to the exact values of many constants. As
the proof presented here is considerably shorter and, we believe, more transparent,
it seemed worthwhile to present it.

This work was mentioned in the original paper of Jantzen and Seitz ([0]), which
motivated Kleshchev’s work, as going “a long way towards establishing the conjec-

ture.” In fact, all that was missing was Corollary 2.11 of [0].

One well-known connection between the representation theory of the symmetric
groups and that of the general linear groups is the Schur functor: Starting with a
representation of GL,,(K), one gets an action of Sym,, on the weight space corre-
sponding to the determinant character. Thus, a map from rational representations
of GL,(K) to K-representations of Sym,, is obtained. Jantzen and Seitz exploit
this correspondence to prove that Conjecture 1 is implied by Theorem 2 below.

Let Y = SL,(K), and let {ay,...,an—1} = II(Y) be the set of fundamental
roots of the root system X(Y) = ¥ (with respect to a fixed Borel subgroup B

and maximal torus T'). The fundamental dominant weights of 7' will be denoted
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by A1,...; An—1, With (A\j, ;) = d;; for 1 < 4,5 < n—1. Let V= V(A) be a
non-trivial irreducible restricted high weight module for Y of highest weight A =
a1\ + agAg + - + ap—1A,—1, and let a;,,...,a;  be the non-zero a;, with ¢; <
i3 < -+ < iy, = k. Finally, P will be the maximal parabolic subgroup of Y
corresponding to a, 1 € II(Y) and P = QL its Levi decomposition (with respect
to T'), so L' =2 SL,_;. If p is a weight of T', then V,, is the weight space in V' of
weight .

Let Vi = @&V, with the sum taken over those p = XA — (bia1 + baag + -+ +
bp_10p—1) with b,_1 = 1. Let v be a non-zero T-high weight vector in V.

We now have enough notation to state the main result, which implies Conjecture

THEOREM 2 Vi has exactly one restricted L'-composition factor if and only if
@i, + i, + 541 — 45 =0 (mod p)
forall j=1,....,m—1.

PROOF: The “if” direction of this was proved in [0]. In [0], Kleshchev proves

PROPOSITION 3 V7 has exactly one restricted L'-composition factor if and only

if V1 is an irreducible L'-module.

So our task is to show that if V3 is an irreducible L’-module, then the congru-
ences on the coefficients of A hold.

Since we are assuming that V is a restricted Y-module, we may work over
the Lie algebra instead of the group. We use the standard basis {eq, fo, hila €
Y1(Y), 1 <i<n—1} for the Lie algebra of Y, and we let V;; be the subspace of

VA—(ai+--a;) Spanned by all elements other than Jait-toyv of the form

fai+-~-+aj faj+1+"'+aj’ e faj(m)+1+"'+azv+’ (T)

with i < j < --- < j™ < [. To ease the notational pain, we write Jii,5) for
fai+"'+aj'
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The L’-module V; has a filtration

0 S(f[k,n—1]’0+> < <.f[k,n—1]v+af[k—l,n—l]v+>
S(f[k,n—l]v+a f[k—l,n—l]v+a f[k:—2,n—1]v+>
<--- <V,
where ay is the “last” non-zero coefficient of A, i.e. a; = 0 for every [ > k. Since V3

is irreducible as an L’-module, this filtration has only one member, i.e. f[i,n_l]v"’ €

(fikn—1vT) for all ¢ < k. In particular, fj; ,—1jv" € V; n_1 for all i < k.
LEMMA 4 Let a be the last non-zero coefficient of . If © < k, then f[z-’k]zﬂ' €

Vik-

)

PrROOF: To say that f[i,n_l]er € Vin—1 is to say that there is a relation

it = agg ) fuafiegn - o oo™ ()

for some constants a(; /. ), with m > 2 for every summand and i < j < j' <
.- < jm) < k. Notice that for any [ < k, Jun—1v" = afis1,n—11fp ko™ for some
non-zero a € K, as fig11,,—1jvt = 0. Similarly, for any I > k, f ,—1jvt = 0. So

(¥) may be rewritten as

Fiprrn—1figvt = fpesrn-1 D bGr 0 Fig) - fjom o™
for some constants b¢; ;). We apply €qy i+ ta,_, and see that this in turn
implies
Tt = Z G Tt Jijom) meyo™
for some constants c(; ;. ..y, since (A — (a; + -+ ax))(Pay i 4+tan_) 7 0. o

ProPOSITION 5 Let V and A be as above. Let a;, a,, be non-zero coefficients
with m > i. If fi, v € Vi for all 7 with i < r < m, then fj vt € V; ;, where

a; is the first non-zero label after a;.
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PROOF: Assume the hypotheses. If j = m, the Proposition is vacuous; so assume
there are non-zero coefficients between a; and a,,; we proceed by induction on the
number of such non-zero coefficients. Let a; be the last non-zero coefficient before
Qo -

For the calculations below, recall that since v is a maximal vector, egvt = 0
for any 8 € £, and that eg and fs commute whenever 3 — 4§ ¢ . If 3 —§ € %,
then eg fs = fseg+deg_s for some d = N(B,—0) € Z (where e_, = f, for a € £7T).
In our case (Y = SL,), d = £1.

We require the following lemma to complete the proof of the Proposition.

LEMMA 6 If a;, a;, and a,, are non-zero coefficients of A with 1 < | < m and
a; is the last non-zero coefficient before a,,, then f[r7m]v+ € Vpm for all r with

1 < r < m implies that f[r’l]v+ € Vyy for allr with i <r <.

PROOF: Assume that there is an r € [i,] — 1] such that fi, jot & V;.;.
The assumption that f[r7m]v+ € V,m implies that there is some non-zero linear

combination

0= f[T,m]U+ + Z d(plv"~7ps)fp1 T 'fpsv+7 (*)
(P15---5P5)

where f, --- f,.vT is a term of type (1), with s > 2 and > p; = @, + - - - + .
Now we apply some e, ---e,, to (x), with y1 = agqy1 + -+ o, 72 = g1 +
4oy, .., and Y y; = oy +- - -+ agy,. Notice that such a product of e,’s applied
to a summand of () gives a multiple of a generator for Vy_ (4, +...4q;) Of type ().
Consider those summands which give a multiple of f[r’l]er. Since each f,, must

involve some oy with a, # 0, these terms are exactly the

Fivt = frasgfiditimp’, 0<j<m—1,

since all the coefficients between a; and a,, are 0. Notice that j = m — [ gives
Frvt = f[r,m]v+-
Let the coefficient of Fju™ in (%) be bj (= d(a,+-tary, a1 414++am)); DOtE

that b,,_; = 1. Since by our assumption f[ryl]v"' is not a combination of other terms
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(1) which appear in the A — (o, + -- - + oq)-weight space, any e, ---e,, (with the

Ya’s as above) must kill >~ b;Fjot. In particular,

E, = oy 4 Farys Carpop1t o tams 0<s<m-—I,

must kill this sum.
Now assume fi;—1j0" ¢ V;—1. Consider the summands in () which give a
multiple of fj, ;_1jv™ when some e, - - - e, (wherey; > 0and > v = og+- -+ )

is applied. They are the Fju™ (0 < j <m —1), and

Givt = fra—ufuis i fivirimp™, 0<j<m—1

(note that we need not include G = fi1—1] f[l’m]v“L here by our assumption that
f[l,m]'er is a consequence of the terms already listed).
By the assumption that f,;_1jv™ ¢ V;;_1, it follows that fj;_qv™ # 0. So

any e, ---e,, (as above) must kill

— m—Il—-1
bij’U+ + CjGjU+,
=0

3

I
=

J
where ¢; is the coefficient of G; in (). In particular, ey, Es must kill > ¢;G,vT for
every 0 < s < m —[. The following argument shows that E,Gjot = 0if s # j:
Assume s < j. Then

EsGijvT = (€ary+tarys Cary o +tam frim1) fi i furirr,m) vt
= Caryrtotarrs (Firi—110111451C1s apr 4+ om 45 41,m)0 ")
= Fearyst-tarys (Fra- 1 i Coryos+tony; v1) = 0.
A similar calculation holds for s > j. Also,
ea BjGjv" = eay firi-11€arir+tary, JiirilCorpsiat+otom fitjt1m0 "
= Feq, firi—1) o Py 41 +tam¥
= :l:alamf[r,l_l]U“L.
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So:
0= eazEO(Z ¢;GjvT) = £eoam fir 1ot = o =0

0= eazEl(Z chjv+) = iclalamf[r,l_l]v+ =c=0

0= e, Em-i-1(D _ ¢;Gjv") = temoi—1010m fir 110" = cogm1 =0
So this implies Y ¢;Gjvt = 0. But then:

0= 6al+---+am(z bjFjut + ZCjGjU+) = Cartotam (Z b Fjv™)
= :l:f[r,l—l]'u_'_

(a8 Frn—1vt = fiy o™ is the only term in ) b; Fju™ not killed by eq,+...4q,, ). But
this is a contradiction.

So our assumption that there was an r, 7 < r < [, such that f[nl]'er ¢V, and
fira—1v" € Vii—1 must be false; i.e. for every r, s < r <, either (i) fi, vt € Vi,
or (ii) firi—1jv™ € Vi, i—1. We want to show that in fact (i) holds always. There are
several cases:

(a) If r <l —1and f;—1jvt € V;;_1, we see that:

St = faifra—1vt = fra—yfev™®
= > faku o Fovt = fragfav”

(p1)7p1)7.722

= Zf;m T fpj_1falfpjv+ - f[r,l—l]falv+
= prl e 'fpjfazv+ +sfp - "fpj+azv+ - f[T,l—l]fazU+
for some integers s (depending on (p1, ..., p;)), 80 frqv™ € Vyi.

(b) If r =1 —1 and a;—1 # 0, (ii) cannot happen, since V;_1;-1 = 0 and

f['r‘,l—l]v-l- = fal_1'U+ 3& 0.
(¢)Ifr=1-1and a1 =0, then

fa1_1+alv+ = :t(falfal_lv+ - fal_lfal’l)+) = j:fal_lfal?)—‘r,
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since a;_1 = 0. So f[n”fr = :l:fa,,1+a,U+ € Vi_i, =V

So the Lemma is proved. &

Now let a; be the first non-zero label after a;. Since there are fewer non-zero
labels between a; and a; than between a; and a,,, by our inductive hypothesis

f[i,j]er € V; ;. So the Proposition is proved. O

Now the Proposition and Lemma 4 tell us that f[,-,j]er € V; ; for any pair of
successive non-zero labels a; and a;. The following Lemma completes the proof of

the theorem.

LEMMA 7 Let1 <14 < j <n such that a; #0 # aj,a; =0 fori <l < j. Then

fi.jjvt € Vi if and only if a; + a; = i — j (mod p).

PRrROOF: Under the hypotheses, the A — (o; + - - - + «;)-weight space is spanned by
{Fﬂ)_'_ = f[z',l]f[l+1,j]'v+‘i < Il < ]} U {f[i,j]’l)'i'}. So f[i,j]zﬁ € VL'J' if and only if there

is a relation
j—1

0= fuvt+ Z b Fvt. (%)

1=i
The vector on the right hand side of (xx) is 0 if and only if it is killed by all eg’s

(as it is not a high weight vector):

7j—1

0 =C€q; (f[i,j]'U+ + ZblFlU+) =
=i
f[i,j—llv+ + ajbj—lf[z’,j—1]v+ & ajbj_1 = -1
j—1

0=éq,_, (f[i,j]er + Zblﬂv+) =

l=1

—bj_aflij—ofa; v + b1 fp oo fa, v & bj_2 =01
j—1

0 =€a, , (frigvT + ) _biFw®) =

=1

—bj—3flij-31fay_1ta; 07 + bj—2flij3)faj—11a,07E bjg = bj_»
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j—1
0 :eai-l,-l (f[i’j]’l)-l_ + Z blFl’lJ+) =
=i
— b fai flit2, 0T + big1 fa, flita,v " & by = bit1

j—1
0 =eq, (fli v + Z biFwT) = —fi1 vt + (@i + )b fliv1,5v

=i

+bit1 Sl + o+ b f vt

b(al+1)+2l i+1 _1

(This uses the fact that we may choose the sign of N(«, 3) for all extraspecial
pairs a, 3 (see [0, p. 58]); we choose them so that [eq,,,+...1a,)€a;] = —Caj4-ta,
for I < j, which forces all of the above signs.)

For m < i or m > j, eq,, (faj+-ta;vT + Sy Fot) = 0 trivially.

-1
This gives a series of equations b; = --- = bj_; = —. The last equation (for
aj
€q;) gives aij(ai-l—l)-l—aij(j—i—l):—l, ora;+a; =1%—7j. &

So the Theorem is proved, and the conjecture of Jantzen and Seitz follows. <
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IRREDUCIBLE RESTRICTIONS OF REPRESENTATIONS

OF THE SYMMETRIC GROUPS

BEN FORD

ABSTRACT

A proof is given of a recent conjecture of Jantzen and Seitz giving a necessary and
sufficient condition for a representation of the symmetric group on n objects (over an alge-
braically closed field of prime characteristic p < n) to remain irreducible upon restriction

to the symmetric group on n — 1 objects.

In this paper Sym,, denotes the symmetric group on n objects, and Sym,, ,
is embedded in Sym,, as the stabilizer of one of the objects. Representations are
understood to be over an algebraically closed field K of characteristic p > 0. The
methods used here were originally developed in work on the restriction of represen-
tations of algebraic groups; see [2] and [3].

We recall a few facts from the representation theory of the symmetric groups
(see [5] for more). The irreducible K Sym,,-modules are parameterized by p-regular
partitions p = (p7**, ..., ;"") of n, where p-regular means that m; < p— 1 for every
1< <L

A fundamental result in the representation theory of the symmetric groups over

a field of characteristic 0 is the branching theorem, which describes exactly what
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happens when an irreducible representation of Sym,, is restricted to Sym No

n—1-
similar result is known for representations in finite characteristic p < n, and finding
branching theorems over fields of arbitrary characteristic was the object of [6]. A
more limited problem is determining those representations of K Sym,, which remain

irreducible for KSym,,_;. In [6], Jantzen and Seitz state the following conjecture,

proving the “if” direction (for p = 2 the conjecture was made by D. Benson):

CONJECTURE 1 Let M be an irreducible KSym,,-module corresponding to the

p-regular partition p = (p7"*, ..., ;*"). Then M|syr, _, is irreducible if and only if

1
Wi — i1 +m; +mip1 =0 (mod p), fori=1,....,01 — 1.

Note: Kleshchev gives a different proof of this conjecture in [7]. His proof
consists of two pieces; the first, his Corollary 2.11, is quoted below (Proposition 3)
and is the easier of the two. The second part (Theorem 7.2 in [7], showing — in the
notation used following Proposition 3 below — that if V; is an irreducible L’-module,
then the congruences on the coefficients of A hold) requires a long computational
proof, with considerable attention paid to the exact values of many constants. As
the proof presented here is considerably shorter and, we believe, more transparent,
it seemed worthwhile to present it.

This work was mentioned in the original paper of Jantzen and Seitz ([6]), which
motivated Kleshchev’s work, as going “a long way towards establishing the conjec-

ture.” In fact, all that was missing was Corollary 2.11 of [7].

One well-known connection between the representation theory of the symmetric
groups and that of the general linear groups is the Schur functor: Starting with a
representation of GL,,(K), one gets an action of Sym,, on the weight space corre-
sponding to the determinant character. Thus, a map from rational representations
of GL,(K) to K-representations of Sym,, is obtained. Jantzen and Seitz exploit
this correspondence to prove that Conjecture 1 is implied by Theorem 2 below.

Let Y = SL,(K), and let {a1,...,an_1} = I(Y) be the set of fundamental
roots of the root system X(Y) = ¥ (with respect to a fixed Borel subgroup B
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and maximal torus T'). The fundamental dominant weights of T' will be denoted
by A1,..; Ap—1, with (A\j, ;) = d;; for 1 < 4,5 < n—1. Let V = V(A) be a
non-trivial irreducible restricted high weight module for Y of highest weight A =
a1l + agAe + -+ apn_1An—1, and let a;,,...,a;,, be the non-zero a;, with ¢; <
i < -+ < iy, = k. Finally, P will be the maximal parabolic subgroup of Y
corresponding to a,—1 € II(Y) and P = QL its Levi decomposition (with respect
to T'), so L' =2 SL,_;. If p is a weight of T', then V,, is the weight space in V' of
weight p.

Let Vi = @V, with the sum taken over those pp = A — (bia1 + bacg + -+ +
bp_105_1) with b,_1 = 1. Let v be a non-zero T-high weight vector in V.

We now have enough notation to state the main result, which implies Conjecture

THEOREM 2 V; has exactly one restricted L'-composition factor if and only if
a;; + Qijyq + ?:j+1 — ij =0 (mod p)
forallj =1,...,m— 1.

ProOOF: The “if” direction of this was proved in [6]. In [7], Kleshchev proves

PROPOSITION 3 V) has exactly one restricted L'-composition factor if and only

if V1 is an irreducible L'-module.

So our task is to show that if V; is an irreducible L’-module, then the congru-
ences on the coefficients of A hold.

Since we are assuming that V is a restricted Y-module, we may work over
the Lie algebra instead of the group. We use the standard basis {eq, fo, hila €
YH(Y), 1 <i<n—1} for the Lie algebra of Y, and we let V; ; be the subspace of

VA~ (a;+---ay) Spanned by all elements other than faittavT of the form

fai+"'+aj faj+1+"'+aj’ T faj(m)+1+~~~+azv+’ (T)

3



with i < j < --- < j™ < [. To ease the notational pain, we write 1,5 for
Jaittay-
The L’-module V7 has a filtration
0 <{fien—1v ") < fikn—1v ™ fle—1,n—170™)
< Styn—110"s fipmt,0-10", fli—2,n—170 ")
<o <A
where ay, is the “last” non-zero coefficient of A, i.e. a; = 0 for every [ > k. Since V;

is irreducible as an L’-module, this filtration has only one member, i.e. f[i7n_1]v+ €

kn—1]V or all « < k. In particular, f; ,_11v™ € V; ,—1 for all 2 < k.
Siom—1vT) for all i < k. I icular, fi; ,—1vt € Vi1 foralli <k

LEMMA 4 Let ag be the last non-zero coefficient of . If © < k, then f[i’k]zﬂ' €
Vik-

’

PrOOF: To say that f[i,n—1]11+ € Vin—1 is to say that there is a relation

Sin—vt = Z agjj i S+ Fom me1v ™, (%)

for some constants a; ;:, .), with m > 2 for every summand and ¢ < j < j <
+++ < ™ < k. Notice that for any | < k, fgn—1v" = afpes1,n—1) g v for some
non-zero a € K, as fyp41,,—1jv" = 0. Similarly, for any I > k, f ,—1jv" = 0. So

(¥) may be rewritten as

f[k+1,n—1]f[i,k]v+ = f[k+1,n—1] Zb(j,j’,...)f[i,j] . 'f[j(m),k]“+
for some constants bg; j..). We apply €q,,,+.-4a,_, and see that this in turn
implies
fuwvt =D e faq- e fiom aogot
for some constants c(; ;. ..y, since (A — (a; + -+ ax)) (P 4+tan_) 7 0- &

ProPOSITION 5 Let V and X\ be as above. Let a;, a,, be non-zero coefficients
with m > i. If fi, mvt € Vip for all v with i < r < m, then f; vt € V; ;, where

a; is the first non-zero label after a;.



PROOF: Assume the hypotheses. If j = m, the Proposition is vacuous; so assume
there are non-zero coefficients between a; and a,,; we proceed by induction on the
number of such non-zero coefficients. Let a; be the last non-zero coefficient before
Qo -

For the calculations below, recall that since v is a maximal vector, egvt = 0
for any 8 € £, and that eg and fs commute whenever 3 — 4§ ¢ . If 3 —§ € %,
then eg fs = fseg+deg_s for some d = N(B,—0) € Z (where e_, = f, for a € £7T).
In our case (Y = SL,), d = £1.

We require the following lemma to complete the proof of the Proposition.

LEMMA 6 If a;, a;, and a,, are non-zero coefficients of A with 1 < | < m and
a; is the last non-zero coefficient before a,,, then f[r7m]v+ € Vpm for all r with

1 < r < m implies that f[r’l]v+ € Vyy for allr with i <r <.

PROOF: Assume that there is an r € [i,] — 1] such that fi, jot & V;.;.
The assumption that f[r7m]v+ € V,m implies that there is some non-zero linear

combination

0= f[T,m]U+ + Z d(plv"~7ps)fp1 T 'fpsv+7 (*)
(P15---5P5)

where f, --- f,.vT is a term of type (1), with s > 2 and > p; = @, + - - - + .
Now we apply some e, ---e,, to (x), with y1 = agqy1 + -+ o, 72 = g1 +
4oy, .., and Y y; = oy +- - -+ agy,. Notice that such a product of e,’s applied
to a summand of () gives a multiple of a generator for Vy_ (4, +...4q;) Of type ().
Consider those summands which give a multiple of f[r’l]er. Since each f,, must

involve some oy with a, # 0, these terms are exactly the

Fivt = frasgfiditimp’, 0<j<m—1,

since all the coefficients between a; and a,, are 0. Notice that j = m — [ gives
Frvt = f[r,m]v+-
Let the coefficient of Fju™ in (%) be bj (= d(a,+-tary, a1 414++am)); DOtE

that b,,_; = 1. Since by our assumption f[ryl]v"' is not a combination of other terms
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(1) which appear in the A — (o, + -- - + oq)-weight space, any e, ---e,, (with the

Ya’s as above) must kill >~ b;Fjot. In particular,

E, = oy 4 Farys Carpop1t o tams 0<s<m-—I,

must kill this sum.
Now assume fi;—1j0" ¢ V;—1. Consider the summands in () which give a
multiple of fj, ;_1jv™ when some e, - - - e, (wherey; > 0and > v = og+- -+ )

is applied. They are the Fju™ (0 < j <m —1), and

Givt = fra—ufuis i fivirimp™, 0<j<m—1

(note that we need not include G = fi1—1] f[l’m]v“L here by our assumption that
f[l,m]'er is a consequence of the terms already listed).
By the assumption that f,;_1jv™ ¢ V;;_1, it follows that fj;_qv™ # 0. So

any e, ---e,, (as above) must kill

— m—Il—-1
bij’U+ + CjGjU+,
=0

3

I
=

J
where ¢; is the coefficient of G; in (). In particular, ey, Es must kill > ¢;G,vT for
every 0 < s < m —[. The following argument shows that E,Gjot = 0if s # j:
Assume s < j. Then

EsGjv" = (€ary,+tarss Caryoss+tam =1 1t futi+1,m) v
= Caypr - torys (Firi—1 i ia51Couseps +tom Ji4i+1,m0 ")
= tea 4oy, (f[T7l—1]f[l,l+j]eal+s+1+"'+al+jv+) = 0.
A similar calculation holds for s > j. Also,
ea EjGjvT = oy flra—1]€arsr+-+auy; f[l,l+j]eal+j+1+“-+amf[l+j+1,m]v+

= j:eal f[r,l—l]fal hoq+j+1-|-----|-amv+

= 2a10m fir—1vT



So:
0= eazEO(Z ¢;GjvT) = £eoam fir 1ot = o =0

0= eazEl(Z chjv+) = iclalamf[r,l_l]v+ =c=0

0= e, Em-i-1(D _ ¢;Gjv") = temoi—1010m fir 110" = cogm1 =0
So this implies Y ¢;Gjvt = 0. But then:

0= 6al+---+am(z bjFjut + ZCjGjU+) = Cartotam (Z b Fjv™)
= :l:f[r,l—l]'u_'_

(a8 Frn—1vt = fiy o™ is the only term in ) b; Fju™ not killed by eq,+...4q,, ). But
this is a contradiction.

So our assumption that there was an r, 7 < r < [, such that f[nl]'er ¢V, and
fira—1v" € Vii—1 must be false; i.e. for every r, s < r <, either (i) fi, vt € Vi,
or (ii) firi—1jv™ € Vi, i—1. We want to show that in fact (i) holds always. There are
several cases:

(a) If r <l —1and f;—1jvt € V;;_1, we see that:

St = faifra—1vt = fra—yfev™®
= > faku o Fovt = fragfav”

(p1)7p1)7.722

= Zf;m T fpj_1falfpjv+ - f[r,l—l]falv+
= prl e 'fpjfazv+ +sfp - "fpj+azv+ - f[T,l—l]fazU+
for some integers s (depending on (p1, ..., p;)), 80 frqv™ € Vyi.

(b) If r =1 —1 and a;—1 # 0, (ii) cannot happen, since V;_1;-1 = 0 and

f['r‘,l—l]v-l- = fal_1'U+ 3& 0.
(¢)Ifr=1-1and a1 =0, then

fa1_1+alv+ = :t(falfal_lv+ - fal_lfal’l)+) = j:fal_lfal?)—‘r,

7



since a;_1 = 0. So f[n”fr = :l:fa,,1+a,U+ € Vi_i, =V

So the Lemma is proved. &

Now let a; be the first non-zero label after a;. Since there are fewer non-zero
labels between a; and a; than between a; and a,,, by our inductive hypothesis

f[i,j]er € V; ;. So the Proposition is proved. O

Now the Proposition and Lemma 4 tell us that f[,-,j]er € V; ; for any pair of
successive non-zero labels a; and a;. The following Lemma completes the proof of

the theorem.

LEMMA 7 Let1 <14 < j <n such that a; #0 # aj,a; =0 fori <l < j. Then

fi.jjvt € Vi if and only if a; + a; = i — j (mod p).

PRrROOF: Under the hypotheses, the A — (o; + - - - + «;)-weight space is spanned by
{Fﬂ)_'_ = f[z',l]f[l+1,j]'v+‘i < Il < ]} U {f[i,j]’l)'i'}. So f[i,j]zﬁ € VL'J' if and only if there

is a relation
j—1

0= fuvt+ Z b Fvt. (%)

1=i
The vector on the right hand side of (xx) is 0 if and only if it is killed by all eg’s

(as it is not a high weight vector):

7j—1

0 =C€q; (f[i,j]'U+ + ZblFlU+) =
=i
f[i,j—llv+ + ajbj—lf[z’,j—1]v+ & ajbj_1 = -1
j—1

0=éq,_, (f[i,j]er + Zblﬂv+) =

l=1

—bj_aflij—ofa; v + b1 fp oo fa, v & bj_2 =01
j—1

0 =€a, , (frigvT + ) _biFw®) =

=1

—bj—3flij-31fay_1ta; 07 + bj—2flij3)faj—11a,07E bjg = bj_»



i1
0 =€q,,, (fliv" + JZ bhFvt) =
1=i
— b fai flit2, 0T + big1 fa, flita,v " & b =biy1
1
0 :eai(f[i,j]v+ + JZ ble+) = —f[i+17j]v+ + (a; + 1)bif[i+17j]v
1=
+ b1 [0+ bjm 1 flg T

b(al+1)+2l i+1 _1

(This uses the fact that we may choose the sign of N(«, 3) for all extraspecial
pairs a, 3 (see [1, p. 58]); we choose them so that [eq,,,+...1a,)€a;] = —Caj4-ta,
for I < j, which forces all of the above signs.)

For m < i or m > j, eq,, (faj+-ta;vT + Sy Fot) = 0 trivially.

-1
This gives a series of equations b; = --- = bj_; = —. The last equation (for
aj
€q;) gives aij(ai-l—l)-l—aij(j—i—l):—l, ora;+a; =1%—7j. &

So the Theorem is proved, and the conjecture of Jantzen and Seitz follows. <
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